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We present results related to a famous conjecture of Enrico De Giorgi for a special class of

bounded monotone solutions, called layer solutions, to nonlinear equations of the form

—Au = f(u) in R"

and

(—A)w = f(u) inR",

where (—A)® denotes the fractional Laplace operator with fractional exponent s € (0,1). Here,
we assume that f : R — R is at least of class C''. We begin by defining the fractional Laplace
operator, and prove many of its fundamental properties. We then present the extension problem
in RT™ == {(2,y) € R"*! : 2 € R*, y > 0} for the operator (—A)* introduced by Caffarelli
and Silvestre in [13]] and develop a fundamental solution and Poisson kernel for (—A)® in R,
Subsequently, we prove De Giorgi’s conjecture for layer solutions to the first equation above in
dimensions n < 3. Precisely, we show that layer solutions are necessarily one-dimensional. We
then turn our attention to the fractional De Giorgi conjecture, and present the fractional versions
of the results obtained in the classical case (i.e. similar results for the second equation above).
To supplement, we discuss some Pohozaev-type monotonicity formulae for the operators A and
(—A)*, along with some closely related problems. We close with a brief discussion of some open

problems and topics of further interest to the author.
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CHAPTER 1: INTRODUCTION

Perhaps the most studied operator in partial differential equations (PDE) is the Laplacian operator,
given by
A=) —. (1.1)

The Laplacian is the prototype representative of a class of partial differential operators, termed
(uniformly) elliptic operator{], which are characterized by their tendency to revert the value of
a function at a point to its mean value over a region. Equations involving elliptic operators (i.e.
elliptic PDE) commonly arise as steady state (time independent) counterparts of hyperbolic and
parabolic PDE; their solutions tending to possess favorable regularity properties. Of particular

interest in both the theory and application of PDE are solutions to Laplace’s equation
— Au = 0. (1.2)

Laplace’s equation is a second-order elliptic PDE, first studied by Pierre-Simon Laplace in the
18th century. It occurs frequently in the applied sciences, specifically in the study of steady state
phenomena. For example, Laplace’s equation may be viewed as the steady-state counterpart to the
heat equation

uy — Au = 0. (1.3)

That is to say, after setting u; = 0 in the heat equation we obtain Laplace’s equation. Physically,
this corresponds to the heat distribution in, say, a rod at infinite time, ©v = u(z, +00). Assuming
no heat is being supplied to the rod, we should expect the heat distribution in the rod to reach an

equilibrium or steady-state. Symbolically, we may then write

uy(x,t) = 0ast — +oo

'For the definition, see the appendix, Chapter B.



and obtain in the limit.

Solutions to Laplace’s equation are called harmonic functions, and their study is important to
branches of physics such as electrostatics, gravitation, and fluid dynamics. Harmonic functions
are also of interest in pure mathematics, not only in the study of PDE, but also fields ranging from
complex analysis, harmonic analysis, and differential geometry. More generally, one may consider

Poisson’s equation

—Au=f, (1.4)

which plays a role in conservative fields (i.e. electrical, magnetic, gravitational, ... ), where the
vector field is derived from the gradient of a potential. We briefly note that Laplace’s equation is
merely the Poisson equation when we set f = 0.

Recall from introductory analysis that, for a twice continuously differentiable function u &

C?(a,b), a second-order Taylor expansion gives

) — i 2402) — u(z +y) — ulz — y)
() = lim -

(1.5)

for each x € (a,b) C R. The right-hand side of equation (I.5]) is known as a symmetric difference

quotient of order two. Consider now the spherical surface operator and solid averaging operator

defined by
Myu(z) u(r +y) ;U(x — ) (1.6)
1 [ety
Ayu(z) = % /x_y u(t) dt, (1.7)
respectively. We have
" o (SL’) — ./\/lyu(x)
—u"(z) = 251{}1(1) /2 (1.8)
= 6 lim A7)~ Ayulr), (1.9)
y—0 Yy



where the second equality is obtained from the first after applying L’Hospital’s rule. After making

the necessary adjustments in higher dimensions, we obtain the Blaschke-Privalov Laplacian.

Proposition 1.0.1 (Blaschke-Privalov Laplacian). Let Q C R" be open. For any u € C*(Q)) and

z € Q)

u(r) — Mpgu(x)

—Au(z) = Qn}zirr%) 7 (1.10)
:ﬂn+m£%“@y;§W@) (1.11)

where the Laplacian operator A is defined by (1.1)), and the spherical surface and solid averaging

operators in R"™ are defined by

1
Mpu(r) = m/@B " u(y) dS™(y) (1.12)
1
Aru(z) = - R"/B ( )u(y) dy, (1.13)

where Br(x) denotes the ball of radius R centered at x € R™ and dS™ '(y) denotes the n — 1-

dimensional spherical surface measurﬂ on R".

Remark 1.0.1. In the above proposition, 0,,_; and w,, denote the Lebesgue measureE] of the unit
sphere and unit ball in R", respectively. Moreover, setting n = 1 yields and (1.9). We also

observe, as a bit of foreshadowing, that we can write (I.10) more suggestively as

+2)0(2 +1 1
+DTEHD b [2u(w) = u(r+y) —ule —y)l s Xpo.m (y) dy, (1.14)

—Au(z) =

where, as usual, x g denotes the characteristic function of a set £ C R".

In view of Proposition 1.0.1, we see that a function being harmonic is deeply related to the

action of comparing the function value at a point with the surrounding values and reverting to the

2We often times will write dS™~! in place of dS™~!(y) whenever there is no confusion regarding the variable of
integration. Furthermore, on a general domain 2 C R", we write dS to represent the measure on 0f2.

3Throughout this project, we will work almost exclusively with the Lebesgue measure on R™. In accordance, we
will henceforth say “measure” when referring to the Lebesgue measure unless the distinction is necessary.



averaged values in a neighborhood of that point. That is, the idea behind the integral representa-
tions (1.10) and (I.TT) is that the Laplacian tries to model an elastic reaction: it aims to level out
differences in function values in order to make the function as uniform as possible. Precisely, we

see that, for a harmonic function v defined on a domain €2,

u(z) = Mpgu(z) = Agu(x) (1.15)

for any ball of radius R > 0 such that Bg(z) CC €. That is to say that the value of a harmonic
function at a point in its domain is identically equal to its average over any ball (or boundary of any
ball) compactly contained in its domain. This tendency to revert to the surrounding mean suggests
that harmonic equations or, more generally, equations involving elliptic operators, possess some
kind of regularity properties that prevent the solutions from oscillating too wildly.

From Proposition 1.0.1, we also see that the Laplacian is the infinitesimal limit of integral
operators. In what follows, we discuss another integral operator, the fractional Laplacian, from
which we recover the Laplacian in an appropriate limit sharing a similar property of averaging
function values. Unlike the case of the Laplacian, such averaging procedure will not be limited to
a small neighborhood of a given point in the domain, but will encompass all the possible values of
the function by assigning weights to points corresponding to their proximity to the point of interest
via an integral kernel. Due to this global nature, we say that the fractional Laplacian is a nonlocal
operator.

We will first acquaint the reader with some basic facts and definitions necessary to study the
fractional Laplacian. Subsequently, we will provide two definitions of the fractional Laplacian
and prove their equivalence. This will be followed by a brief discussion of some fundamental
facts regarding the fractional Laplacian. A lot of attention will be given to the subsequent section,
namely, the fractional Laplacian as the solution to the harmonic extension problem in dimension
R+ first recognized by Caffarelli and Silvestre in their pioneering paper (see [13]). We will

then focus on a famous conjecture of Enrico De Giorgi regarding a particular class of solutions



called layer solutions to the nonlinear problem

—Au = f(u) in R",

where f € C'(R), which is resolved aside from a mild limit assumption imposed in dimensions
4 < n < 8 by Savin in [49]]. The focus of this section will be to provide the reader with an
understanding of the work of Ambrosio and Cabré in [2] for dimension n = 3, inspired by that of
Gui and Ghoussoub in [31] for dimension n = 2. We further aim to develop the necessary tools for
studying the problem in the nonlocal case using the extension problem of Caffarelli and Silvestre.
Due to the deep connection between De Giorgi’s conjecture, the theory of phase transitions, and
minimal surfaces, we provide a brief discussion of minimal surface problems in the framework
of De Giorgi, as well as motivate with simple examples from the theory of phase transitions. As
supplementary material, we provide a short section on an estimate and monotonicity formula of
Modica, proved in [41] and [43]], respectively.

In the nonlocal case, we prove nonlocal analogues to the local results by following the work of
Cabré and Sire ( [9]], [10]]), as well the work of Cabré and Cinti ( [7], [8]) and Dipierro et al. ( [18]).
We also discuss the difficulties that arise when transitioning from local to nonlocal problems via
the extension problem. We conclude the study of the nonlocal case by considering a nonlocal
Modica-type estimate and nonlocal monotonicity formula, along with a brief discussion of recent

results, open problems, and subjects of interest to the author for future study.

1.1 Fractional Preliminaries

Let 2 C R" be a general, possibly non-smooth, open set in R™. Just as the Sobolev spaces W7 ((2)
are needed to establish appropriate regularity of solutions u for a given PDE, our forthcoming
considerations of the fractional Laplacian (—A)® require us to define a fractional counterpart, that

is, the fractional Sobolev spaces W*P(Q)) for s € (0,1). For any s € (0,1) and any p € [1, c0),



we define the fractional Sobolev Space W*?(2) as follows:

Wer(Q) = {u e LP(Q) : W € LP(Q x Q)}. (1.16)

The space W*? is an intermediary Banach space between LP(Q2) and W'?(Q2), endowed with the

[u(z) — u(y)lP )i
Ul|irs,proy -= updx—i—/ ————~dxdy ) , (1.17)
” ||W () (/Q | | oo |JZ — y|n+sp

u(x) —u)P
Wep(Q) 1= ——————dxd
ey = ([, [ Mg do

is called the Gagliardo seminorm of wu.

norm

where the term

We present some fundamental properties of the fractional Sobolev spaces W*?(€2). The results
will be stated without proof, though proofs can be found in [21], [46]], and [48]]. For s € (0, 1), the
space W*' () is continuously embedde in W*P(Q2) when s < s'.

Proposition 1.1.1. Letp € [1,00) and 0 < s < s’ < 1. Let Q) be an open set in R" and u : Q@ — R

be a measurable function. Then

[ullysn@) < Cllullws s
for some suitable positive constant C' = C(n, s,p) > 1. In particular,
WeP(Q) C W*P(Q).

With some additional regularity assumptions on the 02 (namely, that {2 C R" is open of class

C%! with bounded boundary), one can prove that IW!*() is continuously embedded in TV*?((2).

“Recall that a Banach space U is continuously embedded in a Banach space V if U C V and ||v]|;, < C||ul|; for
allw € U and v € V and some positive constant C'.



Proposition 1.1.2. Let p € [0,00) and s € (0,1). Let Q2 be an open set in R™ of class C%' with

bounded boundary and u : €} — R be a measurable function. Then

HUHWs,p(Q) < CHUHWLP(Q)
for some suitable constant C' = C(n, s,p) > 1. In particular,
WP (Q) C WP(Q).
Remark 1.1.1. It should be pointed out that the definition of the fractional Sobolev space W *?(£)

can be extended to the case s > 1 with some care (see [46]]), however, this is not our focus.

We thereby see that there is a direct relationship between the fractional and classical Sobolev
spaces via continuous embedding. In line with the classic case of s being an integer, we obtain the

subsequent approximation result.

Proposition 1.1.3. For any s € (0,1), the space C°(R™) of smooth functions with compact sup-

port is dense in WP (R").
Remark 1.1.2. More generally, Proposition 1.1.3 holds for all s > 0.

Let Wy(R") denote the closure of C¢°(R") in the norm |||y, defined by (LI7). Asa
consequence of Proposition 1.1.3, we have

WEP(R™) = WP (R™). (1.18)

However, for a general domain {2 C R" these spaces do not coincide. That is to say that, in general,
Ce2(Q) is not dense in W*P(2). Furthermore, the same conclusions stated in Proposition 1.1.1 and

Proposition 1.1.2 hold for the spaces W3* ().



1.2 Defining the Fractional Laplacian

We are finally ready to introduce the fractional Laplace operator (—A)®.

We will first present
the reader with a couple equivalent definitions of the fractional Laplacian. This is by no means
exhaustive, and a more complete list of definitions can be found in [1]] and [38]. The definitions to

be considered are as follows:
1. The fractional Laplacian as a singular integral operator.
2. The fractional Laplacian via the Fourier transform on R".

The equivalence of the above characterizations will be proven in full detail, however, we first
motivate the material that follows.

In the applied sciences, it is often helpful to consider fractional derivatives of functions. Per-
haps the most prominent way to define such fractional derivatives is founded on the notion of
Marcel Riesz’ potential of a function. Assume n > 3. In potential theory, the Newtonian potential

of a function f € .(R") is given by

) = 57("50) [ Y a

nx—y|n2

Recognizing the convolution kernel ﬁl“ (%52) M:I% is simply the fundamental solution for Laplace’s
™

equation
1 1
(n = 2)on |z[**

U(x) =

and recalling the identity of Gauss-Green, we observe that for any f € .’(R") one has

12(_Af) =

That is, the Newtonian potential is the inverse of the Laplacian operator: I, = (—A)~!. From this

observation, we introduce a generalization of the Newtonian potential.



Definition 1.2.1 (Riesz’ Potentials). For any n € N, let 0 < a < n. The Riesz potential of order

« is the operator whose action on a function f € ./(R") is given by:

It can be shown that I, € C*°(R") for any f € .(R"). Moreover, the operator I, has been
defined so that the normalization constant reduces to that of [, when setting & = 2 in order to

guarantee the validity of the following “fundamental theorem of fractional calculus.”

Theorem 1.2.1. For any f € . (R"), one has in .’ (R")

Of course, we must specify what is meant by the fractional operator (—A)2. This is done most

o

naturally by defining the action of (—A)z on the Fourier transform:

F((—A)5u) = (2r] - )*.F (u) for u € S (R).

In other words, the above equation shows that the operator /,, inverts the fractional powers 0 <

a < n of the Laplacian: I, = (—A)"=.

Q

Since we are focused on the fractional Laplacian (—A)® with s residing in (0, 1) we let s = §

with 0 < a < 2 in the above expressions and the remainder of this project. Though such an
operator has already been formally introduced, the prior definition has a major drawback for our
purposes. Namely, it is not easy to analyze a given function by prescribing its Fourier transform.
For this reason, we introduce an alternative definition of the fractional Laplacian, equivalent to the
previous. This definition is helpful since it is more directly connected to the symmetric difference
quotient of order two presented in the introduction, thereby allowing its probabilistic interpretation
to be highlighted (see [30] for more on this). We will, however, return to the definition of the

fractional Laplacian as determined by its action on the Fourier transform to tie up loose ends and



introduce useful results.
1.2.1 The Fractional Laplacian as a Singular Integral Operator

Let us first specify what is meant by a singular integral operator. A singular integral operator is an
integral operator with a singular kernel, each having its only singularities at a finite point, called
the origin, and at infinity. An excellent resource on this topic is Elias M. Stein’s text [58].

Having the above definition at hand, we may define the fractional Laplacian as a singular

integral operator.

Definition 1.2.2. Let u € .(R") and s € (0, 1). The fractional Laplacian operator is defined as a

singular integral operator by

(—A)’u(x) = C’(n,s)P.V./ Mdy. (1.19)

n |z —y|nt2s

Remark 1.2.1. The notation “P.V.” in (I.19) stands for “in the Principal Value sense,” that is

(—A)°u(x) = C(n, S)P.V./ ulz) = uly) dy

Rn .’I? - y‘n+2s
= C(n, s)lim L“g) (1.20)
0 Jrm\ g2y |7 — Y[

The constant C'(n, s) is a dimensional constant that depends only on n and s, and is given precisely

1
C(n,s) = (/ %ﬁd() . (1.21)

In fact, for 0 < s < 1, we have

by

SQQSF(%QS)

C(n,s) = 15

(see (5.10) in [30]).

We further note the constant C'(n, s) plays plays no essential role for fixed s € (0,1). As such,

unless stated otherwise, we will take C'(n,s) = 1. Furthermore, we will drop the symbol P.V.

10



in computations with the convention that integrals are being taken in the P.V. sense unless this

distinction is necessary.

In the spirit of the opening remarks, we show that the singular integral in (1.19) can be written
as a weighted second order differential quotient much like in the classical case. The proofs of the

following facts have been adapted from [46].

Lemma 1.2.1. Let s € (0,1) and let (—A)?® be the fractional Laplacian operator defined by (1.19).
Then, for any u € ./ (R"),

(—A)*u(z) = —§/n e dy (1.22)

for each x € R".

Remark 1.2.2. The integral in (1.22) is not in the P.V. sense.

Proof. The equivalence of definitions (I.19) and (1.22) is the result of a standard change of vari-
ables argument. Set z = y — x and observe that

(—A)u(x) = _/R Mdy

w o=yl

:_/ u(@ +2) —ufz) .

|Z‘n+2s

Substituting 2’ = —z above, we have
/ u(r + z) — u(x) Qs — / u(z —2') — u(x) 5
" |Z‘n+2s n |Z/‘n+2s

11



and so after relabeling 2’ as z

2/n u(z + 2) — u(x) &

|Z|n+25
u(x + z) — u(x) w(x — z) — u(x)
e
_ / u(x + z) —u(x — 2) — 2u(z) s
" |Z’n+23

Therefore, if we rename 2 as y in the above expression, we can write the fractional Laplacian

operator in (1.19) as

(—A)’u(z) = —%P_V_ /" u(z +y) —|Z|(;U+; y) — 2u(x) i,

where the integral is being taken in the P.V. sense due to the singularity at the origin. By the above
representation, we may remove the singularity at the origin. Indeed, for any smooth function u, a
second order Taylor expansion yields

ulz +y) —u(x —y) = 2u(z) _ [[D?ul
|y‘n+2s — |y‘n+2s—2’

which is integrable near zero for any fixed s € (0, 1). Therefore, since u € .’(R") we may get rid

of the P.V. and write (I.22). O

Remark 1.2.3. As mentioned earlier, a primary advantage of the expression (1.22)) is in the fact
that the probabilistic interpretation of the fractional Laplacian (1.19) becomes apparent. Moreover,

(T.22) may sometimes be used to simplify computations, allowing one to disregard the P.V. symbol
in (.19).

We point out that the fractional Laplacian is well-defined for every u € C*(R™) N L*>°(R"),
which can be shown by estimating the integral (I.19) over B.(z), for ¢ > 0 small enough, and
its complement in R™ and applying Lemma 1.2.1. Similarly, one may show (—A)*u € L?(R")

whenever u € . (R").

12



Let 0 < s < 1. We denote by .Z,(R") the space of measurable functions v : R" — R for

_ ju(z)]
L(R) T /Rn 1+ [+ dz

is finite. In particular, we have the inclusion .7 (R") < %, (R" | where the symbol “—" denotes

which the norm

ul

continuous embedding. Furthermore, if u € C?*(R™) N %, (R™), we can define (—A)*u(z) as in

(T.19)) for every x € R™.

1.2.2 The Fractional Laplacian Via the Fourier Transform

We now introduce an alternative definition of the space H*(R"™) := W#*?(R") by way of the Fourier
transfomﬁ The proofs in this section have been adapted from [46]. Define

A (RY) = {u € LX(R") / (14 |€P) | Fu(6)[2 dé < +o0}. (123)

n

We show the space H® (R™) is equivalent to the space defined earlier in (I.16)). Before we do so,
we will prove an important result. Returning to our initial definition of the fractional Laplacian
given in the opening of this chapter, we observe that the fractional Laplacian (—A)® can be viewed
as a pseudo-differential operator of symbol (2r|£])*. In short, pseudo-differential operators are

defined by their action on functions specified by the following formula:

Pute) = [ e ale) de

Here, the function p(z,§) is known as a symbol. In the case of the fractional Laplacian, we see

that p(x, ) = (27¢])*".

SEven more, we have the inclusion LP(R") < Z;(R™) for each 1 < p < co.
SWe take

PN = [ Fa)e e do

as our definition of the Fourier transform. Here, we assume f € L!(R™), of course.

13



Proposition 1.2.1. Let s € (0,1) and let (—A)* : #(R™) — L?(R") be the fractional Laplacian
operator defined by (1.19). Then, for any u € . (R"),

(—A)u = FH((2r]E)* (Fu)) (1.24)

forall ¢ € R™.

Proof. In view of Lemma 1.2.1, we may use the definition via the weighted second order differen-

tial quotient in (I.22). We denote by Lu the integral in (1.22)), that is

1 u(z +y) —ulr —y) — 2u(x)
Lu = 2/n ‘y|n+2s dy.

We note that L is a linear operator and we are looking for its symbol, that is, a function p :
R™ — R such that

Lu=Z2"Yp- Fu). (1.25)

We want to prove that

p(&) = (2m[€])™, (1.26)

where we denote by ¢ the frequency variable. Applying a second order Taylor expansion, we

observe that

jule +) + ulz —y) = 2u(a)| _
o> -

C(X& (y)|yl> "% s |D*u| + X\ By |y ulz +y) + ulz —y) — QU(@")\) € L'(R*)
1(x

for some constant C'. Consequently, by Fubini’s theorem, we can exchange the integral in y with
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the Fourier transform in x. Thus, we apply the Fourier transform in the variable  and obtain

p(§)(Fu)(§) = F(Lu)

L[ Pl e o nG),

2 Jgn |y|nr2s

1 627Ti§y + 672m’§y -9
= —— dy(.F

o e NG

1 — cos(27E -
- / |y|£+2§ Y ay(Fu)e). (1.27)
Hence, in order to obtain (1.26)), it suffices to show that
1 — cos(27¢ -
/ |y|fl+2f Y 4y = (2rle). (1.28)
First, we observe that, if { = ({3, ...,(,) € R", we have
1 — cos(G1) < <1 < !
’<|n+25 |<“n+2s |<“n72+25

near ( = (0, which can be seen by applying a Taylor expansion about zero. Thus,

1 —cos((1)

e LY(R™). (1.29)

Now, we consider the function ¢ : R” — R defined as follows:

q(§) = /n 1= coslE - y) dy.

|y|n+25

From (1.29), we see that p is well-defined. Moreover, ¢ is invariant under the rotation £ — [|e;.

That is
q(&) = q(|€ler), (1.30)

where e; denotes the first direction in R". Indeed, when n = 1, we may deduce (1.28)) by the fact

that ¢(—¢) = ¢(§). When n > 2, we consider a rotation R for which R(|{]e;) = & and we denote
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by RT its transpose. Then, by substituting 3/ = Ry, we obtain

C](g) _ /n 1— COS((ROf’el)) i y) dy

|y|n+25
1-— (RT
(Since R is self adjoint) = / COS(?';,LT; ( y)) dy
1 —cos(([{ler) -y)
= dy
/n |y|n+2s
= q([¢ler),

proving (1.30).
As a consequence of (1.29) and (1.30), the substitution ¢ = 27 |¢|y gives that

p(§) = p(|€ler)
:/ 1 — cos(27|&|yr) dy

g

1 1 —cos((y)
- d
(2m[€])" /Rn e

2r[¢]

= C(n,s)~ (2m¢])™

= (2me])™

We thereby deduce (I.28) and the proof is complete.

O

Specifically, Proposition 1.2.1 provides us with a direct relationship between the fractional

Laplacian of a suitable function u and its Fourier transform given by (1.24). Moreover, we have

the following:

Proposition 1.2.2. Let s € (0,1). Then the fractional Sobolev space H*(R") defined in (1.16)

coincides with H*(R") defined in (L.23). In particular, for any u € H*(R")

M;m@=2/|a%ﬁuaﬁﬁ.
R'I’L
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Proof. For every fixed y € R", by applying the change of variables x = x — y, we get

[ ( [ b= mfw'gdx) o [ [ D,
Ll )
:/” = J|;|.%+_SU(‘) LQ(R”)dZ

)

where we have used Plancherel’s formula. Using (1.28) we obtain

2
u(z+) —u() e — 12
/n j( |Z|%+S ) L2(R") de = /” /n |Z|"+25 u<£)|2 dédZ
(1—cos({-2)),
_2/n /n ’2|n+25 |‘/u(€)|2d2’d€

= 20(ms)™ [ T e

2

2

dz,
L2(R")

=2 [ [ Fu(©)] dE.

R”
This completes the proof. ]

In other words, Proposition 1.2.2 establishes the equivalence of the spaces H*(R") and H*(R"),
mirroring the case when s is an integelﬂ For more on the fractional Sobolev theory and trace theory

for (—A)*, we encourage the reader to take a look at [46].

1.3 Fundamental Properties of the Fractional Laplacian

Before proceeding, we introduce some elementary yet fundamental properties of the operator
(—A)°. Many of these facts will be helpful in later computations and the reader should notice

the similarity between the following results and the local analogues for the Laplacian. We will

7See Appendix Chapter A.
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conclude this section, as well as the chapter, by proving that the fractional Laplacian of a suitable
function u converges to u as s | 0 and to —Awu as s T 1. This will tie together the similarities
between the fractional Laplacian and Laplacian operators which we have observed thus far. For
more information on the following material, we recommend [30].

Appealing to Definition 1.2.2, one my easily verify that the fractional Laplacian (1.19)) is linear
and translation invariant. Furthermore, from above, (—A)? is a homogeneous operator of order 2s.

We thereby have the following proposition.

Proposition 1.3.1. For every function u € . (R™), we have for every h € R™
(=AY (thu) = Th((—A)°u) (1.31)
and every A > 0
(=) (0xu) = A0\ ((=A)"w), (1.32)
where T, and 0y, are the translation and dilation operators by h € R™ and A > 0, respectively.

Much like the classical Laplacian, we also have invariance with respect to the action of the

orthogonal group on R".

Proposition 1.3.2. Let u := u(|x|) be a function with spherical symmetry in C?(R"™) N L>°(R™).

Then, (—A)*u also has spherical symmetry.

Proof. Let O € O(n), where Q(n) denotes the orthogonal group on R™. Compute (—A)*u(Ox)

directly to find

1 / 2u(|z]) = ulz + O"yl) — u(lz = OTyl) |
Y.

(—A)SU(OJ}) = 5 |y|n+25

18



Applying the change of variable z = OTy, we have

—ayuon =} [ 2D ullr £~ wle -2

2 |Z|n+2s
= (=A)u(z)
by Lemma 1.2.1. 0
Moreover, we have the following estimate:

Proposition 1.3.3. Let u € .7 (R"). Then, for every x € R™ with |x| > 1, we have
[(=A) u(@)] < Clu,n, s)la~2, (1.33)

where C(u,n, s) is a dimensional constant depending also on the function u and fractional expo-

nent s.
From Proposition 1.3.3, we may obtain a nontrivial regularity result for (—A)*:
Corollary 1.3.1. Ler u € ./ (R"™). Then, (—A)*u € C*(R™) N L'(R").

With the opening of this note in mind, we provide the fractional analogue of the averaging
expression for —Auwu(z) in terms of a pointwise limit involving the spherical mean-value operator

M. Unlike the classical case, our new expression will be provided in terms of an integral. This

s

integral representation is a result of the nonlocal nature of (—A)?®.

Proposition 1.3.4. Let u € . (R"). For every 0 < s < 1, one has

(—A)’u(z) = —0,1 /00 RV #pu(z) — u(z)] dR, (1.34)

0

with #r denoting the spherical mean-value operator (1.12).

Proof. By (T.10) in Proposition 1.0.1, we see that .#ru(x) — u(x) = O(R?) as R — 0T. Thus,

the integrand in right-hand side of the integral (T.34)) behaves like R'~2% as R — 0*. Moreover, at
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infinity the integrand behaves like R~!72. We thereby conclude that the integral on the right-hand

side of (1.34) is convergent. By Cavalieri’s principle, we may write

/ /8B Rms( ) 4571(y) dR

| / @) () s ) ar

Rn 1
— o / e L () — u(w) dR,

giving the desired conclusion.

The following symmetry property is also useful.

Proposition 1.3.5 (Symmetry Property). Let 0 < s < 1. Then, for any u,v € . (R")

/ u(@)(=A) (@) dv = / (=A)u(@)o(z) dr.

we have

(1.35)

Proof. We omit the case s = 1, as it is well known and follows immediately from the integration

by parts formula. Thus, let us focus on the case 0 < s < 1. By Corollary 1.3.1, we know that

—_—

(—A)su, (—A)sv € LY(R™), so we may use the following formula, valid for any f, g € L'(R"):

| T©9©ds = | F©)3E) d.

By (1.36) and Proposition 1.2.1, we see that

20

(1.36)



Applying Proposition 1.2.1 once more, we find

FH(=A)w)(€) = @2rlg))* T v(©).

Using the above and applying (I.36)) again, we see

as desired. This concludes the proof. [

Before moving on, we remark that many of the classical results for the Laplacian can be ex-
tended, with appropriate adjustments, to the fractional Laplacian. In particular, this holds true for
the maximum principles and other related theorems (e.g. Liouville theorem, Harnack inequality).

For more on this, see [30].
1.3.1 The Limitass | Oand s 11

In this opening chapter, we have introduced the fractional Laplacian (—A)® for s € (0,1) and
have highlighted its similarity to the more familiar operator, the Laplacian. However, after exam-
ining definition (I.19), the relationship between these two operators is not apparent. By viewing
the fractional Laplacian as a pseudo-differential operator (see Proposition 1.2.1), the relationship

becomes clear.

Theorem 1.3.1. For any u € . (R"), the following hold:

51—1>%1+(_A) u=u, (1.37)
lim (—A)%u = —Au. (1.38)
s—1~

21



Proof. By Proposition 1.2.1, we see that

(—A)u(z) = . FH(2r|€))*.F (u))(x) for all z € R™. (1.39)

Taking the limit in (I.39) as s — 0" and s — 1~ and using the fact that % : ./ (R") — . (R")

along with the dominated convergence theorem, we see that

lim (—A)%u(z)

s—0t

Tim FH((2[¢])** F (u)) ()

s—07t

(u))(x)
u(z) for each x € R" (1.40)

-1

A ( lim (27(¢])2*7 (u) ) (2)
(7

and

lim (—A)*u(z) = lim F7(|¢]*7 (u))(2)

s—1— s—1—

77 1im (2r(¢)* F (u)) (x)

s—1—

= ZY((27]€))2F () (z)

F T (—Au))(x)

= —Au(x) forall z € R". (1.41)

This concludes the proof. 0

Remark 1.3.1. We may suppose instead that u € C§°(R™) and repeat the same proof so that
Theorem 1.3.1 applies to the space C° of test functions also. Using this fact, we may approximate

using test functions to generalize to more abstract spaces have C§°(R") as a dense subset.

Theorem 1.3.1 shows that, for suitable u, the fractional Laplacian of u converges to the Lapla-
cian of u (or to w itself) in an appropriate limit, establishing a direct connection between the local

and nonlocal operators —A and (—A)®. In the subsequent chapter, we develop yet another con-
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nection between local and nonlocal problems for the Laplacian and fractional Laplacian using an
extension problem developed by Caffarelli and Silvestre in 2007. We later use these results to

prove a famous conjecture of De Giorgi for (—A)®.
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CHAPTER 2: THE EXTENSION PROBLEM

In the past decade there has been an increased interest in the analysis of nonlocal operators such as
(—A)* in connection with the applied sciences, analysis, probability, and geometry. Such devel-
opments have been motivated largely by the extension paper published in 2007 by L. Caffarelli
and L. Silvestre (see [[13[]). In this paper, the authors introduced a method allowing the con-
version of nonlocal problems in R" into problems involving a particular differential operator in
R = {(z,y) € R™™ : 2 € R", y > 0}. In the present chapter, we summarize many of their
results.

The motivation for realizing the fractional Laplacian as a local operator is as follows: When
dealing with nonlocal operators such as (—A)*, a major difficulty one encounters stems from the
fact that they do not act on functions like differential operators do. Instead, their action is often
through nonlocal integral formulas such as (I.19)). As a result, the tools of differential calculus are
not readily available. It is therefore desirable to have a procedure allowing us to connect nonlocal
problems to local problems, in which the rules of differential calculus are at our disposal.

Before diving head first into the general case (i.e., s € (0,1)), we consider the particular
case s = % To motivate, we note that the fractional Laplacian satisfies the following semigroup

property: For any s, s" € (0, 1) satisfying s + s’ < 1 we have

/

F (A (=A)"u = 2al¢))*F ((-A)°

= (27|¢])* (27I¢])> a

= (2mfe] i

u)

— ﬁ((-A)W’u).

That is
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As a special case of the above, when s = s’ = %, we obtain
((=A)2)? = —A. 2.1)

From this observation, we see that if u : Rﬁlfl — R is the harmonic extension of f : R” — R, that

18, if u solves

Au=0, (z,y) € RT, 0

u(x,0) = f(x), x € R”
then

— lim uy(z,y) = (—A)2 f(x). (2.3)

y—07t

Indeed, writing A, to represent the Laplacian in the coordinates x € R", we may write the rotal

Laplacian in the variables (z,y) € R" x (0, 4+00) as

62

A=A, +—.
+8y2

(2.4)

Given a smooth and bounded function f : R" — R, we take u := Uy (smooth and bounded)

solving (2.2)) and consider the operator
Lif(x)] == —0,Us(x,0). (2.5)

Set v(z,y) = —uy(z,y). Computing, we find that Av = —9,Au = 0 in R" x (0, +o00) and

v(z,0) = L[f(x)] for any = € R™. Thus, we may recognize v as the harmonic extension of L[f]
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and can write v = Uys. Then,

L(L[f])(z) = =0,ULj5(,0)
= —v,(z,0)
= uy,(z,0)
= Au(z,0) — Ayu(w, 0)
= —Auu(z,0)

= —Af(x)

which gives L2 = —A. This is consistent wih L = (—A)z, by (2.3).
We now fix s € (0,1) and f € .#(R") and consider the function u(z,y) that solves the

following Dirichlet problem in divergence form in the half-space ]RT}FH:

div(y*Vu) =0, (z,y) € RI,
(2.6)

u(z,0) = f(z), z € R™
Here, a = 1 — 2s € (—1,1). For simplicity, we sometimes may write L,u = div(y*Vu). Note

that (2.6) may be written in nondivergence form as follows:

— AU = Uy, + %uy, (r,y) € RTI,
2.7)

u(z,0) = f(x) and u(z,y) — 0 as y — oo for each x € R™.

Direct computation yields the equivalency of problems and (2.7).

The formulation of problem is the product of a clever observation: For a nonnegative
integer a, we may suppose u : R" x R — R is radially symmetric in the y variable, with y
residing in the “fractional dimension” N = 1+a. That s, if |y| = |¢/| = r, then u(z,y) = u(z,y’).

We can then think of u as a function of x and r, and in these variables write an expression for its
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Laplacian:

a
Au = Agu + —up + Upy.
r

We thereby have obtained an identical expression for the equation in (2.7)), with y replaced by r in
the expression. However, as far as the expression is concerned, there is no need to consider only
integer values of a. We can thus realize problem (2.7)) as the harmonic extension problem of f in
dimension R"*1* for suitably chosen a.

Going forward, the goal of this chapter is to present the fundamental solution for (—A)® and to
develop a Poisson kernel in order to obtain a representation formula for solutions to problem
and, likewise, problem (2.6). Furthermore, we will show that

(A f = ylig{r —y uy
up to a multiplicative constant, where s = 1’7“ (analogously, a = 1 — 2s). Note that setting a = 0
results in problem (2.3). Verification of the above limit will, however, be postponed until later.
Instead, we first focus on representing solutions for (—A)*® and problems and ([2.7). The
interested reader may refer to the original paper by Caffarelli and Silvestre [13]], or the more recent

note by Garofalo [30] for more on this subject.

2.1 The Fundamental Solution

It is appropriate to first make some remarks about what is meant by a fundamental solution for
(—A)*. We follow the presentation laid out by Garofalo (see [30]).

With the definition of the Schwartz space .(R™) as a guide, we may define a fractional
Schwartz space. Indeed, given 0 < s < 1, we may consider the linear space of functions

u € C*°(R™) such that, for every multiindex «, we have

[u], = sup (1 + |z|"*)|Du(z)| < oco.
TER?
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We denote by .7 (R™) the space C'*°(R™) whose topology is generated by the countable family of

seminorms |-|,, and by ./(IR") its topological dual. We have the following inclusions

Co*(R") = S (R") = Z(R") — C=(R"),

as well as the dual inclusions

E'(R") — L(R") — S'(R") — P'(R"),

with &’ (R™) denoting the space of distributions with compact support. To justify the introduction
of the new space .%;(R"), we have the following proposition:

Proposition 2.1.1. Let u € .7 (R"). Then (—A)%u € Z,(R™).

Proposition 2.1.1 follows from Proposition 1.2.1, Proposition 1.3.3, and Corollary 1.3.1 by
induction on the order of «,, where « is a multiindex. With this fact in mind, we may extend the

notion of a solution to the distributional sense.

Definition 2.1.1 (Distributional Solution). Let F' € .%’(R"). We say that a distribution u €

! (R"™) solves (—A)*u = F if for every test function ¢ € .%’(R™) one has

(u, (=A)°9) = (F, ¢).

In the special case for which F' is the Dirac delta, Definition 2.1.1 yields the following:
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Definition 2.1.2 (Fundamental Solution). We say that a distribution &, € .#/(R") is a fundamental

solution of (—A)* if (—A)°®, = §. This means that, for every ¢ € . (R"), one has

(®5, (=A)%¢) = ¢(0).

From Definition 2.1.2, it is evident that if &, € .#/(R") is a fundamental solution of (—A)?,
then one has (—A)*®, = 0in Z'(R"™ \ {0}). In fact, there exists an explicit fundamental solution

o, € C°(R™\ {0}) for (—A)".

Theorem 2.1.1. Letn > 2 and 0 < s < 1. Denote by
U(x) = a(n, S)|x|7("*25), (2.8)

where the normalizing constant a(n, s) above is given by

[z —s)

2

B 225731 (s) (&)

a(n, s)

Then VY is a fundamental solution for (—A)?*.

We henceforth refer to W, as defined in Theorem 2.1.1 as the fundamental solution for (—A)®.

The proof of Theorem 2.1.1, which we present shortly, is a result of two technical lemmata.

Lemma 2.1.1. Suppose that eithern > 2, orn =1 and 0 < s < % For every y > 0, consider the

regularized fundamental solution

n—2s

Uey(2) = aln,s)(y* + |z[?)” 2 . (2.10)

Then

— yS

V,y(6) = m|§|_sKs(2ﬂy|§|)a (2.11)

where K denotes the modified Bessel function of the third kind (see (C.21))). Moreover, we obtain
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for every & # 0

U, () = lim U, ,(€) = (2né]) ™, (2.12)

y—0+

Proof. We will prove only (2.11])), as (2.12)) is a simple computation which follows from (2.11)). To
establish (2.11)), it suffices to show that

S

(T, f) = 5

i T(s) o o e 2TYIENS(E) dE (2.13)

for every f € .(R"). Note that

/OO e—tLtOtﬁ — F(Oé)
0 t Lo

for any L > 0 and o > 0. To see this, apply the change of variable u = ¢L and compare the

resultant integral to Euler’s gamma function. Set L = [£|> + »? and fix @ > 0. By Fubini’s

Theorem, we have

OO a —t(|€]2+y?) £ ﬁ _ ¢ > a ft(|£\2+y2)ﬁ
/ t(/ne f(é)d€>t—/nf(§)</0 tee t)clé

—r(e) [ (P + ) "de 2.14)

By assumption, we have n > 2orn = land 0 < s < % so that § — s > 0. Thus, we may take

a =g — sin (2.14) to find

n—2s

/Ooot’%‘S(/n e‘“'ﬁ”wf(é)df)%=F("‘223)/nf(£>(!£|2+y2)_( e @is)

Then, by the symmetry property of the Fourier transform, we find that for every f € R" andy > 0

Fre (e peyag = [ e 06 ey ag. (2.16)

R" R"

Multiplying each side of equation (2.16) by 2 ~* and integrating between 0 and oo with respect to
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dt

the dilation invariant measure T.we obtain

o n_g P (1242 dt ° n_g 2 — dt
/0 t2 /nfx_g(e (| +y ))f({)d§7=/0 t2 %S¢ yt/n (@ | )(ﬁ)f(ﬁ)df? (2.17)

Since

o 2 212

(e=tP)(€) = Te ™,

substituting the above into (2.17) yields

T [z (et dt o [T [ e dt
/Ot | Faele ) e a6 = / et [ e pe

. / nf@( /0 h tseyzte*"f% d.

(2.18)

2 and v = 3?2, and recalling that K, = K_,, we find

Applying (C29) with v = —s, 3 = ?|¢

o 2 272dt Y S
eVt L oY VK (2 . 2.1
| et < o2 K @.19)

Substituting (2.19) into (2.18]), we obtain

o — d n
/0 15 / () f() e = 2wty [ K nlel € de 220

R"

Putting this all together, we see that

a(n,s) [ FEOUER +5) 05 de = an, )2l [ e K @myleDf©) ds. @21
Rn L("5%) Jgrn
Now, since
CED
a(n,s)—m,
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may replace «(n, s) on the right-hand side of (2.21)) to obtain the expression

s

aln.s) [ FOUER +9) 5 de = s

K emldh© e @22

We have thus shown

s

; Y
Vi f) = sst 7o

el K (2mylél) F(©) de. (223)

Since (\I/f;:,, f) = (W, f) by definition, we conclude that (Z.13) holds, as was to be shown.  []

Lemma 2.1.2. For every y > 0 the function V , satisfies the equation

()W (o) =y LT 2y o) 224)
m2I'(s)
Proof. Define
F,, (1) == (—A), ,(2). (2.25)

By Proposition 1.2.1 and Lemma 2.1.1, we readily observe that

p— o —

Fs,y(f) = (_A)S\I's,y(f)

= (27€) >V, (€)

s

— (2m]¢))* 5t

m|§|_sf{s(2ﬂy|€|)

S S

B 2u°TE

Then, the Fourier-Bessel representation (C.25)) implies

()—43/8778+1 L 7 ok 2myt) T (2m(alt) d (2.27)
TG lE T AT AT ¢ |
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Lettingy = —% — s, 4 = s,and v = § — 1, we may write the right-hand side of (2.27)) in the form

/ h t K, (at)J,(bt) dt

with a = 27y and b = 27|z|. The assumption v — v + 1 > || is then analogous to n + s > s

which clearly holds, so we may use (C.28) to obtain

2r|z])2 7' T(2 + s) (n nn |z

g Flg* —-—-—?). (2.28)

D4s _
/Ot2 K (2myt) Ty (2 zt) dt = 8,050

Since

n nn J|z? |22\ —(5+s)
P02 Y (i
+ s 573 + "

the right-hand side of (2.28)) is equivalent to

2 ﬁflr Q+ 2 _(2_;,_3)
Crial? TG 4o g By (229)
272 (2my)nts y
Replacing in (2.28), we find
T2+ 2\ ~(3+9)
Fyy(z) = (2n ) <1+ 2l > ’
’ yrm2T(s) Y
ZSF noy —(Z+s)
AT R (v +1al?) 7 (2.30)
mz2I'(s)

which is (2:24). O

With Lemma 2.1.1 and Lemma 2.1.2 in our arsenal, Theorem 2.1.1 now follows without too

much effort.

Proof of Theorem 2.1.1. We need to establish

/ W (@)(-A)0() dr = 6(0) 2.31)

for all test functions ¢ € .(R™). The hypothesis n > 2 implies 0 < s < Z. For fixed y > 0,

|
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consider the regularization ¥, , of ¥,. By observation, we see that ¥, € C*°(R") forall y > 0
)¥p € Z(R™), Lebesgue’s

and decays at infinity like |z|~("~2%). Since ¢ € .#(R") implies (

dominated convergence theorem gives
/ V(@) (=A)¢(z)de = [ Wy(x)(=A)°¢(x) du (2.32)
n Rn

as y — 07. By the symmetry property,
/ (=AU, (x)p(x) d. (2.33)

JRFCIONFOr

Therefore, it suffices to show
(2.34)

[ aru@ot) s - o)

asy — 0. Applying Lemma 2.1.2, we have

£ on the right-hand side of the above expression, we obtain

With the change of variable x
. F(ﬂ + s) 5+s)
|y @te) de = =222 [ (1) ol do
" wED(s)
— 7+S
(2.35)

%¢<0)1;(§T+(S>)/n (1+|x,‘2> G+,

as y — 0" by the dominated convergence theorem. Then, applying (C.10) with a = n + 2s and

b = 0, we find that the integral in (2.33) is equal to

73T (s)
oG +5)
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so that

/ (AYT, , (2)6(x) dz — 6(0) (2.36)
as y — 0T. Since this yields (2.31)), the proof of the theorem is complete. 0

Before we derive the Poisson kernel for (—A)®, some remarks are necessary.

Remark 2.1.1. In the proof of Theorem 2.1.1, we used the fact that n — 2s > 0. Thus, the proof
provided works for the casesn = 1 and 0 < s < %, as well as the situation n > 2. However, we

must also consider the following two cases:
en=1land}<s<1;
en=1ands=3.

In the first case, formulas (2.8) and (2.9) continue to hold while in the second case they must be
replaced with the following:

1
Uy(x) = —;log|x|.

For more on these cases, see [30].

2.2 The Poisson Kernel

We have now reached the heart of this chapter, the derivation of the Poisson kernel for problem

(2.7). We follow the proof provided by Garofalo in [30]].

Theorem 2.2.1. Let f € #(R"). Then the solution u to the extension problem [2.7) (likewise,
(2.6)) is given by
o) = (P @) = [ Pl = 2)5 () d, 3

where

Fﬂ_l_ 2s
Gs)_ y* (2.38)

Py (x) = W%F(s) (2 + [22) %5

is the Poisson kernel for the extension problem in the half-space R’fl.
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Proof. Applying the Fourier transform in the variable x € R™ to problem (2.7), we obtain the

transformed problem

92 a d 21 &2 —Ni n+1

a(€,0) = f(€) for € € R, 4(€,y) — O as y — +00.

Fix £ € R™ \ {0} and write Y (y) = Ye(y) = @(&, y) to rewrite problem (2.39) as an ODE in the

variable y € R* as

vY"(y) + ayY'(y) — 47*£*y*Y (y) = 0 fory € RT,
(2.40)

Y (0) = f(€), Y(y) = 0asy — 4oc.

Comparing the ODE in (2.40) with the generalized modified Bessel equation in (C.22) with o = s,

v=1,v = s,and § = 27|{|, we see that two linearly independent solutions to (2.40) are given by

Yi(y) = y*L(27|Ely) (2.41)

and

Ya(y) = v K (2m|€y). (2.42)

Thus, for all £ # 0 we see that the general solution to problem (2.40) is given by

Y(y) =a(&,y) = Ay°L,(2n[¢|y) + By* K, (27 [€|y) (2.43)

for constants A and B. In order to satisfy the condition & — 0 as y — 400, we must have that

A = 0 by the asymptotic behavior of K and I, at +00. We thereby conclude that

u(§,y) = By K,(2n[¢]y) (2.44)
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for some constant B to be determined. Using the asymptotics (C.23)) and(C.24)), we find that

Bm2s71(2r|¢]) s

I'(1— s)sin(rs) (245)

By’ K,(27[¢ly) —

= B2 'T(s)(27l¢])~

as y — 0T. Applying the initial condition, we see that

p = ool
2710(s)
Substituting the above expression for B into (2.45)), we find that the solution to the transformed
problem (2.40) is given by
X (27[€])*9 (&)
= D TS K (2 ) 2.46
a(&,y) >1T(s) ¥ (2(€ly) (2.46)
To complete the proof, we must apply the inverse Fourier transform to obtain an expression for
the solution in the original variables. From (2.46) and the convolution property of the Fourier
transform, it is clear that the solution u(z,y) to the problem (2.7) will be given by (2.37), with

Ps(z,y) to be determined. Therefore, to conclude the proof we must prove (2.38)). This amounts

to showing

Z-1 [ ClE])9(E) _ TG +5s) y>
f&ﬁm (251—F() K5(27T|€|y)> = W%F(s) (y +|:E| )n+25' (2.47)

Since the right-hand side of(2.46)) is spherically symmetric in the variable &, showing is

equivalent to establishing

o~ 27.‘,5’5/|sys , _ F(% —|—8) yQS
Fel s (TS)KS(%TK |y)> = W%F(S) (y n |:E| >n+25' (2.48)

By the Fourier-Bessel representation (C.235)), this is the same as showing

257Ts+1ys o] ny
T —— 2 SKS 2 n_ 2 -
’er(s)/o £54 1 (2myt) Ty (2| |t) dt

(2.49)

r %—i—s) y%
5

0(s) (2 + J2) 5
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where J, denotes the Bessel function of order v (see (C.12))). Fortunately, the identity (2.49) fol-
lows immediately from (2.28)), (2.29), and (2.30). Thus, combining (2.48) and (2.49) we conclude

F(% + s) i
TITG) (P )T

P, (z) = (2.50)

Since we have shown that (2.38)) is indeed the correct formula for P (), the theorem follows. [

Remark 2.2.1. We remark that formula (2.37) continues to hold under less stringent conditions on
f. For instance, one may check that u as in is well-defined and solves problem if f
is bounded and f € C?_(R"). In fact, is the unique solution (up to an additive constant) in
C (@) N L“(@) to problem (2.7) assuming only that f € C'(R") N L>(R™) (see Corollary
3.5 and Remark 3.8 in [9]).

Let us check that the Poisson kernel for the operator L, in the upper half-space ]Rfﬁ“ posseses

the properties we would expect our Poisson kernel to have.

After setting b = 0 and a = n + 2s in (C.10), from (2.38)) we see that

HPs,y(x)HLl(Rn) = /R P, (x)dx =1 (2.51)

for every y > 0. Furthermore, comparing the expression for the Poisson kernel (2.38)) with (2.24)

in Lemma 2.1.2, we conclude that we have, in fact, shown
Pyy(z) = (=A)"¥, (), (2.52)

where y > 0 is fixed, the function V¥, , being the y-regularization of the fundamental solution of

(—A)*®. We have therefore proved that
lim P, (x) = 0(z) (2.53)
y—0+

in .#/(R™). Finally, setting s = 5 we have ¢ = 1 — 2s = 0, and the extension operator L, reduces
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to the standard Laplacian L, = A, + 83—; in R7*'. Thus, from the formula (2.38), we see that

Py (z) = T T (2.54)

which is the standard Poisson kernel for A in the upper half-space R’ffl. It follows that formula
(2.38)) is consistent with the classical theory, and is an appropriate generalization for the Poisson

kernel for the upper-half space corresponding to fractional powers of the Laplacian.

2.3 Local realization of (—A)*

So far, we have derived a Poisson kernel for the extension problem (2.7) (likewise, problem (2.6)))
from which we may obtain the classical Poisson kernel. What remains to be shown is the relation-

ship between our solution (2.37)) of (2.7) and the fractional Laplacian of our boundary function
f.

Theorem 2.3.1 (Local Realization of (—A)®). For u as in (2.37), we have

2257111(8)
—A)° =—— 1 a . 2.55
(=4)°f () TI—s) Y uy(T, y) (2.55)
Remark 2.3.1. We henceforth write d, := 22;(_11()5).

Proof. By (2.51), we may write

%—FS) st
u(z,y) = — — (f(2) = f(x)) dz x).
(2.) = An(y2+|x_z|2) ()~ f(@)) d= + f(2)

Differentiating both sides with respect to y, we find

_ Sr(g"‘s) y = F(2) de 2) ag +
) =252 | o e )~ S0 = 4 0 a5y 0.

Here we have differentiated under the integral sign using the product rule and the fact that 2s =
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1 — a. It follows that

Gy (3. ar) — SF(%+8) f(Z)—f(w) s
Yruy (v, y) = 2 Z3T(s) /]R L _dz+ O(y?). (2.56)

Then, appealing to Corollary 1.3.1 and letting y — 07, Lebesgue’s dominated convergence theo-

rem gives
I'(5 +59) f(z) = f(2)
I =2s—2—2PV. [ ————=d
yighy tuy(,y) =25 m21(s) jn |T — z|"t2s ©
T+
= —2s (22 I S)) C(n,s) H(=A)f(x). (2.57)
7T 2
2251—\(77,—0—25)

Noting that C'(n, s) = ﬁ for 0 < s < 1, we obtain the result. O

There are several proofs of Theorem 2.3.1, and Caffarelli and Silvestre presented two in their
original paperﬂ [13]. We have chosen the above for its simplicity.

Now that we have established a direct link between local and nonlocal problems via the exten-
sion problem (2.6), we are ready to focus our attention on a conjecture of Enrico De Giorgi in both

the local and nonlocal case.

10One similar to above and one via the Fourier transform.
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CHAPTER 3: DE GIORGI’S CONJECTURE FOR THE ALLEN-CAHN
EQUATION

In the present chapter, we study an extended version of Enrico De Giorgi’s conjecture for the
Allen-Cahn equatio for a more general class of nonlinearities which includes the Allen-Cahn
nonlinearity. Much of the background material in this chapter has been adapted from [[14], [20]], and
[50]. After introducing and motivating the problem, we present the proof, as given by Ambrosio
and Cabré in [2], for dimension n = 3. The techniques used by Ambrosio and Cabré when
n = 3 generalizes to the case n = 2, however, the proof for this case was originally provided by
Ghoussoub and Gui in [31]. We will not go into too much detail concerning dimensions 4 < n < §,
proved by Savin in [49] under a mild limit assumption, as the proof incorporates techniques from
minimal surface theory and is outside the scope of this thesis. Nonetheless, the author feels that
this topic constitutes an intriguing subject for future study. We conclude the chapter by discussing
current directions. In the chapter that follows, we will consider De Giorgi’s conjecture for the

nonlocal operator (—A)? introduced in Chapter 2.

3.1 Background

Of central importance in theory of PDE is the classification of solutions. For example, in an in-
troductory course much time is dedicated to existence and uniqueness of solutions for elliptic,
parabolic, and hyperbolic PDE, as well as Liouville-type theoremﬂ maximum principles, regular-
ity, and related topics. In the same spirit, De Giorgi’s conjecture is a Liouville-type theorem for

the nonlinear Allen-Cahn equation

—Au=u—u*inR", (3.1)

"We henceforth refer to the conjecture as De Giorgi’s conjecture.
2These are theorems which aim to classify solutions to a given PDE due to some boundedness properties that
resemble the classic Liouville theorem one studies in a first course in complex analysis.
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which is the Euler-Lagrange equation for the Ginzburg-Landau energy

_ 1 o Lo o0
JQ(U)—/Q<§]VU| + (1 u))dm. (3.2)

More generally, a Ginzburg-Landau energy is a functional of the form

1
Falu) = 5/ IVul? + W (u) dz, (3.3)
Q
where W is a double-well potential having minima at v = +1 satisfying the following:

1. W e C(-1,1)), 4. W'(=1) = W'(1) =0,
2. W(=1)=W(1) =0, 5. W”(=1) > 0and W”(1) > 0.

3. W>0on(-1,1),

Comparing with (3.2), one easily verifies that W (u) := (1 — «?)? has minima at v = +1 and
satisfies the above criteria so that 11 is a double-well potential and (3.2)) is, in fact, a Ginzburg-
Landau energy.

To motivate Conjecture 3.2.1 below, we turn to the study of equation in the context of
phase transitions (mathematical physics). Consider a pure body contained in a bounded region of
space (2, in which the state (thermodynamic, say) may change from one to another. To each phase,
we may assign the value u = —1 or u = 1, while the transient state of the body is assigned a value
u € (—1,1). We are interested in the description of the interface between these two states. In fact,
such an interface should be close to a minimal surface, that is, a surface that locally minimizes its
areeﬂ As a concrete example, one may think of a surface formed after dipping a frame in water
and soap solution. Though this physical experiment is easy to perform, the mathematics is very
intricate. For example, there may be more than one locally minimizing surface, and they may have

non-trivial topology. Let us formulate our working definition of a minimal surface more precisely.

3 Aside from phase transitions, the study of minimal surface problems are also important in other areas of mathe-
matical physics, such as general relativity. As this is not the focus of the current project, we refer the reader to [55].
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Definition 3.1.1. A surface M C R" is minimal if and only if every point p € M has a neighbor-

hood with least area relative to its boundary.

For our purposes, it is necessary to consider the variational formulation of Definition 3.1.1.
The calculus of variations uses small changes in functions and functionals (i.e. variations) to find
maxima and minima of functionals. In fact, many problems are simplified in this manner and a

perfect example is given by Dirichlet’s principleﬁ from classical PDE theory.

Definition 3.1.2 (Variational Formulation). A surface M C R" is said to be minimal if and only if

it is the critical point of the area functional for all compactly supported variations.

Consider the Lagrangian L : R* x R x Q — R

L(p,z,z) = (1+[p]*)®

and define the area functional

A[u]:/(1+|vu|2)5dx (3.4)
Q

giving the area of the graph of the function u : 2 — R. The associated Euler-Lagrange equation

is given by

div (L> —0in Q. (3.5)
(1+ [Vul?)?

Noting that the lefthand side in (3.3)) is a constant multiple of the mean curvature of the graph of u,
we see that minimal surfaces also have zero mean curvatureﬂ In fact, this condition is equivalent to
Definition 3.1.1 and Definition 3.1.2. Simple examples of minimal surfaces include hyperplanes,
catenoids {cosh®(z3) = 22 + 23}, and helicoids {(r cost,rsint,t) : v > 0, t € R}.

Let us return to the phase transition model. In a typical phase transition model, the unknown

“Dirichlet’s principle asserts that if u € A := {w € C*() : w = g on N} solves —Au = fin Qand u = g on
012, then v minimizes the energy

I(w) ::/Q;Vwﬁ—wfdx.

3The mean curvature of a surface, denoted by H, is an extrinsic measure of curvature that locally describes the
curvature of an embedded surface in some ambient space.
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function u := wu(z) represents the density of a two-phase fluid at a point x in a domain @ C R".
The double—well potential W (u(x)) represents the energy density of the fluid in the domain 2 and
has minima at uy, us with W (uy) = W (uz) = 0f] In fact, for u # uy, ug, we find W (u) > 0. Note
that the densities uy, us represent stable fluid phases.

At this point, it is tempting to conclude that the total energy of the fluid in (2 is given by

| Wt ds,

however, this is not satisfactory since any density function u(x) that takes only the values w1, us
minimizes the energy. Indeed, for such a u, we see that W (u) = 0. Moreover, in this scenario it
is possible for the stable phases uy, us to coexist along any complicated interface. The issue is that
we ignored the kinetic energy term which takes into account interactions at small scales, such as

friction. As such, we introduce the rescaled energy

2
Fealu) = %/ ]Vu]de—l—/W(u) dr, (3.6)
Q Q

where € > 0 is taken to be small.

The presence of the gradient squared term in (3.6) coupled with the additional assumption that
u belong to an appropriate Sobolev space prevents instantaneous jumps from a region of density
uy to a region of density us. In general, these stable states are only attained asymptotically by w.
Moreover, the transition region between the two phases occurs in a thin region of width e. We
want to understand this transition at length-scale €. To do so, we must dilate by a factor of % and
consider the rescaled density u.(x) := u(ex) which minimizes the energy (3.3)) and thereby solves
the Euler-Lagrange equation

Au = W'(u)

in the rescaled domain % Indeed, by a simple change of variable argument, we see that « min-

imizes (3.6)) if and only if u, minimizes (3.3)) allowing us to work with the normalized equation

%In our case, we have set u; = 1 and uy = —1.
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(3.3) in lieu of equation (3.6). In fact, letting ¢ — 0 in the original domair[’| 2, the transition re-
gion converges to a minimal surface inside {2 which motivated De Giorgi to conjecture that global
solutions to the Euler-Lagrange equation above should have similar properties to the seemingly

unrelated concept, global minimal surfaces.
3.1.1 Minimal Surfaces and De Giorgi

Before we continue, it is appropriate to make clear De Giorgi’s approach. The idea of De Giorgi is
to view hypersurfaces in R" as boundaries of “nice” subsets of R". As one might imagine, the nice
sets we are referring to are the measurable subsets of R”. Let £ C R" be measurable and define
the perimeter of E (or area of OF) in a domain {2 C R"™ as the total Variatiorﬂ of the characteristic

function of F, yg, in €. That is,

, (3.7)

Po(E) = / Vs| = sup
Q

lgl<1

/ div g dx
E

where the supremum appearing in the above expression is taken over all vector fields g € CJ(£2)
satisfying |g| < 1. When OF is a C'! hypersurface we see that (3.7) is equivalent to the usual notion
of the area of OF via Green’s theorem. Moreover, with (3.7) at our disposal, we may reformulate

our definition of a minimal surface once more.

Definition 3.1.3 (Minimal Perimeter & Minimal Surface). We say that F is a set with minimal
perimeter in (2, equivalently, OF is a minimal surface in 2 if, for every open set U C (2 relatively

compact (i.e. having compact closure) in {2,

Py(E) < Py(F) (3.8)

In this case, we write u := u(2).
8The total variation of an integrable function u defined on an open set Q C R”, where n > 2, is given by

V(u,Q) :=sup {/Qu(x) div ¢(z) dx : ¢ € C5(Q2) and 1]l oo () < 1}.
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whenever E and F' coincide outside of a compact set included in U.

Now that the background and motivations are established, let us take a short detour to discuss
some results that, aside from being of independent interest, will be useful in establishing some key

bounds and sharpness of estimates.
3.1.2 A Monotonicity Formula of L. Modica

In 1985, Modica proved in [42] that if W > 0 in R, then every bounded solution u € C?(R") of

— Au= f(u)inR" (3.9)
satisfies the gradient bound
1 2 o
§|Vu| < W (u) pointwise in R". (3.10)
Here, W'(u) = —f(u), and we may take W to be a double-well potential, for example. Such

a result is now commonly referred to as a Modica-type estimate, and they have been useful in
establishing monotonicity formulae for both the local and nonlocal operators A and (—A)*, for
instance. In particular, (3.10) says that the kinetic energy of a phase transition system, say, is
bounded at every point by the potential energy everywhere in R".

Our goal in this section is to present an estimate by Modica for problem (3.9) and use this
to establish a monotonicity formula for the associated Ginzburg-Landau energy (3.3)), also due
to Modica. The Modica estimate and monotonicity formula will be useful in the next chapter to
establish a key gradient bound and prove sharpness of an important estimate.

To accomplish this goal, we need to first establish the Pohozaev identity. This result is well
known and can be found in the texts of Dupaigne [20] and Evans [21]. The Pohozaev identity will

be crucial in the proof of the Modica estimate.
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Lemma 3.1.1 (Pohozaev Identity). Let n > 2. Let 2 C R" denote a smooth and bounded domain

and let v € C*(2) N CY(QY). Then,

-2 1
/Au(m-Vu) dr == / |Vul? do — —/ \Vul?z - vdS + oyu- (Vu-z)dS, (3.11)
Q 2 Ja 2 Joo o0

where v denotes the outward unit normal to 0S. If, in addition, u is constant on the boundary of

Q) then

/Au(x-w)dx— n_z/\VuPda:—l—l/ |Vul?z - vdS. (3.12)
Q 2 Q 2 o0

Proof. The proof is simply successive applications of the integration by parts formula. We have

/ Au(z - Vu)dr = Z / Uy, T Uy, AT
Q Q

ij=1

n

= Z — / umi(xjuxj)i dx +/ umiuixjumj dS
;s Q o0

,j=1

= Z —/uxiéijuxj dx—/umumimjxj dx—l—/ Uy, Vil jUg; dS
Q Q a0

1,j=1
1
:—/ |Vu|2dx——/V(|Vu|2)-mdx+/ (Vu-v)(Vu-x)dS
Q 2 Ja o)

—2 1
_ / |Vul? do — —/ IVul’z - vdS + dyu(Vu - x)dS.
2 Ja 2 Joo o0

This is (3.TT)). If, in addition, u is constant on 02, then Vu = |Vu|v on 02 so (3.12) follows. [

The proof of the Modica estimate below proceeds in four steps, which we label for clarity. Due
to the length of the proof, we leave out some of the details. However, all of the details can easily

be reconstructed from the proof given below.
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Proposition 3.1.1 (Modica Estimate; see [41]). Let n > 1. Let u € C’3(R”) denote a bounded
solution to the problem

— Au= f(u) in R", (3.13)

where W € C%(R"™) is nonnegative and W'(u) = — f(u). Then,
1 .
§|Vu| < W(u) in R". (3.14)

Proof. The idea is to show that the function P(z) := |Vu|? — 2W (u) is nonpositive, as this will
give us (3.14). Since u € 03(R") is bounded, we see that P is bounded and, by continuity,

infgn [Vu| = 0. In particular, given 6 > 0, we may assume up to a translation of space that
|Vul?(0) < 6. (3.15)

1. We claim that P satisfies the inequality

1
|Vul>?AP > §|VP\2 —2f(u)Vu-VP (3.16)
in R". Indeed, foreachi = 1,...,n, we have
Ppy =2ttty + 2f (W), (3.17)
j=1

From (3.17) and the Cauchy-Schwarz inequality, we see that

S (P~ 2f ) =43 (S )

i=1 i=1  j=1

n n
E 2 E 2

<4 uxj uazia:j
J=1

ij=1

— 4|Vul?|| Hul 2, (3.18)
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where we have denoted Hu the Hessian matrix of w and ||-||g; the Frobenius matrix norm.

Differentiating (3.17) with respect to x; once more and summing over ¢, we find

AP =2 ul, +2) ug(Au)y, +2f (u)|Vul* + 2f (u) Au
j=1

1,j=1

= 2||Hullf — 2[f(u)]?, (3.19)

with the last equality (3.19) obtained from the fact that u solves (3.13). Whence, from (3.18))
and (3.19) we have

n

VuPAP > %Zw — 2f (W, — 2 () |Vl

1
= §|VP|2 —2f(u)Vu - VP,

which is (3-T6).

. Lete > 0 and R > 0. Then, there exists a radial cutoff function n(r) := n. z(|z|) € C*(R")

having the following properties:

n(R)=1,n7>0,n <0, and lim n(r) =0, (3.20)
r—00
E1i1r(1)1+ n(r) = 1forallr > R, (3.21)
2 M — 1)
(77,)2 (—’7 By u) < % forall r > R, (3.22)
n n € T
where
M = sup 2|f(u)||Vu| and L = sup 2|Vul?. (3.23)
Indeed, set
1 e_LLs
ge(t):/ 5 dsfor0 <t <1
t 8

49



and

te—(%)s
her(t) = / —dsfort > R.
r 5"
Take
n(r) = g;l(c heg(r)) forr > R,
where
oo 90
hQPL(—l-OO)'

Then (3.20) follows immediately. For (3.21)), it suffices to note that h. p — 0 as ¢ — 0 and
g-1(0%) = 1. For (3:22), differentiate, take the log, and differentiate again with respect to r

the equality

M
1 o5 T o= (M)s
ds = ds.
82 Sn—l
n R

. Set v = nP. We want to show that

v(x) < max{e, |H\la)1~(2 P}, (3.24)

for all [z] > R. It s clear that (3.24) holds if sup,;>pv < 0, so we may assume that v is
positive somewhere. Since P is bounded and lim,_,, 7 = 0, we deduce that lim,|,.. v = 0.
Thus, either v achieves its maximum on || = R, from which follows, or v achieves
its maximum at some point xo with |xo| > R. Then, at xy we have 0 = Vv = nV P + PVn,

from which we find VP = —P %. Using this and (3.16]), we obtain the estimate

2 2
T .

P2|Vn?
—

|Vul|?Av > <|Vu\2A77— +2f(u)Vu-Vn>P+

Since zg is an interior point at which v attains its maximum, we have Av(zg) < 0. Further-

more, we see that P(z() > 0, since 7(xo) > 0 and v(z() > 0. Therefore, at

2 2 2
PV _[VuP|Vaf

f(w)VuVn — |Vul*An. (3.26)
2n 1
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Now, if |[Vu|?(xg) < e, then, since n < 1 and W > 0, we have v(z) < v(zg) < P(z0) <

|Vu|*(z) < € for |x| > R and (3.24) holds. Otherwise, since ' < 0, (3.23) and (3:26)

imply that, at x,

2 (2 M
n €

From (3.22)) and (3.27), we conclude that v(x) < e proving (3.24).

. Lete — 0" in (3.24). Then

P(x) < max{0, ‘rr|1a>é P}

for |z| > R. Now, letting R — 07 and using (3.15]), we see that
P(z) < max{0,P(0)} <o

for all x € R™. Since § > 0 is arbitrary, we find that P < 0, as desired.

This concludes the proof.

The proof of the monotonicity formula now follows from a simple differentiation.

solution to the problem (3.13)). Then,

I(R> = RI_H/BR(U)v

Proof. By Lemma 3.1.1 (Pohozaev Identity), we have

-2
/ Au(z - Vu)dr = n / |Vul? dr — R |Vul? dS”_1+r/
Bgr 2 Br 2 O0BR O0BR
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(3.27)

Theorem 3.1.1 (Monotonicity Formula; see [43]). Let n > 1. Let u € C*(R™) denote a bounded

(3.28)

is a nondecreasing function of R, where #,.(u) is defined by the Ginzburg-Landau energy (3.3).

(3.29)



Since u solves equation (3.13)), we also have

/B Au(z - Vu)dr = — W'(u)(z - Vu) dz

Br

=-n | Wdz+R [ W(u)ds"' (3.30)

Br dBR

after integrating by parts, where W (u) is as above. Combining (3.29) and (3.30), we obtain

/ ((n —2)|Vu|* + 2nW(u)> dr = R/ <|Vu|2 + 2W(u)> dsmt — 2R/ u?dS" .
Br 0Bg 9Bg

(3.31)
Upon differentiation of / given by (3.28)), we find

2I'(R) = —(n — 1)R—"/

Br

(|Vu\2 + 2W(u)) dr + Rl‘”/

. (|vuy2 v 2W(u)> s,

Then, from (3.31)) we deduce

2R"I'(R) = / (2W(u) — \vuP) dx + QR/ u?dsS™ 1. (3.32)
Br dBr
Applying Proposition 3.1.1 (Modica Estimate) to (3.32)), we obtain the result. O

After closer inspection, we see that the assumption that u € C*(R") is superflous. Indeed, the
computations above show we only require that u € C*(R") and f € C*(R"™). Since u € C?*(R")
satisfies (3.9) and f € C'(R), we obtain the result due to the fact that the partials (Au),, =
f'(u)u,, exist and are continuous for each i = 1...,n. Thus, the claim at the beginning of this
section that the Modica estimate holds for all bounded solutions of is valid allowing us to
apply the estimate and resulting monotonicity formula freely in the sequel. For a brief overview of

monotonicity formulae and their applications, the interested reader should see [22].
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3.2 The Conjecture

De Giorgi’s conjecture aims to classify bounded solutions to the Allen-Cahn equation (3.1 and
has close connections with the theory of minimal surfaces. The conjecture, proposed in 1978 by

Enrico De Giorgi, is as follows:

Conjecture 3.2.1 (De Giorgi’s Conjecture). Let n > 1 and let u € C*(R™) be a bounded solution

of (3.1). Further suppose
Uy, > 0inall of R". (3.33)

Then the level sets of u are hyperplanes, at least if n < 8.

Remark 3.2.1. The level sets of u are given by {z € R" : u(x) = s}, where s € R is a fixed
constant. Thus, De Giorgi’s conjecture states that the z-values mapped to s by u form hyperplanes.
Moreover, they must be parallel since no two level sets can cross. It follows that the level sets share
a common normal, say 7. Supposing 7 is of unit length, we see that for each x € R" u depends
solely on the projection of = along 7, x - 7. It follows that Conjecture 3.2.1 is equivalent to the

requirement that u is one-dimensional, that is, u is a function of one variable.

Proposition 3.2.1. Let n > 1 and v € C*(R";[—1,1]). Assume that u is a one-dimensional
solution to (3.1). Then, there exists a unit vector T € R™ with 7, > 0 and a constant ¢ € R such
that

uw(z) = go(T -z +¢) (3.34)

forall x € R". Here, g is given by the formula

go(s) = tanh (%) (3.35)

[\

As justification for Proposition 3.2.1, we observe that the function u(s) = tanh<i> is the
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unique solution of the ODE problem

w4 u—ud =0,

u(0) =0, u(£o0) = £1,

which increases from —1 to 1. We also note that it is common to see De Giorgi’s conjecture
presented with the additional assumption

lim w(z',z,) = +1. (3.36)

Ty —>E00

This additional hypothesis is natural when viewed from the phase transition viewpoint discussed
earlier, as we can view the solutions as passing through "layers" of intermediary states in the x,,
direction. Accordingly, it is now customary to call solutions u satisfying (3.36) layer solutions.
Layer solutions will be of primary interest in this project.

The first positive result was given by Ghoussoub and Gui in [31] for dimension n = 2. Am-
brosio and Cabré subsequently proved the conjecture for dimension n = 3 (see [2]]). In 2009,
Savin showed in [49] that, for dimensions 4 < n < 8, the conjecture is true under the additional
hypothesis (3.36). Finally del Pino et al. constructed counterexamples for dimensions n > 9
in [47].

Note that the threshold dimension is n = 8. Interestingly, this has a deep connection to the
theory of minimal surfaces and strikingly resembles the Bernstein Conjecture for minimal graphs.

By minimal graphs, we mean graphs

{(z1,...,2,) ER" 1)y = F(xq,...,2,-1)}

with vanishing mean curvature H in R" L,
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By direct computation, one may verify that any hyperplane defined by

n—1

F(zy,...,2n_1) :chxj+c

j=1
has zero mean curvature. Bernstein conjectured much more.

Conjecture 3.2.2 (Bernstein Conjecture). All entire minimal graphs are hyperplanes. Namely, any

entire solution of (3.5) must be an affine function.

The Bernstein conjecture turned out to be true in dimensions n < 8, so that the parallel be-
tween the Bernstein conjecture and De Giorgi’s conjecture is immediate. In particular, an intimate

relationship between De Giorgi’s conjecture and the theory of minimal surfaces was elucidated.
3.2.1 Dimensionsn =2andn =3

Here, we present the results of Ambrosio and Cabré in [2]] for dimension n = 3 for layer solutions
of the problem (3.37) below, whose work was based on that of Ghoussoub and Gui (see [31]) for
dimension n = 2. Since the same techniques used by Ambrosio and Cabré can be applied to the
case when n = 2, we will present only the work of Ambrosio and Cabré.

In [2], the authors studied bounded solutions of semilinear elliptic equations
— Au = f(u) in R", (3.37)

under the assumption that « is monotone in one direction, say u,, > 0 in R". Here, we have
assumed that F' € C%(R) satisfies F’(u) = — f(u). We further note that nonlinearities of this form
include the Allen-Cahn nonlinearity introduced prior. As in the case of the Allen-Cahn equation,
the goal was to establish that v depends only on one variable, or, equivalently, that the level sets of
u are hyperplanes.

The first positive result regarding De Giorgi came in 1998 by Ghoussoub and Gui in [31]]. They

too considered the more general nonlinearity f under the hypotheses that « is a bounded solution
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of with F' € C?(R). Specifically, they showed that when the dimension n = 2, then u is a
function of one variable only.

In [2], Ambrosio and Cabré obtained similar results in dimension n = 3 by generalizing the
methods of Ghoussoub and Gui in [31]. They began by first examining the simpler case when the
solution satisfies the limit assumption (3.36). Throughout this section, we will also assume the
limit (3.36). Generalizations of the below results will then be discussed before switching to the

nonlocal case.

Theorem 3.2.1 (Theorem 1.1 in [2]). Let u be a bounded solution of

—Au=finR? (3.38)
satisfying
Uy, > 0in R? and lim u(z', 23) = +1 for all ' € R?. (3.39)
Tr3—>L00

Assume that F' € C*(R) satisfies F'(u) = — f(u) and that

F > min{F(=1), F(1)} in (-1, 1). (3.40)

Then the level sets of u are planes. In particular, there exists a unit vector T € R® and g € C*(R)
such that

u(z) = g(7 - ) forall v € R®. (3.41)

Moreover, Vu -7 > 0 in R3.

Remark 3.2.2. Note that the direction variable 7 on which u depends is not known a priori. How-
ever, if we instead assume that the limits in (3.39)) are uniform in 2’ € R™ !, then we are imposing
an a priori choice of the direction 7 given by 7 - x = z,,. Under this assumption, it has been shown
that for every dimension n, that « depends only on the variable z,, (see [4./6,31]) and we may write
u = u(z,). This result applies to equation (3.38)) for various classes of nonlinearities f which

always include the Ginzburg-Landau model considered earlier.
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To establish Theorem 3.2.1, a significant amount of work needs to be done. We will first
establish some preliminary results and then use them to tackle the theorem.
Recall from the previous section the Modica estimate. That is, if F© > 0 in R, then every

bounded solution u of —Awu = f(u) in R™ satisfies the gradient bound
1 2 . n
SIVal < F(u) inR". (3.42)

As an example of their uitility, we mention the work of Caffarelli, Garofalo, and Segala in [11].
Here, they not only established this bound to more general equations, but also showed that if
equality occurs in (3.42) for some = € R”, then the conclusion of De Giorgi’s Conjecture is true.
The proof of De Giorgi’s conjecture in dimension n = 3 proceeds as the proof given by Ghous-
soub and Gui for dimension n = 2. Specifically, Ambrosio and Cabré show that for every coordi-
nate z;, the function o; := % is constant. This is done using the following Liouville-type theorem

n

for the equation div(p?Vo;) = 0, where ¢ = u,,:

oo
loc

Proposition 3.2.2 (Liouville Theorem; Proposition 2.1 in [2]). Let ¢ € L{°.(R™) be a positive

function. Suppose that o € H} (R") satisfies

loc
odiv(¢*Vo) > 0in R" (3.43)
in the distributional sense. For every R > 1, assume that
/ (po)*dz < CR?, (3.44)
Br

for some constant C' independent of R. Then o is constant.

The following energy estimate will allow us to apply Proposition 3.2.2 when n = 3 to conclude

that o, is constant for each i € {1, 2}.
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Proposition 3.2.3 (Energy Estimate; Theorem 1.3 in [2]). Let u be a bounded solution of
—Au = f(u) in R",
where F € C*(R) satisfies F'(u) = — f(u). Assume that

Uy, >0inR" and lim wu(z' x,) =1forall 2’ € R" . (3.45)

Tp—+00

Then, for every R > 1,
1
/ <§|Vu|2 + F(u) — F(l)) dr < CR" (3.46)
Br

for some constant C' independent of R.

Before proving the propositions and theorem, we make some remarks and establish some sim-
ple bounds and regularity results for bounded solutions v € C?(R") of (3.37). We then prove the
propositions, and the theorem will follow.

It is important to note that the energy functional in Bp,

Tr(u) = /B <%|Vu|2 + F(u) - F(1)> dr, (3.47)

has —Au = f(u) as the Euler-Lagrange equation, which can be checked by a simple differen-
tiation and integration by parts. Recall from the previous section that Modica proved in [43] a
monotonicity formula for the Ginzburg-Landau energy (3.46). Since F' > F'(1) in R and u is a

bounded solution of Au + F'(u) = 0, then the quantity

I(R) = (3.48)

is a nondecreasing function of R. In particular, the monotonicity formula shows that the upper

bound in Proposition 3.2.3 is optimal. To prove this, we will show that /(R) is bounded below by
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a positive constant. Note that if /(R) — 0 as R — oo, then Jr(u) = 0 by the monotonicity of

I(R). We claim that u is constant. Indeed, since Jg(u) = 0 for all R > 0, we have
1 2
(—|VU| 4 F(u) — F(l)) dz = 0.
Bp \2
Since the integrand is nonnegative, we find
1 2
§|Vu| + F(u)— F(1)=0

which implies

%|Vu|2 = F(1) - F(0) <0.

We conclude that |Vu| = 0 and w is constant, a contradiction.

The following estimates will be key. Assuming only that u € C?(R™) is a bounded solution of
—Au = f(u) and F € C?*(R) satisfies F”(u) = — f(u), we may apply Proposition 3.1.1 (Modica
Estimate) to see that

IVu| € L2(RY).

Next, we show that u € W>P(R™) for all 1 < p < oo. Since F" is of class C* and u and Vu

are bounded, we find that F’(u) € W2 (R™) and VF'(u) = F"(u)Vu. It follows that

loc

Aug, — F"(u)u,, = 0 in the weak sense in R",

and this holds for any index j. Since F"(u)u,, € L>*(R") C L; (R™), we conclude that u,, €

loc

W2P(R™) for each index j implying u € W;’(R"). In particular, Sobolev embedding gives
u € C**(R") for « € (0,1). Note that we may obtain the same conclusion assuming w is only
a bounded distributional solution of by applying interior W?2? estimates to Au = F'(u) €
L>®(Bsy(y)) for every y € R™.

Let us summarize the key points from above. For a bounded (distributional) solution u of
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(3.37), the following hold:
1. uwe C**(R") fora € (0,1),
2. |Vu| € L>*(R"), and

3. Foreachi € {1,2,...,n}, the partials u,, satisfy the linearized equation

Aw — F"(u)w = 0 in the weak sense in R".

We are ready to prove the propositions. We will begin with Proposition 3.2.2. The proof of
Proposition 3.2.3 will follow and, finally, the theorem. Throughout the proofs, we will use C' to

denote different positive constants. The constant C' will always be independent of R.

Proof of Proposition 3.2.2. Let ¢ := ((t) be a C* function on R* with bounded derivative such

that 0 < ¢ < 1. Further suppose that

For R > 1, set
|z

Cr(x) = C(E> for z € R™.

Multiply (3.43) by (%(z) on both sides and integrate by parts in R™ to find

/ Cre’|VolPde < =2 | (pp?oV(g-Vodz
n RTL

<2 / (2% Vol dx
R<|z|<2R

N

(/ ©? 0%V (p|? da:)
Rn

60



by the Cauchy-Schwarz inequality. Note that

Vea(a) = v¢(1)

R
el

so that

<(%)r
|v<R<x>\2s—(Ri) <

T

where C is constant. Hence,

/ (2% Vol dx / ©* 0%V r|? do
R<|z|<2R n
2 2 2 1 2
<C / (e |Vao|“dx —2/ (po)*dx
R<‘1‘|<2R R Bar

for some constant C'. We note that the second integral in the product on the right-hand side can be

N

truncated to the integral over the ball Byg since, for any R > 0, (g vanishes for |z| > 2R along

with its gradient. Applying the hypothesis (3.45), we find

N

(% Vaol?de < C / (% Vol dx (3.49)
R R<|z|<2R

1
< C( Cre’| Vol dfﬁ)
Rn
for some constant C. It follows that

(/ gﬁﬁywﬁm) <C

so that the integral on the right-hand side of (3.49) tends to zero as R increases to infinity. This
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gives that
/ ©*|Vo|*dx = 0.

Since ¢ is strictly positive, we conclude that Vo = 0 so that o is constant. [l

The proof of Proposition 3.2.3 is fundamental and will be discussed in more detail below. Next,

we prove the energy estimate.

Proof of Proposition 3.2.3. Consider the functions
u'(z) == w2z, +1)
defined for z = (2/,z,,) € R™ and ¢t € R. Then for each ¢ € R we see that u’ satisfies
Aul — F'(u) = 0. (3.50)

Note also that

lim u(z) =1 forall x € R". (3.51)

t——+o0

Denoting the derivative of u’(xz) with respect to ¢ by dyu’(z), we have

o' (x) = uy, (2/, 2, +1) > 0 forall z € R". (3.52)
Consider the energy of ' in the ball Br = Br(0) defined by

Tn(ul) = /B R <%|Vut|2 + ()~ F(1)) do.

We claim that

lim Jgp(u') = 0. (3.53)

t——4o00
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By (3.51)), a simple application of the dominated convergence theorem shows that the term

/B (F(ut) . F(l)) dz

tends to zero at t — +o00. To show that the gradient term tends to zero also, we multiply (3.50) by

u' — 1 and integrate by parts in Bg. Doing so, we find that

/ |Vu'|? do = ou(ut —1)dS" ! — / F'(u")(u' = 1) dz.
Br O0BRr

Br

Due to the L*° bounds established prior, we may apply the dominated convergence theorem to find
that the two integrals on the right-hand side converge to zero as t — +o00. We conclude that (3.53))
holds.

Next, we compute and bound the derivative of Jg(u') with respect to ¢. Before doing so, we
point out that the L*° bounds derived for solutions u of apply to the functions u‘ by (3.30).
Observe that

OpJr(u') = Vu' - V(') do + / F'(u") o' dz.

Br Br

Since F'(u') = Au', we may integrate by parts in the second term in the sum to find

Oy Jp(u’) = O utout dS™ 1
9Br

after cancellations. Using the L> bound for Vu! and (3.52)), we find

O Jr(u') > —C o' dS™! (3.54)
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for some constant C' independent of R. Thus, for all 7" > 0 we have

Jr(u) = Jr(u®) — /0 Oy Jr(u') dt

(By (3.534)) < JR(uT)+C’/O ( . Opu'(z) dS”_1> dt

:hmw+céﬁ([f@w@nﬁ>¢w4

= Jp(u') +C . (u” —u)(x)dS"

(By the L™ bounds) < Jr(u') + C|0Bg]|

= Jp(u") + CR" .
Letting " — +oo and appealing to (3.53)), we conclude that
Jr(u) < CR™,

as desired. O]

Remark 3.2.3. We can actually relax the condition in Proposition 3.2.2 and Proposition 3.2.3 that

F € C*(R") to only require F” is Lipschitz. For more details, we refer the reader to the original
paper [2].
Having established Proposition 3.2.2 and Proposition 3.2.3, we may now prove Theorem 3.2.1.

Proof of Theorem 3.2.1. Set ¢ = u,, and, for each i € {1,2}, consider the functions o; := —=

Uz g

which are well defined by (3.39). Moreover, since u € C**(R"), we have enough regularity to

compute Vo;. Doing so, we find

Vo, = Vg, - Uzy — Vg, - Uy,

2
Ums

so that

OV, = Vg, Uy, — Vg, * U, (3.55)
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Note that the right-hand side of (3.53) belongs to W,”(R?) since u € W:*(R?) by the bounds

loc loc

derived earlier. Furthermore, it was shown that both u,. and u,, satisfy the linearized equation

Aw—F'w=0
in R". We claim that
div(¢®0;) = 0 in R? in the weak sense for each i € {1,2}.
Indeed, for i € {1,2} fixed we have

div(0?0;) = div(Vg, - Ue, — Vg, - Uy, )
= div(Vug, - ug,) — div(Vug, - uy,)

= AUy, Uyy — Ay, Uy,
Since u,, and u,, solve (3.56), we may write
Aty gy — Attgytiy, = F" (W)t Upy — F" (0)Ug,upy = 0.
Since ¢ € {1, 2} is arbitrary, we have proven (3.57). We need to show
/ |Vul*dr < CR?
Br
where C'is a constant independent of R. Since |u,,|? < |Vul|?, this will show that
/ (po;)? dov < CR?
Br

allowing us to apply Proposition 3.2.2 to the equation given in (3.57)).

(3.56)

(3.57)

(3.58)

By assumption, we have F' > min{F(—1), F/(1)}in (—1, 1). First, suppose min{ F'(—1), F(1)} =
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F(1). Then F(u) — F(1) > 0 in R3, and by Proposition 3.2.3 we obtain

1/ \vu|2dxg/ (519u” + F(u) ~ F(1)) de < CR.
2 Br Br 2

Thus, (3.58)) holds. If we assume instead that min{F'(—1), F(1)} = F(—1), we may obtain the
same result by replacing u(2’, z3) with u(2’, —x3) and F(v) with F'(—v). Then, by Proposition
3.2.2 we see that o; is constant for each ¢ € {1,2} and we may write u,, = c;u,, for some
constant ¢; and each ¢ € {1,2}. We conclude that « is constant along the directions (1,0, —c;) and
(0,1, —cy) since

Vu-(1,0,—c;) = Vu- (0,1, —c2) = 0.

Set 71 = (¢4, ¢2, 1) and note that 7, is perpendicular to both of the vectors (1,0, —c;) and (0, 1, —c»)

with Vu = u,,7. We conclude that u depends solely on one variable. Setting 7 := |:—i|, we see that
u = g(z - ) where g solves the one-dimensional equation and

Vu- 7 =1u.,|n| >0,
completing the proof. [

The proof above, provided by Cabré and Ambrosio, is essentially the same proof given by
Ghoussoub and Gui in [31]] for the extended version of De Giorgi’s conjecture in dimension n = 2.

Note that, in this case, there is no need to apply Proposition 3.2.3 since the condition
/ |Vul*dr < CR?
Br

is trivially satisfied by the bound on Vu. Thus, De Giorgi is resolved, modulo the mild limit
assumption, at least for dimension n = 2 and n = 3.
The authors next sought to establish an extended De Giorgi result for dimensions n = 2,3

without imposing the limit assumption (3.40).
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Theorem 3.2.2 (Theorem 1.2 in [2]). Let u be a bounded solution of
— Au = f(u) in R (3.59)

satisfying
Uy, > 0in R, (3.60)

Assume that F' € C*(R) is such that F'(u) = — f(u) and that
F > min{F(m), F(M)} in (m, M) (3.61)

for each pair of real numbers m < M satisfying F'(m) = F'(M) = 0, as well as F"'(m) > 0 and
F"(M) > 0. Then the level sets of u are planes. In particular, there exists T € R3 and gy € C*(R)
such that

u(z) = go(7 - x) for all x € R®. (3.62)

Once again, the goal was to establish the energy estimateﬂ Jr(u) < CR? for some constant C'.
After analyzing the proof of Proposition 3.2.3, it becomes evident that the difficulties arise when
trying to show lim;_, , o, Jr(u') = 0 since we longer are imposing a limit condition as x,, — +o0.

To overcome this issue, the authors considered the function

u(z") = xgligrloou(:c’, x3) where 7’ € R?,

which is a solution of the same semilinear equation but in R2. Even more, using a technique de-
veloped by Berestycki, Caffarelli, and Nirenberg in [5], they showed that u is a solution depending
on one variable only. As a consequence, they showed that the energy of % in a two-dimensional

ball of radius R is bounded by C'R, hence, that

lim sup Jr(u') < OR®.

t—-+o00

Note that, in the definition of Jz(u), we replace the term F'(1) with F(sup u).
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Proceeding exactly as in the proof of Proposition 3.2.3, they then established the estimate Jg(u) <

C'R?, thus proving the conjecture under the more general assumptions made on F.
3.2.2 Stable Solutions and Global Minimizers

One natural question to consider is whether one may replace the limit assumption or the mono-
tonicity condition u,, > 0 by other more physical conditions and still obtain De Giorgi type
results. With this in mind, we turn to the notion of global minimizers of the energy (3.2)). Global

minimizers of (3.2) are defined precisely below.

Definition 3.2.1 (Global Minimizer). We say that a function v : R" — R is a global minimizer of

the energy (3.2) if
J(u) < J(u+ ¢) forall ¢ € Cy(R™). (3.63)

In other words, u is a global minimizer if © minimizes the energy under any compactly sup-
ported perturbation. Note that we may similarly define global minimizers for the energy (3.3)). In
addition, it is well known that imposing both monotonicity (u,, > 0) together with the limit con-
dition (3.36) on solutions u of the problem (3.1)) imply that u is a global minimizer of the energy

G2

In [49], Savin proved a rigidity result for global minimizers of (3.2).

Theorem 3.2.3. Let n < 7. If u is a global minimizer of the energy (3.2), then u is a function of

one-variable.

However, for dimensions n > 8, there exist global minimizers of (3.2) that are not one-
dimensional (see [40]). Hence, global minimizers of (3.37) are completely classified.
Another subject of interest is whether De Giorgi type results exist for a class of solutions called

stable solutions.

10See Chapter 7 in L. Dupaigne’s text [20], for example.
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Definition 3.2.2 (Stable Solution). Let f € C*(R) and let §2 be an open subset of R", n > 1. A
bounded solution u of the problem

—Au = f(u) in

18 stable if

@@p:lﬁvw2—fmmﬁdxzommn¢60$m) (3.64)

Remark 3.2.4. Loosely speaking, stable solutions are solutions that recover after compact pertur-
bations. Applying the theory of the maximum principle, one may show that bounded monotone

solutions are stable.

In fact, in order to prove Theorem 3.2.2, Cabré and Ambrosio relied on the following stability

property of .

Proposition 3.2.4 (Lemma 3.1 in [2]]). Let F' € C*(R) be such that F'(u) = — f(u), and let u be
a bounded solution of

—Au = f(u)inR"

satisfying

Uy, > 0in R".

Then the function

u(z') = ) linjmu(x’, ,,) where v’ € R"™!

is a bounded solution of

—Au = f(u) inR"".

In addition, there exists a positive function ¢ € WP (R"1) for every p < oo such that

loc

Ap—F'(W)p <0inR* . (3.65)

As a consequence, if n = 3, then u is a function of one variable only.
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Remark 3.2.5. Applying once more the theory of the maximum principle, one may show that
uz, > 0 and (3.63) lead to (3.64). Thus, Proposition 3.2.4 proves the stability conjecture for
bounded monotone solutions in dimension n = 2. That is, bounded solutions u satisfying v, > 0

and (3.64)) are necessarily one-dimensional.

For the proof of Proposition 3.2.4, we refer the reader to the original paper. Next, we consider

an improvement of the Liouville-type theorem, Proposition 3.2.2.
3.2.3 An Improvement of the Liouville-type Theorem

For future considerations, it is worthwhile to note that a sharper estimate can be formulated than
that given in Proposition 3.2.2. This was done by L. Moschini in [44].
Set

- +oo}, (3.66)

= 1
F = {F : Rt — R" : Fis nondecreasing and jzo m

and note that F is nonempty since it includes the function log R defined for R € (1, c0). We have

the following theorem.

Theorem 3.2.4 (Theorem 5.1 in [44]). Let p € L{°.(R™) be a positive function. Suppose that

loc

o€ H!

loc

(R™) satisfies
o div(¢*Veo) > 0 in R" (3.67)

in the distributional sense, n > 1. Further suppose

) 1
lim sup RzT(R)/B (po)*dr =C (3.68)

R—+o00
where C'is constant and F' € F. Then o is constant.

Remark 3.2.6. Observe that setting '(R) = 1 in (3.68)) yields Proposition 3.2.2 above.
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Proof. Suppose o satisfies (3.67). Then,

div(cp?Vo) = ©*|Vo|? + o div(¢*Vo)

> ¢*|Val*. (3.69)
Also, after two applications of the Cauchy-Schwarz inequality, we find

/ cp*(Vo,v)dS" ! < / lo|¢?|Va|dS™
0Bg

OBr

S / 902|v0_|2d51n—1
OBRr

where v is the radial unit normal on 0Bp. Set

N
N

( / (@U)stn_l) , (3.70)
OBRr

Thus, integrating (3.69) in Bg, we have

/ g02|Va|2d:E+/ o div(¢*Vo) da::/ op*(Vo,v)ds™™!
Br Br

OBr

> / ©*|Vol dz,
Br

where we have integrated by parts in the first integral. Observe that

1
2

/ 0p*(Vo,v)dS" < D'(R)? (/ (po)? dS"_1> (3.71)
OBR 0Br

by (3.70). Furthermore, since ©? > 0, if o is not identically constant, then there exists Ry > 0

such that D(R) > 0 for all R > Ry. In addition,
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By (3.71)),

—1
> (/ (<p0)2 dS”1> ) (3.72)
OBR

Let ro > r; > Ry and integrate from 1 to ry above to get

D(lﬁ) N D(17“2) N _/: %<ﬁ) e
> / 1 < /8 BR(@U)QdS”1>_ dR (3.73)

for all r; > ro > Ry. We claim

(ry —rl)Q( / ( /6 BR(soa)2 dsn—l) dR) ) < ( / ( /a BR(soo)QdS”‘l) ) dR) (3.74)

holds. Indeed, the Cauchy-Schwarz inequality yields, for positive and integrable f : R — R,

(/TQdR> :( mf(R)%f(R)—%dR)

< ( YR dR> - ( F(R) dR>. (3.75)

Setting
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we obtain (3.74) by (3.75)). Now, applying (3.74) and (3.73), we find

D(lh) - D(1r2) = / </aBR<W>2 dS"‘l)_ dR
> (ry —r1)? </m7“2 (/BBR(goa)Q dS”‘1> dR) 7

-1
— (r2—)? ( / <w>2dw> - (376)
Bry\Bry

Foreachj =0,1,...,n—1,setry,; := 27"r* and ry ; := 27r* where r* is chosen so that r* > Rj.
Then (3.76)) gives

Note that

Z —

D(r*) = D(r*)  D(ran-1)’

since m > 0. Summing over j above and applying (3.68)), we find

—_

n—

1 1 1 1
— > . 377
B0~ Dlrany) > 1€ 2= Flray) G-77)

J=0

Since F' € F, we see that F(ry;) < F(2/701) if j, is such that r* < 2%. Thus, the sum on
the right-hand side of (3.77) diverges as n — oco. We conclude that D(r*) = 0, for otherwise the
sum on the right-hand side of (3.77) is bounded. It follows that D(r*) = 0 for all r* > R,. Since

% > 0, we see that [Vo| = 0 so that o is constant. O

From Theorem 3.2.4, we may obtain the following corollary which is proven by taking F'(R) =

log R for R > 1 in (3.68).
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Corollary 3.2.1 (Corollary 5.3 in [44]). Let ¢ € L2 (R™) be a positive function. Suppose that

loc

o€ H}

loc

(R™) satisfies
o div(¢*Veo) > 0in R" (3.78)

in the distributional sense, n > 1. Further suppose that for every R > 1
/ (po)?dr < CR*log R (3.79)
Br

for some constant C. Then o is constant.

Proof. Take F'(R) := log R defined for R > 1. Then F is nondecreasing in R. Furthermore,

which diverges by the ratio test, for example. Then /' € F and Theorem 3.2.3 gives the result. [

Remark 3.2.7. An interesting open problem is to either prove or to give a counterexample to
Theorem 3.2.4 when F(R) = R" 73, thus R*F(R) = R"', and 4 < n < 8. It is known that
counterexamples exist for this choice of /' when n > 9 (see [2]). Further counterexamples exist
when F'(R) = R"2 for any n > 3 (see [3]). When n > 7, a different counterexample to this case

was given explicitly by Ghoussoub and Gui in [31] (see Proposition 2.8).

Unfortunately, the sharpness of the estimate in higher dimensions is improved only by
a factor of log R. As a result, we still face complications when trying to extend the proof of De
Giorgi to dimensions 4 < n < 8 via the techniques employed by Ghoussoub-Gui and Ambrosio-
Cabré, since, to extend to higher dimensions using the same techniques, one must obtain additional
multiples of R in the estimate (3.79). Though Theorem 3.2.4 and, hence, Corollary 3.2.1 are not
immediately useful, a similar Liouville-type theorem will be important in Chapter 4. We thereby

include the proofs above as instruction for what follows.
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3.3 Current Directions

From the above considerations, we see that De Giorgi’s conjecture is entirely resolved apart from
the limit assumption imposed by Savin in dimensions 4 < n < 8. We also note that De Giorgi type
results have been obtained in the systems case (see, for instance, Fazly and Ghoussoub in [23]]). As
shown prior, the stability conjecture has been proven true for dimension n = 2 by Ambrosio and
Cabré (see [2]). In dimensions n > 8, however, the conjecture has been shown to be false (see [45]]
and [40]). Thus, the stability conjecture remains wide open for dimensions 3 < n < 7. Recently,
authors have also considered the problem of how one classifies unstable solutions (i.e. solutions
that are not stable), for example, those having finite Morse index (see [14]).

Though the topics above constitute fascinating avenues for future study, these considerations
are outside of the scope of this project. For a recent overview of related open problems, we refer
the reader to [[14]]. For the remainder of this project, we focus our attention on the extension of De

Giorgi’s conjecture to the nonlocal operator introduced prior, the fractional Laplacian (—A)®.
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CHAPTER 4: THE FRACTIONAL DE GIORGI CONJECTURE

Our goal in this final chapter is to lay out what is known for the fractional De Giorgi conjecture,
that is, the counterpart to Conjecture 3.2.1 for the nonlocal operator (—A)®. We will again focus
on the lower dimensional cases. The cases dimension n = 2 with s € (0,1) and n = 3 with
s € [3,1) will be proven in full detail for a particular class of solutions called layer solutions using
the methods of Cabré et al. developed in a series of papers. The case dimension n = 2 and general
s without the limit assumption was proved by Sire and Valdinoci in [57]. We will only provide an
overview of the case n = 3 with s € (0, %), as it is based on the work of Dipierro et al. in [[19]
which requires knowledge of minimal surface theory. We will also summarize what is known for
fractional stable solutions and fractional global minimizers. At the end of the chapter, we prove
nonlocal versions of the Pohozaev identity, Modica estimate, and monotonicity formula introduced
at the beginning of Chapter 3. To close, we discuss current directions for the fractional De Giorgi
conjecture and related topics, as well as problems of interest to the author for future study.

Let 0 < s < 1. The fractional Allen-Cahn equation is given by
(—A)*u =u —u®in R, 4.1)
and is the Euler-Lagrange equation for the energy functional

C(n,s u(y )]2 1/ 9o
Jsjn = dr d — 1— d 472
Re(1) //R"XR" va— g Byt f L) @2

As in the local case, we may consider the more general equation
(=A)’u = f(u) in R, (4.3)

where F'(u f f (Gi.e. F'(u) = —f(u))and F > 0in R, with F(+1) =0and F > 0in (—1,1)
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(e.g. F'is a double-well potential). In this setting, the associated energy is

2
Fsrn(u) = Cln, s //Rn . ’$_y’ng22| da:dy+/n F(u(x)) dx 4.4)

Mentioned earlier, nonlocal equations arise in many pure and applied fields including differ-
ential geometry (fractional minimal surfaces), probability (Levy processes), and physics (nonlocal
phase transitions, image processing, and general relativity). In this setting, De Giorgi’s conjecture

can be stated precisely as follows:

Conjecture 4.0.1 (Fractional De Giorgi Conjecture). Let u be a bounded solution of (.1) which

is monotone in one direction, say u,, > 0. Then u is a function of one variable.

Before we continue, let us recall the extension problem presented in Chapter 2 and discuss
some preliminaries. By the results in Chapter 2, we observe that problem (4.3)) is equivalent to the

following boundary value problem in R’:*!

div(y*Vov) = 0 in R7H,

4.5)
—d, lim, o+ y*v, = f(v) on IR} T,
to which we associate the energy functional
1 a
Jie, (W) = ds/ SY |Vw|? dz dy +/ F(w(zx,0)) dx. (4.6)
CR BRX{O}

The domain C, is the cylinder in the upper half-space given by Cr := B x (0, R). We call the
solution v of ([@.3)) the s-extension of u in R/,

Asbefore, R"™ := {(z,y) € R**! : x € R" and y > 0}. Then, we see that IR = R"x {0}
which we view as R" embedded in R"™!., We take @ = 1 —2s where s € (0,1) and v(z,0) := u(z)

on OR”, n > 1. Weak solutions for the problem (&.5) are defined below.
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Definition 4.0.1 (Weak Solution). Consider the problem

div(y*Vv) = 0in Ck,
4.7)

—lim, o+ y*v, = h on Bg x {0}.

Given R > 0 and a function h € L'(Bg x {0}), we say that v is a weak solution of (#.7) provided

Y| Vo> € L (CRr) (4.8)
and
/ y*'VoVeodr dy — / ho¢ dx =0 4.9)
Cr BRX{O}

for all » € C''(CF) such that ¢ = 0 on 9Ck.
We may define weak solutions on other domains in a similar manner.

Remark 4.0.1. Let us comment on the regularity of solutions to the problem (#.3). By Lemma
D.1.1 in Appendix D (Lemma 4.4 in [9]]), weak solutions to (@3] are C* (@) for some [ €
(0,1). In general, solutions to (4.5) have no further regularity in the y variable. For example,
the function (z, ) — y*° is a weak solution to (#.3)) with f identically constant even though it is
unbounded. Note that the trace v(z,0) on IR of any bounded weak solution of (#.3)) belongs

to C*#(R") (see Lemma D.1.1 also).

By Theorem 2.3.1, we find that
(—A)u(z) = (—A)v(z,0) = —ds lim y“v, (4.10)
y—0t

where d; is a positive constant depending only on s. In fact, comparing with (2.53)), we see that

- 22571 ()

%__Nl—@' 4.11)

As mentioned in the opening of the chapter, we will be concerned with certain bounded solu-
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tions of (4.3)) called layer solutions. These are bounded, monotone increasing solutions « connect-
ing —1 to 1 at oo in one of the coordinates z;, ¢ = 1,...,n. In [9], Cabré and Sire proved a
Modica-type estimateﬂ which allowed them to derive a necessary condition on the nonlinearity f

for the existence of a layer solution in R.

Theorem 4.0.1 (Theorem 2.2(i) in [9]). Let s € (0,1) and f € CY*(R) for some o > max{0,1 —

2s}. Assume that there exists a layer solution u of

(—02.)*u = f(u) in R, (4.12)

that is, u is a solution of @.12) satisfying

v'>0inRand lim wu(x)==+1.

r—F00

Then,
F'(-1)= F/(l) =0 4.13)

and

F>F(=1)=F(1)in(-1,1). (4.14)

After establishing the necessary conditions (4.13)) and (4.14) for the existence layer solutions

to (4.12), Cabré and Sire proved in [10] that these conditions are sufficient.

Theorem 4.0.2 (Existence of Layer Solutions; Theorem 2.4 in [10]). Let f € CY*(R) with o >
max{0,1 — 2s}, where s € (0, 1). Then there exists a solution u of @.12) such that v’ > 0in R
and lim,_, ., u(x) = 1 if and only if @.13) and @.14)) are satisfied. In addition, if f'(—1) <0

and f'(1) < O, then this solution is unique up to translations.

Combining Theorem 4.0.1 and Theorem 4.0.2, we see that one-dimensional layer solutions of

[4.12)) are completely classified.

1See Theorem 4.3.1.
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Remark 4.0.2. We point out that the uniqueness of a layer solution also holds for any nonlinearity
f of class C'([—1,1]) satisfying f'(—1) < 0 and f'(1) < 0. In fact, by following the proof of
Theorem 2.4 in [[10], one finds that we only need f to be Lipschitz in [—1, 1] and nonincreasing
in a neighborhood of —1 and of 1. Moreover, we see that if f is odd and f’(£1) < 0, then the

solution is odd with respect to some point. That is, u(z + ¢) = —u(—=z + ¢) for some ¢ € R.

Let us introduce some important definitions to be used in the sequel and make precise some of

the notions mentioned above.
Definition 4.0.2. Let H'(Q, y*) denote the space of functions w : 2 — R such that y*w € H'(Q)

1. We say that a bounded C¢ (RN HE (R’ y¢) function u is a global minimizer of

loc

if forall R > 0,

Toen(®) < Jlo, () (4.15)
for every w € H'(Cg,y*) such that w = w in dCr \ {y = 0}.

2. We say that a bounded function v is a global minimizer of (@.5) if its trace v(z,0) = u(z)

on OR” is a global minimizer of (@3).

3. Assume that v € C%(R"™) for some o € (0, 1) satisfying —1 < v < 1 in R”™ and such

that, for all R > 0,v € H*(Cg,y*). We say that v is a local minimizer of problem {.3)) if
Tion () € Tl (v +€) (4.16)

for every R > 0 and every ¢ € C''(R"™) having compact support in Cr U (Bg x {0}) and
such that —1 < v+ ¢ < 1in Cj.
4. We say that a bounded function w is a layer solution of (4.3)) if w is a solution, it is monotone

increasing in one of the coordinates, say u,, > 0in R", and

lim w(a’,z,) = %1 for each 2’ € R" ', 4.17)

Tp—>t00
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5. A bounded function v is a layer solution of ({3) if its trace v(z,0) = u(z) on R is a

layer solution of (4.3)).

Note that layer solutions are global minimizers, while local minimizers are not necessarily

global minimizers. In addition, we would like to point out that some authors consider the problem

div(y2Vv) = 0in R
(4.18)

—(1+ a)lim, o+ y*v, = f(v) on IR},
in lieu of problem (#.3). Replacing f with (1+a)d ' f in (#.I8)) gives the equivalency of problems
(4.18) and (4.5). To be consistent with the literature, we will sometimes consider (4.18)) instead of
(4.5). In each subsequent section, we will state clearly which formulation of the problem is being
used. When considering problem (4.18]), we will write

1
Jic,(w) = / —y*|Vwl|? dx dy +

T+a /BRx{o} F(w(z,0))dx. (4.19)

in place of (#.6). This will cause no difficulties since we may easily switch between the two via
the mapping f +— (1 + a)d; ' f and vice versa.

Naturally, when trying to tackle the nonlocal De Giorgi conjecture, one will wonder if Propo-
sition 3.2.2 and Proposition 3.2.3 can be extended to the nonlocal operator (—A)*. The following
results, obtained by Cabré and Sire in [9]] and Cabré and Cinti in [[/] via the extension problem,

show that they can.

4.1 A Nonlocal Liouville-type Theorem and Nonlocal Energy Estimate via

the Extension Problem

Our goal in this section is to prove nonlocal versions of Proposition 3.2.2 and Proposition 3.2.3 via
the extension problem in order to obtain De Giorgi type results for the fractional Laplacian. We

first consider the nonlocal analogue to Proposition 3.2.2, proven by X. Cabré and Y. Sire in [9].
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Proposition 4.1.1 (Liouville Theorem; Theorem 4.10 in [9]). Let ¢ € L (R'M) be a positive

unction. Suppose that o € H! (R y%) is such that
PP loc + Yy

—0o div(yp?Vo) < 0in R

(4.20)
—lim,_,o+ oy®o, < 0o0n R
in the weak sense. Assume that for every R > 1,
/ Yy (o) dvdy < CR? 4.21)
Cr

for some constant C' independent of R. Then o is constant.

As one might imagine, a difficulty that often arises when considering problems for (—A)® via
the extension problem is dealing with the boundary terms that inevitably show up after integration

by parts. The proof of the Liouville-type theorem provides us with a perfect example.

Proof of Proposition 4.1.1. Let  := ((t) be the nonnegative C'*° function defined as in the proof
of Proposition 3.2.2. For R > 1 and (z,y) € R}, set (g := ((5) where r = |(z,y)].
Multiplying the first expression in (#20) by (% and integrating by parts in R”"*, we find

/ Y Cre®|Vol? de dy — lim (R oy 0,0 d
Rn+1

—0t n+1
+ Y ORY

<2
Rt

n
+

Y Crp*oV(rVo dz dy, (4.22)
where v is the outer unit normal to RTI. Since v = (0,0, ...,—1), we find

lim [ Gloy'd,ode=—lim | CGePoy'o,ds <0
Y ORTY Y ORY;
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This allows us to drop the boundary term in in (4.22])) to conclude

/ y“§%¢2|VJ|2 dr dy < —2 / y“CRg02UVCRVU dz dy.
Ri“ Ri+1

Then the Cauchy-Schwarz inequality gives

D=

[ e woPasay <2 [ ¥ Vol? do dy
R+ Ry N{R<r<2R}
(/ y“g0202|VCR\2dx dy)
R+
e / Y Vol da dy
Ry N{R<r<2R}

1 a 2
(ﬁ /CRy (¢o) dl’dy) :

for some constant C. Thus, by (#.21)) we have

SIS

N

[N

(NI

| vciewoPaay<c( [ VPN drdy ), 423)
R+ R N{R<r<2R}

where C' is constant. It follows that fRnH Y C2p?*|Vol|?drdy < C and, letting R — oo, we
+
conclude that [n+1 y*¢?|Vo|?* dzdy < C so that the right-hand side of @#@23) goes to zero in the
+

limit as R — +-o00. Therefore, we have [;n11 y%¢?*|Vo|* dz dy = 0 so that o is constant. O]
+

To prove a nonlocal version of Proposition 3.2.3 via the extension problem, the main difficulty
to overcome is, once again, the boundary terms that appear after integration by parts. Moreover,
care must be taken when dealing with the fractional exponent s € (0,1). Using the identities

sI'(s) =T'(s+1)and (1 —s)['(1—s) = ['(2— s), one may easily show that ;% — 1 as s | 0 and

2s

% — 1 as s T 1. Hence, the constant dg blows up as s | 0 and tends linearly to zero as s 1 1.
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Let us state the main estimates.

Proposition 4.1.2 (Nonlocal Energy Estimate; Theorem 2.1 in [8]). Let f € CY*(R") with o >

max{0, 1—2s}. Suppose F satisfies (4.13)) and (&.14) above. Suppose also that u is a layer solution

of @3). Let v be the s-extension of v in R':™, that is, v solves (F3). Given any s € (0,1), choose

sp € (0, %) so that sy < s < 1. Then v satisfies the following estimates depending on s:

1
n—28 =
Jie, ) < — 2SR ifso < s < 3 (4.24)
1
Jr o () <CR" log Rif s = 3 (4.25)
Jro (v) < ¢ R"—lif1<s<1 (4.26)
sOrV = 95— 1 2 '

for any R > 2. The constant C' depends only on n, sy, and ||f||01,a([_171]).
The following lemmata are key to the proof of Proposition 4.1.2.

Lemma 4.1.1. Every bounded solution of (4.5)) satisfies

|Voo(z,y)| < csforallz e R, y >0 (4.27)

Vou(z,y)| < Efor allx e R", y >0 (4.28)
Y

ly*vy(z,y)| < csforallz € R", y >0, (4.29)

where, in each case, the constant c, depends only on s and is uniformly bounded in s away from

zero. In addition, if we define the translates
vi(z,y) = (@ 20+ 1,y),

then

tlim Vot (x,y)| = 0. (4.30)

Proof. The estimates (4.27), (4.28), and (4.29)) are immediate consequences of Proposition D.1.2.
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On the other hand, (4.30)) is a consequence of and in Proposition D.1.3. O

Lemma 4.1.2. Let u be a layer solution of @3) and v its s-extension in R"'. Thenv € C=(R"H)

- 1
and v, > 0in R,

Proof. Since v solves div(y*Vv) = 0 in R, we see that v € C®°(R'}") by standard elliptic
regularity. For the second claim, we observe that v, (z,0) = u,, > 0 for every z € R". Since v
is the s-extension of u in R”:"*, v, is bounded and continuous in @ by Proposition D.1.1. In
addition, v, (z,y) = (uy, * Ps,)(x) by Theorem 2.2.1. Letting |z| — oo, we see that v, (z,y) —
0 pointwise for y > 0. Hence, we may apply the maximum principle to show that v,,, > 0 in all of

R O

We may now prove Proposition 4.1.2. Note that in the computations that follow, and the re-
mainder of this chapter, the set By will always denote the ball of radius R centered at the origin in

R” (i.e. Bg x {0} in R™1).

Proof of Proposition 4.1.2. Consider the translates
vi(z,y) = o(a, 2+ 1,y)

defined for (z,y) = (2',7,,y) € R and t > 0. Then, for all t > 0, v* satisfies (#.5) by
translation invariance of (—A)®. Thus, the a priori bounds for v above hold for v* for each ¢ > 0.

Furthermore, lim, ., |Vv!(z,y)| = 0 by Lemma 4.1.1. Then,
Jim [[o"(z,y) = 1] + [Vo'(z, )] = 0 (4.31)
—00

for all z € R™ and y > 0 by the limit condition on u (hence, on the v*). Moreover, v,, > 0 in

R by Lemma 4.1.2. Differentiating v* with respect to , we find

o' (z,y) = vy, (2,2, +t,y) >0 (4.32)
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forall z = (2/,z,) € R", 2’ := (z1,...,2,_1) € R" !, and y > 0. Then a direct application of

(4.31)) and the dominated convergence theorem shows that
lim Jf. (v') = 0. (4.33)
Our goal is to compute and bound 9,.J, (v*). Differentiating .J; ., (v") with respect to ¢, we find

atJ;:CR(/Ut) — dS/

y*Vo'V (') dx dy+/ F'(v'(z,0))000"(2,0) do := I, + I5. (4.34)
Cr

BRX{O}

Consider the unit outer normal v to the lateral boundary of C'z. Computing, we see that v(x,y) =

(1'1 ----- znvo)

2212 Thus, on the lateral boundary of C, we have 9,v* = Vv'(z,y) - v(z,y) = Vo' (z,y).

On the top and bottom of the cylinder Cg, the unit outer normal is the upward pointing and down-
ward pointing unit vector in the y direction, respectively. Then, integrating by parts in /; and

noting that v solves (#.3)), we find

I, =—d, lim y“vz&gvt dx+
y—=0" J Brx {0}

R
d / y*dy V000t dS™ + dg / y v, 00" d.
0 dBr Brx{R}

Since

—d, lim y v, 0" de = —/ F(v'(x,0))0.0" du,

y—=0" J B {0} Brx{0}

we conclude that

R
BtJ:CR(vt) = ds/ y* dy V. 0lotds™t + ds/ y v, 00" dx
0

6BR BRX{R}

1
> —C’ds/ y* dy ot dsSm—
0

R
Cd, / Y dy o' dS™ Tt — CdsR™* o' d, (4.35)
1 O0BRr Brx{R}

for some constant C', where we have split the integral over the cylinder into two integrals, one from
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height 0 to 1 and one from height 1 to R, and applied the gradient bounds (4.27)), (4.28)), and (4.29).

In addition, the constant C is bounded away from zero. Then, for every 7" > 0,

T
T (v) = Jiy (o7) - / Oyt (1) dt
T 1
(By @33)) < J/¢,(v") + Cd, / dt / y® dy ; Ot dS™ T+
0 0 Br

T R
C’ds/ dt/ Yy dy o' dS" 4
0 1 8Bp

T
C’dsR_2s/ dt/ Ot dx
0 BRX{R}

1 T
= JSe, (") + Cd, / s / Y dy / O,[v'] di+
0 0

OBRr

R T
Cds/ dS"l/ yo ! dy/ O[v'] dt+
0Bp 1 0

T
Cd,R™* / dx / O;[v'] dt
BRX{R} 0

1
= J:CR(UT) + C’ds/ dS”_l/ y (vl — ) dy+
T O0BRr 0

R
C’ds/ dS"l/ y T — ) dy+
OBr 1
C’dSRQS/ (v — %) da
BRX{R}

1 R
By the L*° bounds) < J&. (vT) + Cd,R"! Y2 dy+ | oy dy | + Cd, RV
$,Cr
0 1

Cd,
2(s —1)

1
R+ Cd,R™* / p~*dp+ Cd,R"™™,
1

R

where we have applied the change of variables y +— £ in the second integral in the sum above.

Using the fact that d; ~ 2(s — 1) as s 1 1 and the fact that 59 < s < 1, we may write

1

Jie, ) < Tl () + CR™ +C-2(1 — s)R" / p2dp+C-(1—s)R"*. (4.36)

1

R

We conclude the proof by considering the three cases individually.
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e 5o < s < i:Inthis case,

1
1
—2s 2s—1
dp=—+—(R —1).
/}1%p P=13: )

Combining this with the fact that 1%28 >1,n—2s >n—1,and R > 2, we obtain from

(4.36)) the estimate
Rn—2s
J;:CR('U) S J.;CR(UT) + Cl _ 28'

e 5= 3: We have

1
/ p~ 2 dp = log R.

R

Since 2log R > 1 for all R > 2, (4.36) gives

Jien(v) < JJCR(UT) +CR" 'log R.

e 1 <s<1:Wehave
1
9 1 .
/1P 2 dpz—_l(l—RQ h.

2s
R

Since, in this case, we also have n — 2s < n — 1 and ﬁ > 1, we find

Rn—l
2s —1°

Tien) < Je, (1) +C

Taking the limit as 7" — oo in each case and applying (4.33)), we obtain the estimates (4.24), (4.25),
and (4.26)). This concludes the proof. O

The estimates in Proposition 4.1.2 are sharp in the sense that they are bounded below by the
same quantity multiplied by a smaller positive constant. To see this, note that, for every bounded
solution u of {.3)), the energy is also bounded below by C} R" %% for some constant C; > 0
and s € (0, 3) as a consequence of the nonlocal monotonicity formula in Theorem 4.3.2 below.

When s = %, sharpness follows from the fact that the estimate is sharp in one dimension, hence,
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for layer solutions (see Section 2.1 in [7]). For % < s < 1, we may apply Fubini’s theorem to
obtain boundedness from below. Indeed, let v be a one-dimensional layer solution of (4.5). Then

v:=wv(x - 7,y) where 7 € R" is a unit vector, so for R > 1 we see that

JscR( ) 2> C2J RR)nx(oR)( )

— Cod, / Lo T, 9)[2 dz dy + / F(o(n, 0)) da
(—R,R)"x(0,R) 2 (=R,R)™

R
= CyR"™™ 1( / y dy/ ~|Vo(x,,y ]2d:1:n—|—/ F(U(Un,o))d$n>
“R
1 1 1
> Cor(d, [y [ I9ela) P,
0 1

= Cy,R™ 1.

since Vo is bounded and integrable in Rﬁlfl and F' > 0, the positive constant C5 depending on n
and s. Hence, J;CR > CyR Hor < s < 1.

Now that we have nonlocal versions of Proposition 3.2.2 and Proposition 3.2.3, the fractional
De Giorgi conjecture is within reach, at least for dimensions n = 2 and n = 3. However, before
we prove the conjecture in these cases, we discuss a generalization of the estimates in Proposition
4.1.2.

It is natural to wonder whether the estimates in Proposition 4.1.2 can be extended to a more
general class of solutions. We can, in fact, by considering global minimizers of (4.3)). For the

proposition that follows, we introduce the constant c,, dependent on u, given by
¢y := min{F(s) : mfu <r <supu}.

R

The following proposition holds.

&9



Proposition 4.1.3 (Theorem 1.2 in [7]). Let f € CY*(R") with o > max{0, 1 — 2s}, and let u be

a bounded global minimizer of [&.3)). Let v be the s-extension of u in Rfﬁ“. Then, for all R > 2,

1 1
cop = ds / §y“\Wl2dwdy+ / (F(u(z)) = ¢,) de < CR™ / p~*dp, (4.37)
Cr Brx{0} 1

R

where C'is a positive constant depending only on n, s, || f|| cr.a(infyn wsupgn ) @4 U/l oo ny- As

a consequence, for some constant C depending on the same quantities as above, we have

1

on SCRZHf0<s < o, (4.38)

c n— : 1

on SCR™Mog Rifs = 5, (4.39)
1

von SCR™Hf S <s <1 (4.40)

For s = %, the estimate was proved by Cabré and Cinti in [[7]. For the case s € (0, 1), these
results were announced by Cinti in their Ph.D. Thesis (see [17]]). These estimates are sharp (see
Remark 1.3 in [8]]). We also note that, in dimension n = 3, the energy estimate holds
also for bounded monotone solutions without the limit assumption imposed by layer solutions.
These solutions can only be guaranteed to be minimizers among a certain class of functions (see
Proposition 6.2 in [8])), but could fail to be global minimizers in the sense of Definition 4.02. We
additionally note that the estimates given in Proposition 4.1.1 for layer solutions are uniform as
s T 1, whereas the estimates in Proposition 4.1.2 are not. Neither are uniform for s near zero. The
estimates above have also been proven by Savin and Valdinoci without reliance on the extension
problem (see [S3]]).

With the above propositions at hand, we can now prove the fractional De Giorgi conjecture for

layer solutions via the extension problem outlined in Chapter 2.
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4.2 The Fractional De Giorgi Conjecture via the Extension Problem

Here, we prove the fractional De Giorgi conjecture for layer solutions v in dimensions n = 2
(general s) and n = 3 with s € [%, 1), using the extension problem introduced in Chapter 2. The
proof for the these cases proceeds in a similar manner as the proof for the local case presented in
Chapter 3. We first prove the conjecture for dimension n = 2 with general s. We then proceed
to the case n = 3 with s € [%, 1). In the following section, we will discuss the case n = 3 with
s € (0, %) We will not prove the conjecture in this case since the proof relies on techniques from
the theory of minimal surfaces and is thereby outside of the scope of this project. We will, however,

provide the reader with an overview of how one obtains the result in this case.
4.2.1 Dimension n = 2 with s € (0, 1) and Dimension n = 3 with s € [3,1)

We begin our study of the fractional De Giorgi conjecture via the extension problem by following
the work of Cabré and Sire in [[10] for dimension n = 2. In this section, we will consider the
problem (4.18) along with the associated energy (@.19). In particular, we will focus on layer
solutions of (@.18), in line with Definition 4.0.2. We will also assume that f € C*(R) for some

a > max{0, 1 — 2s}, where s € (0, 1), and that the potential I’ satisfies the conditions (4.13)) and

Dimension n = 2

Using Proposition 4.1.1 and Proposition 4.1.2, we may immediately prove the fractional De Giorgi

conjecture in dimension n = 2 for each s € (0, 1).
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Theorem 4.2.1 (Theorem 2.12 in [10]). Let u be a layer solution of

(—=A)*u = f(u) in R?

which is monotone in the variable x5. Then, u is a function of one variable. In particular,

u(z1,72) = go(cos()z; + sin(f)zy) in R? (4.41)

for some angle 6 € [0,2m) and some solution go of the one-dimensional problem with the same

nonlinearity f. Moreover, Vu - T > 0 everywhere, where we have set T := (cos 6, sin §).

Observe that the s-extension v of w satisfies

div(y*Vw) = 0in RT" foreach n > 1,

so that v € C*°(R'}*") by standard elliptic regularity. Thus, for eachi = 1,...,n, v,, solves the

following problem with linearized boundary equation:

div(y®w) = 0 in R?*+! wa)

—limy, o+ y"w, — (1 +a) " f'(v(z,0))w = 0 on IR}

Vz

< and note that o; is well-defined since

Tn

Foreach i = 1,...,n — 1, consider the function o; := -
Vg, > 0in RTI by Lemma 4.1.2. In addition, we see that o; € H, lloc(R’ffl, y®) due to the regularity
inherited from problems (4.18) and (4.42). Thus, we may apply Proposition 4.1.1 with ¢ := v,

and o := o;. These observations allow us to formulate a straightforward proof of Theorem 4.2.1

resembling the proof in the local case.

Proof of Theorem 4.2.1. Set ¢ := v,, and o := “L where v is the s-extension of u in R?. We
P

show that o is constant.
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Computing, we see that

©*Vo = Vv, — v, Ve

We claim that

div(y*¢°Vo) = 0in R
Indeed, by direct computation we find
div(y“¢*Vao) = div(y“pVu,, ) — div(yv,, Vi)

= div(y* Vg, ) — div(y*V)v,,

=0in R}

since both v,, and ¢ solve div(y*Vw) = 0 in R3.. In addition,

— lim y“o, = 0 on aRi
y—0t

since

a a
Y Vp1yP — Y PyUzyy
2

— lim y"o, = — lim
y—0t y—0t )

and ¢ and v, satisfy the same linearized boundary condition in (4.42)). Note that we are using the
fact that ¢ is strictly positive.
Our goal is to apply Proposition 4.1.1 (nonlocal Liouville theorem) to deduce that o is constant,

provided

/zy%wﬂzﬁCU?
Cr

for all R > 1 and some constant C' independent of R. Since o = v,,, it suffices to show that
/ Y|Vl < CR2. (4.43)
Cr

In fact, after examining the proof of Proposition 4.1.1, it is apparent that it suffices for (4.43) to hold
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for all R > 2. Thus, we may apply the energy estimates (4.24), (4.23), and (4.26)) in Proposition
4.1.2 for s in each case and use the fact that n = 2 and R > 2 to conclude (4.43) holds. Thus, o is
constant.

Since o is constant, we see that v, = cv,, for some constant c. In particular,
Vou-(1,—¢0) = v, —cvy, =0

so that v is constant along the direction (1, —¢, 0). Note that (¢, 1,0)- (1, —¢,0) = 0 so that (¢, 1,0)
is perpendicular to (1, —c, 0). Then, u(z) = v(z, 0) depends only on the variable parallel to (c, 1).

More precisely,

uwr.m) = g((ar.22) - < (e.)

. CI1 T2
g V2+1 V2 +1

= g(cos(f)x1,sin(0)xs)

for some angle ¢ € [0, 27). Set 7 := (cos #, sin ). Then,

on R?, so the proof is complete. ]

We have thereby proven the fractional De Giorgi conjecture for layer solutions in dimension
n = 2. Using the same technique, we may extrapolate this result to dimension n = 3 for s € [%, 1),

though the case s = % requires quite a bit more work.
Dimension n = 3 with s € [, 1)

Following the proof above, we see that the computation at the beginning remains valid in dimension

n = 3, aside from slight adjustments. Furthermore, for s € (%, 1), the estimate (4.43)) continues to
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hold by (4.26) so we may obtain the result in this case.

For s = % the estimate (4.25)) is no longer satisfactory in that we cannot apply Proposition 4.1.1
due to the factor of log R. In order to rectify this, we prove a more general version of Proposition
4.1.1, given by Cabré and Cinti in [[7], which is the nonlocal version of Theorem 3.2.4.

To do so, the authors define

oo 1
F = {F : RY — R : Fis nondecreasing and / RF(R) dR = OO}, (4.44)
2

which is nonempty since it includes the function F'(R) = log R. Note that this is equivalent
to the condition on F in (3.66). To see this, observe that, since the function j +— F(2771) is

nondecreasing in j, we have that

i 1 </°° ds _1/°°dR<i 1
F(2t1) = J, F(25t1)  log2 )y RF(R) ~— &= F(2it1)’

J=3 J=2

which proves the claim.

Theorem 4.2.2 (Proposition 6.1 in [7]). Let ¢ € L7* (RTI) be a positive function. Suppose that

loc

o€ H}

loc

(R y) satisfies

—odiv(p*Vo) < 0in R

(4.45)
—lim, o+ oy®o, < 00n IR H!
in the weak sense. Let the following condition hold:
li ! / “(po)drdy =C (4.46)
imsup ——— o) dxdy = .

for some F' € F and C' a positive constant independent of R. Then o is constant.

The proof is identical to that of Theorem 3.2.4 in Chapter 3 after the initial computation, aside

from minor alterations. As such, we only demonstrate the initial computation. We denote by v
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the unit outer normal to Cr and v the unit outer normal to C, := dCr \ (Bg x {y = 0}). The
measure on 9C}; we denote by dS™ := dS™~! dy, while the measure on dCr we denote (formally)

Proof of Theorem 4.2.2. Since o satisfies (4.43), we see that

div(oy“¢?Vo) = y*¢*|Va|* + o div(y“p*Vo)

> y*o*|Vo|” in R (4.47)

Also,

Wl
=

/ Y op®0,0dST < (/ yag02\Va|2dS+> : (/ y*(po)? dS+) (4.48)
aCH aCH ach

by the Cauchy-Schwarz inequality. Integrating over in Cr, we see that

/ div(oy“*Vo) d:l:dyZ/ Yo |Vol|* d dy.
Cr Cr

Integrating by parts on the left-hand side, we have

/ div(oy*¢*Vo) dr dy = / o div(y*p*Vo) d dy + / Y o*|Val|? dx dy
Cr Cr Cr

= / oy o*(Vao,v) dSg.
aCR

Hence,

/ oy*p*(Vo,v)dSg 2/ Y o*|Vol|? dz dy. (4.49)
0CRr Cr
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Focusing on the left-hand side in (4.49)), we see that

/ oy o*(Vo,v)dSg = / oy’ o*(Vo,vy)dST — lim oyp’o, dS
oCr

act y=0% Jaco,

< / oy p*(Vo,vy)dS™ (4.50)
aCH

by the boundary condition in (4.45). Set

D(R) ::/C ¥ |Vo|? d dy.
R

Then,

R
D)= [ [ yvepasiaps [ VePds
o JoBg Brx{y=R}

:/ y“g02|Va|2dS++/ Y 0% Vol|? dx
aCH Brx{y=R}

> / Yy’ |Vol* ds*
C+

R

by the Leibniz formula and the fact that the second integral in the sum above is positive. By (4.49)

and (4.50), we have

[N

D(R) < D'(R)? (/{w y“(w)?ds+> . (4.51)

Now, arguing as in the proof of Theorem 3.2.4 (with minor adjustments) we obtain the result. [

Corollary 4.2.1. Let p € L2, (R'T™) be a positive function. Suppose that o € H}!

L (R is such

that
—o div(yp?Vo) < 0in R
(4.52)
—lim,_,o+ 0y®o, < 0o0n OR"H
in the weak sense. Assume that for every R > 1,
/ y“ (o) drdy < CR*log R (4.53)
Cr
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for some constant C' independent of R. Then o is constant.

The proof of Corollary 4.2.1 is omitted, as it is identical to that of Corollary 3.2.1.
Theorem 4.2.2 allows for a simple extension of Theorem 4.2.1 to the dimension n = 3 with

s€ i)

Theorem 4.2.3 (Theorem 1.4 in [[7]). Let u be a layer solution of
(—A)*u = f(u) in R?

with s € [%, 1) which is monotone in the x3 direction. Then, u depends only on one variable. In
particular, there exists a unit vector T € R® and some solution gy of the one-dimensional problem

with the same nonlinearity such that
u(z) = go(7 - x) for all x € R?.
Furthermore,

Vu-7>0o0nR3,

with 7 := (sin ¢ cosf,sin ¢ sin b, cos @) for some angles ¢ and 0 satisfying 0 < ¢ < 7 and

0<6<2m.

Proof. Fix i € {1,2} and let ¢ := v,, and 0 := % where v is the s-extension of u in R}. We
show that ¢ is constant. Repeating the same computation in R’ as in the beginning of the proof of

Theorem 4.2.1 with v,, replaced by v,, gives

div(y*¢°Vo) = 0in RY. (4.54)
Moreover,
y]ilgl+ y“o, = 0on 8Ri (4.55)
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since

a a
Y VaiyP — Y Pylziy
2

— lim y"oy, = — lim
y—0t y—0t )

and ¢ and v,, satisfy the same linearized boundary condition in (4.42). We are again using the

fact that ¢ is strictly positive. Note that the estimates (4.25)) and (4.26)) in Proposition 4.1.2 hold,
where s = 1 and s € (3, 1), respectively. Then, by (#-54) and (#.53), we see that the hypotheses

for Proposition 4.1.1 and Corollary 4.2.1 are met so o is constant for s = % and s € (%, 1). Since

in

i € {1,2} is fixed, we deduce that o; := —* is constant for each i € {1,2} and each s € [2.1).

It follows that v,, = c¢;v,, for each i € {1,2}. We then find that the trace u(z) = v(z,0) of
v on JR} = R? is constant along the directions in R* perpendicular to (¢, c2,1) so that u is

one-dimensional. Setting

1
Ti= ————(cy,0,1) = (sin¢cosf,sin ¢sin b, cos @)
ci+c+1

for some angles ¢ € [0, 7] and 6 € [0, 27), we see that
u(z) = go(x - 7) for all z € R?,

where g, is some solution of the one-dimensional problem with the same nonlinearity and 7 as

desired. Moreover,

Uz

— > 0onR?
A+cdd+1

Vu-1=
concluding the proof. 0

Together, Theorem 4.2.1 and Theorem 4.2.3 resolve the fractional De Giorgi conjecture for
layer solutions in dimension n = 2, as well as dimension n = 3 with s € [%, 1). We note that we
are not able to obtain the desired conclusion for the case dimension n = 3 and s € (0, %) since the
estimate (4.24)) is no longer suitable in this case. To see this, we simply observe that R"~2* > R?

1

for all R > 1 after setting n = 3 and s € (0,3) so that Proposition 4.1.1 is not applicable.

Furthermore, setting F((R) = R""217%) for R > 1, we find that RF(R) = R" 172 = R?(1-%)
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when n = 3. Then, for s € (0, 1), we see that 2(1 — s) > 1 so that ' ¢ F. It follows that Theorem
4.2.2 may not be applied either. We also see that the above techniques fail for 4 < n < 8 for

similar reasons as in the local case.
4.2.2 Dimension n = 3 with s € (0, 1)

Thus far, we have proven the fractional De Giorgi conjecture for layer solutions in dimension n = 2

for each s € (0, 1) and dimension n = 3 with s € [%, 1) . We henceforth refer to the case s € [3,1)

1

5) we call the genuinely nonlocal regime. In

as the weakly nonlocal regime while the case s € (0,
this section, we will work specifically with the fractional Allen-Cahn equation, that is, equation
(.1). The fractional De Giorgi conjecture in dimension n = 3 for layer solutions of in the
genuinely nonlocal regime has been proven by Dipierro et al. in [19], whose work was inspired by
Savin’s in the local case for dimensions 4 < n < 8 (see [49]). More recently, Dipierro et al. have
proven the result without the limit assumption in [[18]]. We will follow their work, in the hopes of

providing an overview of the ideas used in higher dimensions, as well as the techniques used for

extended fractional De Giorgi conjectures. The theorem to be considered is as follows.

Theorem 4.2.4 (Theorem 1.1 in [18]). Ler n < 3 with s € (0,%) and u € C*(R™,[—1,1]) be a
solution of

(—=A)u=u—u®inR", (4.56)
with u,, > 0in R". Then u is a function of one-variable.

Recalling the inadequacy of the estimate ([#.24) for the case n = 3and s € (0, 3), as well as the
fact that this estimate is sharp, it becomes clear that the extension technique alone is not suitable if
we wish to obtain De Giorgi type results in dimension n = 3 in the genuinely nonlocal regime.

Before we continue, we quickly recast the phase transition model described in the introduction
of Chapter 3, as these ideas will briefly resurface. This time, however, we will focus on the nonlocal
formulation. In this context, equation (4.56) represents a phase transition subject to long-range

interactions. Precisely, the states w = —1 and u = 1 represent “pure phases” and equation (4.56))
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models the coexistence between intermediate phases and the separation between them.

As proved by Savin and Valdinoci in [52] and [53]], if u is a local energy minimizer for (4.56))
and uc(x) := u(%), we have that u, approaches a pure phase step function as € | 0 having values
in {—1,1}. That is, we may write

limu. = xp — X\ B,
o0 XE — XR"\E

up to subsequences, with the set £/ possessing a minimal interface criterion depending on s and
a bifurcatiorﬂ occuring at the threshold s = % In particular, in the weakly nonlocal regime (i.e.
s € [%, 1)), the set F turns out to be a local minimizer for the classic perimeter functional (3.7).
In other words, on a large scale, the weakly nonlocal regime is nearly indistinguishable from the
classical case and, in spite of the nonlocality of equation (4.56)), its limit interface behaves in a
local way when s € [%, 1). In the genuinely nonlocal regime (i.e. s € (0, %)) the set £ turns out

to be a local minimizer for the nonlocal perimeter functional

n—+2s

_Clns) [ [ |w() —w)P
P o(w) := 5 //QQ p— dx dy, (4.57)

where 0 C R" and w : 2 — R, in the sense below.
Definition 4.2.1. We say that a set £ C R" is a s-perimeter minimizer in R" if its characteristic

function is a minimizer for the functional among characteristic functions. That is, if

Ps,B(XE) < 0

and

P, s(xe) < Ps5(xr)

for any ball B C R" and any F' C R" suchthat F\ B = E'\ B.

2A bifurcation occurs when a small smooth change made to the parameter values of a system causes a sudden
qualitative or topological change in its behavior.
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In this section, we adopt the framework of Dipierro et. al in [[18]]. Set

Qo = (2 x Q) U(Qx Q) U (Q° x Q),

where €2 C R" and 2¢ denotes the complement of 2 in R™. Consider the energy

G [ ) —w)f .
Toalw) = 20 //Q el dy+/QF( (2,0))d (4.58)

where F is as before and w : R™ — R, and notice that (4.58)) is simply (4.4)) on a general domain

(). We have the following:
Definition 4.2.2 (Local Minimizer). We say that v is a local minimizer of (4.58) if, for any R > 0

and any ¢ € C§°(Bg), it holds that

JS,BR (u> < JS,BR (u + ¢)

Here, By denotes the ball of radius R centered at the origin in R".

Now, given any w : RTI — Rand Q C R""!, we may define the extended energy on a general

domain by

.
Tolw) =5 [ v Vuta)f ddy+ [ Flu(e.0)ds, (4.59)

where QF 1= QN R, Qg := QN {y = 0}. Here w := w(z,y) where € R" and y > 0.

Definition 4.2.3 (Extended Local Minimizer). We say that v is an extended local minimizer if, for

any R > 0 and any ¢ € C3°(Bg), it holds that
Ti,(0) < T, (0 + 0).

Here, Br denotes the ball of radius R in R centered at the origin ﬂ

3Once again, the reader should compare the extended energy (#.39) to ({#.6).
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Suppose

(—A)*u = f(u) in R™. (4.60)

Then, by Proposition 2.5 in [[18]], we see that the s-extension v of w in ]R’}r“ is a local minimizer
in the sense of Definition 4.2.3 if and only if « is a local minimizer in the sense of Definition 4.2.2.

The authors also used the notion of a stable solution.

Definition 4.2.4 (Stable Solution). Let u be a solution of
(—A)*u = f(u) in R".
We say that u is stabld']if

/ ya|V¢(x,y)|2d:cdy—/ F(u(@) ¢z, 0) dz > 0 .61)
Ri+1 n

for all ¢ € Cg°(R™).

In order to prove Theorem 4.2.4, Dipierro et al. first considered the two profiles of a given
solution at infinity. Precisely, if s € (0,1) and v € C?*(R",[—1,1]) is a solution of (#.60) with

ug, > 01in R", we set

u(z'):= lim w2, z,)andu(z’) = lim wu(2',x,),
Tp—>—00 Typ—+00

where 2’ € R""!. The following holds.

Lemma 4.2.1 (Lemma 4.1 in [18)]). Assume that dimension n = 3. Then, both u and u are one-

dimensional and local minimizers.

To prove Lemma 4.2.1, the authors pass the equation to the limit to find both u and % are stable

solutions in R?. By the classification of solutions in R? (see below), we find that v and @ are

4See also Definition 4.2.5 below.
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one-dimensional and monotone. Then, using the fact that stable solutions of (4.60) in R satisfying
u € C*(R,[—1,1]) and v’ > 0 are local minimizers for each s € (0, 1) (see Lemma 3.1 in [18]),
local minimality follows.

Dipierro et al. then proved the lemmata below.

Lemma 4.2.2 (Lemma 6.1 in [18])). Let s € (0,1) and u € C*(R™, [—1, 1]) be a solution of #.60)
such that u,, > 0 in R™. Suppose u and u are local minimizers in R"~1. Then, the s-extension v

of u is a local minimizer in R’}r“ and u is a local minimizer in R".

Now, setting f(u) = u — u?, Dipierro et al. [18] relied on two earlier results of Dipierro et al.

(see [19]) concerning solutions u of (4.56).

Lemma 4.2.3 (Lemma 8.1 in [19]). Let u € C*(R", [—1, 1]) be a minimizing solution of {#.56) in
R™ with s € (0, %) For each € > 0, set u. := u(%). Then, there exists a nonempty set . C R"

which is a minimizer of the s-perimeter (4.57) in R™ and, up to a subsequence,

Ue — XE‘ _XEC

a.e. in R" as e | 0. In addition, the sets {u. < 1 — k} and {u. < —1 + K} converge locally

uniformly to E° in the sense of the Hausdorff distancéﬂ

Lemma 4.2.4 (Lemma 8.3 in [19]]). Assume that E is a minimizer of the s-perimeter that is con-

tained in some half-space. Then, either I is empty or E is a parallel half-space.

Using the above results and the fact that Theorem 4.2.4 holds for layer solutions in dimension
n = 3 with s € (0, %) (see [19]), Dipierro et al. obtain the fractional De Giorgi conjecture in
dimension n = 3 in the genuinely nonlocal regime. For the details, we refer the reader to the

original paper.

SLet X and Y be two nonempty subsets of a metric space (M, d). We define their Hausdorff distance dr (X,Y)
by

dg(X,Y) =maxq sup inf d(z,y),sup inf d(x, .
(X, Y) = o { sup inf d(o,).sup inf de.) |

Loosely speaking, two sets are close in the Hausdorff distance if every point of either set is close to some point of the
other set.
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4.2.3 Fractional Stability and Fractional Global Minimizers

Similar to the local case, and alluded to above, we may drop the assumption that v is a layer so-
lution of (4.5)) and replace this condition with looser hypotheses and still obtain De Giorgi type
results for (—A)®. We quickly remark on two classes of solutions already discussed: global min-
imizers and stable solutions for the fractional Allen-Cahn equation. This time, we consider these
solutions without the extension problem. Moreover, we focus on these results for the Allen-Cahn
nonlinearity.

In this context, we define stability as follows.

Definition 4.2.5. A solution u of the fractional Allen-Cahn equation (4.56)) is said to be stable in
Qif for all € C}(2), we have

C(n, s) [6(@) =Wl , 3u2 — )¢ da > 0 4.62
s y+ | Bu” —1)¢"dx > 0. (4.62)
R7 xR7\ (Qex Q) |z —y| Q

Remark 4.2.1. We subtract 2° x Q¢ from the domain of integration so that the expression is

well-defined.

The one-dimensional symmetry of stable solutions was proved for general s € (0,1) by Sire
and Valdinoci in [S7] and Dipierro et al. in [19] when n = 2. In addition, a breakthrough was
made by Figalli and Serra in [28] whenn = 3 and s = %

We may likewise define global minimizers of (4.56).

Definition 4.2.6. A solution w is said to be a global minimizer on a compact set {2 C R" if
Joa(u) < Joa(u+ @), forall ¢ € Cj(Q), (4.63)

where this time J; o is given by

Cln s ) =0 4y 4 f - iy
Js, = // dxdy + — 1—u®)"dx. (4.64)
Q( R xR\ (26 3) |£L' _ y|n+25 4 Q( )
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Classifications of global minimizers of have been given by Dipierro et al. in [19] and
Savin in [51]]. Recently, Chan et al. constructed counterexamples in [[15,/16] to the fractional
De Giorgi conjecture for global minimizers and solutions that are monotone in z,, in dimensions
n = 8,9, respectively, with s € (%, 1). Taken together, this implies that Savin’s classifications of
global minimizers and monotone solutions in [51]] are optimal. For more on these results, we refer

the reader to the original papers.

4.3 A Nonlocal Monotonicity Formula and Modica-type Estimate

We turn once more to the subject of monotonicity formulae, this time for the nonlocal operator
(—A)®. Specifically, we present a Modica-type estimate due to Cabré and Sire in dimension n = 1
(see [9]). After proving this result, we develop a nonlocal Pohozaev identity which we use to

obtain a nonlocal monotonicity formula in the spirit Modica due to Cabré and Cinti (see [8]]).
4.3.1 A Nonlocal Modica-type Estimate in Dimension n = 1
In this section, we work with problem ({#.18), that is,

div(y?Vv) = 0in R},

—(1 + a) lim, o+ y*v, = f(v(z,0)) on IR’

as well as the energy functional

1 1
Jt :i/ —y*|Vw|*d d—%/‘ F .0)) dx. 4.65
i f VP eyt [ e 0) e (4.65)

Note that (£.63)) is simply @.19) with the domain of integration in the first term replaced by Bj,.

From the expression above, we see that the Lagrangian is given by

1
L(g,p) = 5Pl + W(a),
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where

1 1
IVWFZQWwﬁ@+T;EF@®D,md

2 o a
]2, = / Y lw(y)]? dy.
0

Here, the time variable is 7 = x, the position g is the function v(7, -) in the half-line {y > 0}, and
the momentum is p = ¢’ = v, (7, -).

The Legendre transfornﬂ of L with respect to p then gives the Hamiltonian

1
H@m=§wﬁfWW®

oo ta
:/0 13, 0) = 2w, )] dt — 1 F(u(a,0)) (4.66)
which will play an important role in the sequel.
Using the Hamiltonian (4.66)), we obtain an analogue in dimension n = 1 to the Modica

estimate introduced in Chapter 3 for the Laplacian. The proofs that follow will rely on some
regularity results and maximum principles for the problem (4.18)) which we have listed in Appendix
D for convenience. In addition, we use the notation L, := div(y*V/(-)) to ease computations.

We begin by establishing integrability of the quantity y*|Vv|? in the variable y, where v solves

(4.18), and show that differentiability in x under the integral sign in fooo | Vo|? dt is permitted.

Lemma 4.3.1 (Lemma 5.1 in [9]). Let v € L®(R"™") be a bounded solution of @I8). Then, for
all x € R" we have

/ 4| Vo(z,t)|* dt < oco. (4.67)
0

In addition, the integral can be differentiated with respect to x € R"™ under the integral sign.

®Recall that, by definition, the Hamiltonian H is given by the Legendre transform of the Lagrangian L. That is,

H:Zpi%fL.
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Furthermore,
oo

lim t*\Vo(z, )| dt =0 (4.68)

M—o0 M

uniformly for x € R". If, in addition, v is a layer solution, then

(e}

lim t*|Vo(z,t)|* dt = 0. (4.69)

zn—00 [
Proof. Differentiability under the integral sign in x and (4.67) follow directly from (D.2)), since
Y [Vo(z,y)* < Cy*~?

for some constant C' independent of (x,y) € R’™, where a — 2 < —1. For the same reason, the

limit (#.68)) holds uniformly for = € R”. The limit (4.69) is obtained by writing
00 M 00
/ £V oz, )| dt = / £V, £)|2 dt + / £V o (z, £)[2 dt
0 0 M

for M large and applying (4.68)), as well as and (D.9). O

Using Lemma 4.3.1, we may prove conservation of the Hamiltonian (4.66) in dimension n = 1.

Lemma 4.3.2 (Conservation of Hamiltonian; Lemma 5.2 in [9]]). Let n = 1 and assume that v is a

layer solution of (@.18). Then, for all x € R we have
/Oo t*|Vou(z, t))* dt < oo (4.70)
0
and the following Hamiltonian identity holds:
(1+a) /OOO g[vi(x, t) —vi(x,t)] dt = F(v(z,0)) — F(1). 4.71)

As a consequence F(1) = F(—1).

Proof. The integrability of y*|Vuv|? is a direct consequence of Lemma 4.3.1 above. Thus, we need
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only to establish identity (4.71)). Consider the function

h(z) = /000 g[vi(m, t) — vi(x,t)] dt.

(4.72)

Applying Lemma 4.3.1 once more, we may differentiate under the integral sign above to find

B (z) = / 1M (Vgz Uz — Vay¥y ) (2, ) dt.
0

We note that L,v = 9, (y*v,) + y*v,, = 0. Integrating by parts, we have

/ 19 (Vg Vg — Vgy¥y) dt = / 1 Vyp U, dt — / 190, dt
0 0 0

= / 1V U dt + / ﬁ(t“vy)vxdt
0 0 0

Yy
* a 8 a a o0
= i [t + 8_y<t vy) Vg dt — Y v, 0,5

= lim y"v,v,.
y—0+

Hence, we see that

h'(x) = ylg(r)l+ Y v, U,

1 d
14 adx

[F(v(z,0))]

(4.73)

by continuity and the fact that F”'(v(z,0)) = —lim, o+ y*vy(z,0). It follows that the function

(1 + a)h(z) — [F(v(x,0)) — F(1)] is constant in the variable x. Letting x+ — oo, Lemma 4.3.1

shows that this constant is zero. Indeed, since L-(v2 — v2)(z,y) < y*|Vo[*(z,y), the limit

gives the result. We now let © — —oo so that F'(v(z,0)) — F(1) — F(—1) — F(1) since v is

monotone increasing, ranging from —1 to 1. Using the same estimate as above, we conclude that

F(1) = F(—1), as desired.
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Remark 4.3.1. We note that, if for each s € (0, 1) uy is a layer solution of
(—0sz)’us = f(us)inR

such that u4(0) = 0, then there exists a function  such that limg us = @ in the uniform C? norm

on every compact subset of R. Furthermore, « is a layer solution of
—@" = f(w)inR

with w(0) = 0 (see Theorem 2.2(ii) in [9]). In particular, @ satisfies the Hamiltonian equality

In other words, in the limit as s 1 1, we obtain the usual conservation of the Hamiltonian for the

Laplacian in dimension n = 1 (see also Theorem 6.1 in [9]).

Combining Lemmas 4.3.1 and 4.3.2 allows us to prove a Modica-type estimate for the problem

(4.18) when n = 1. We emphasize that the following estimate is pointwise in x and nonlocal.

Theorem 4.3.1 (Modica-type Estimate; Theorem 2.3 in [9]). Let n = 1 and assume that v is a

layer solution of (4.18)). Then, for every y > 0 and all x € R, we have

(1+ a) /Oy g[vi(x, ) — (1)) dt < F(o(x,0)) — F(1). 4.74)

Proof. Consider the function

w(z,y) = /0 yg{ sl t)dt, (4.75)

and note that w is bounded in all of R? by Lemma 4.3.1. Consider also the function

1
1+a

w(z,y) = [F'(v(z,0)) = F(1)] — w(z,y) (4.76)
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By the same reasoning, we see also that w is bounded in R? . We need to show that w > 0 in @
To do so, we first derive some equations for w which will be helpful throughout the proof.

First, we observe that, for all y > 0,

a

@, (2,y) = =5 (02 = ) (@), (4.77)

Furthermore, using the fact that L,v = 0, we may integrate by parts as in the proof of Lemma

4.3.2 to find that, for all y > 0,

We(z,y) = y*va(z, y)vy (2, ). (4.78)
Indeed, we have
(5,9) = —— L [F(u(x,0)) — w(z, )
Wy (T, y “1rads v(x, w(T,y
d
= _atU(l’)y)v

where

d Y
—w(zr,y) = / 1Y (Vg Vg — Vgy¥y ) dit
0

dx
(Integrate by Parts) = —y“v,v, + lim y“vv,
y—0t
1 d
= —y*v, U, —F ,0)).
Yoyt + 1+ade (v(z, 0)

It follows that (4.78)) holds. Then, by (@.77) and (4.78)) combined with the fact that L,v = 0, we
see that

L0 = —ay* 1? (4.79)

and

L_w = —ay v} (4.80)
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for all y > 0. To see this, observe that

L,w = div(y*Vw)
0

a= 0 a—
= %(y w,) + 8_y(y w,)

= yawxx + aya_lwy + yawyy
a a—1
a a a a— y a a a ay
= Y[y Veavy + Y V02| + ay 1[_?@5 - U;)} + Y [y VU + Y Uy — .

T

2

2a—1,.2 2a 2a—1,.2 2a
= —ay Uy + Y7 Ve Uy + ay U, YUy Uy

= —ay™ W+ Y 0y vee + ay" vy + Y0y
= —ay™ 2 + y v, Lov
= oy
and a similar computation works for L_,w.
We claim that w does not achieve its infimum at a point in @ To show this, we assume the
contrary and reach a contradiction. Let (¢, yo) be a point where the infimum is achieved. There

are two cases to consider, depending on if (¢, yo) is on the boundary (i.e. yo = 0) or not. We will

also use the fact that w is not identically constant, for if it were, then

constant = w(-,0) = [F(v(-,0)) — F(1)]

since w(-,0) = 0. Thus, F is constant in (—1,1), f = 01in (—1,1), and v is a bounded function
satisfying (4.18)) with f = 0. Hence, after even reflection across {y = 0}, Proposition D.2.2

(Harnack inequality) shows that v is constant, contradicting the fact that v, > 0.

e (Case 1: yo = 0). After a translation in z, we may assume x, = 0. Since o = 0 is a global

minimum of (1 + a)w(+,0) = F(v(+,0)) — F(1), we have

%FW 0))]z=0 = = F(v(0,0))v(0,0),
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so that

0= —f(0(0,0))

= (1+a) lim y*v,(0,y), (4.81)

y—0+

by the fact that v is a layer solution and, hence, v,(x,0) > 0. Moreover, we have
va(,y) > 0in RZ (4.82)

by Lemma 4.1.2. We now consider two subcases. The first of these is the case a > 0. By
(4.77) and Morrey’s inequality, we see that y“w, is H’older continuous up to OR%. Since
L,w < 0 by and W is not identically a constant, we have W > w(0,0) in R% by the

Proposition D.2.1 (maximum principle). Thus, by Lemma D.2.1 (Hopf Lemma), we see that

0> — lim y°@,(0
Jim y*20,(0, y)

2a
.Y 2 2
=1 z 0 — 0
Jim == [oz(0, ) — v, (0,9)
2a

(Neumann Condition) = lim y—vfc(O,y) >0,
y—0t

a contradiction. Now, suppose a < 0. Since (0, 0) is a global minimum for w(x, y), we find

0 Z lim inf —y_amy(07 y)

y—0t

1
= liminf 2 [¢2(0, ) — v3(0, )]

y—0+

1
:?ﬁam>a

which is also a contradiction. Here, we have used (D.2).
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e (Case 2: yo > 0). By @#82), we have v, > 0 in R2. Using and (4.80), we obtain

0=L_,w—+ ay_IU§

=L 0+ (ay_l_“@)@m

Vg

= div(y "Vw) + b(z,y)w, in R?, (4.83)

where b(x,y) := ay~'""v,v;'. However, the operator in is uniformly elliptic with
continuous coefficients in compact sets of {y > 0}. From the maximum principle for uni-
formly elliptic operators, it follows that @w cannot achieve its minimum at (o, o), since
1o > 0 and we have shown that w is not identically constant. Therefore, we know w cannot

achieve its infimum at a point in R2 .

To conclude the proof, assume

infw < 0.
Ry

By Lemma 4.3.2, we see that w(z,y) — 0 as y — oo locally uniformly in 2. By Lemma 4.3.1,
we have w(z,y) — 0 as |x| — oo uniformly in y. Indeed, for the first statement, it is clear that
w(z,y) = 75 [F(v(z,0)) — F(1)] as y — oo by Lemma 4.3.2, so that W(z, y) — 0 as y — oo.
To establish local uniform convergence in x, observe that the function f*(z) = F(v(z,0)) — F(1)
is uniformly continuous on compact subsets of R by continuity of v and F'. Hence, for a given
compact subset X C R and € > 0, there exists R := Rk, such that |z; — 22| < R implies

|f*(x1) — f*(x2)| < (1 +a) - ¢ provided x1, 22 € K. Then, we find

lim |w(zy,y) —w(re,y)| = |[f*(x1) — f(22)]

Yy—00

< (14 a)e,

so that there exists Y := Y such that y > Y implies [w(z1,y) — ws,y)| < (1 + a)e. Then, if

114



y > Y, we see that

1
1+a

[@(x1,y) = w(ws,y)| = [F* () = [H(2)] + wlwn, y) — w(we,y)

IN

1 * *
Tl @) = )] + e y) = wez.y)|
< e+ |lw(zy,y) — w(za,y)|

< (24 a)e,

so that w is Cauchy in x as y — oo on compact subsets K of R. The second statement is a direct
application of Lemma 4.3.1. Therefore, since w < 0, it should be achieved at a point in @

However, this contradicts what has been proven. It follows that

infw > 0,
R?
so that w > 0. In fact, if w vanished at a point in @, this point would be the infimum of w, a

contradiction. Hence w > 0 in @ This completes the proof. ]

We have thereby established a Modica-type estimate for layer solutions of the problem (4.18])
in dimension n = 1. Unfortunately, this is the only known result for the stationary (i.e. time
independent) case. Thus, for dimensions n > 2, establishing a Modica-type estimate similar to
above would constitute an exciting new result. We point out, however, that for s = % in the non-
stationary case, a corresponding Hamiltonian identity has been established by Caffarelli, Mellet,

and Sire in [[12].
4.3.2 A Nonlocal Pohozaev Identity and Monotonicity Formula

The final theorem to be proved is the nonlocal version of the Pohozaev-type monotonicity formula
derived in Chapter 3. Similar to the local case, we will obtain the monotonicity formula by making

use of a nonlocal Pohozaev identity for the fractional Laplacian.
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Lemma 4.3.3 (Nonlocal Pohozaev Identity; Lemma 3.1 in [8]). Let s € (0,1) and f € CY*(R)
with o > max{0, 1 — 2s}, and suppose that v is a bounded solution of the problem (.5)). Then,

forevery R > 0

-2
n S/ y“|VU|2dmdy+n/ d;'F(v(x,0))dz =
2 BE Bgrx{0}

R
— y“|VU|2dS"—R/

2 o+Bf o+Bf

y“(0,v)*dS™ + R / d;'F(v)dS™ (4.84)
8BR><{0}

where 0,v denotes the outer normal derivative of v on 0" Bj,.

Proof. Set z = (z,y). Multiplying the equation
div(y*Vv) =0
by (z, Vv), we see that

0 = div(y*Vv)(z, Vv)

= div(y*Vu(z, Vv)) — V((z, Vv)) -y*Vu

= div(y*Vu(z, Vov)) — y* (\VU!Q + <z, \% <@> >> :

Computing, we find

Hence,
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Integrating by parts in B}, we obtain

/ y* (v, Vo) (z, Vu) dS™ — lim yiuy(x, Vyv) do—
ot B, y=0" J Brx {0}

1 n — 2s

—/ Y V| (z,v) dS™ + / Y| Vo|? do dy = 0,
2 o+Bt 2 Bt
R R

where v is the outer unit normal to 9" B},. Note that z = Rv on " B}, and —dj lim, o+ y®v, =

f(v) on Bg x {0}. Therefore,

R / Y (D,0)2 dS™ + / A f(o(, 0)) (z, Vo) do—
otBY Brx{0}

—2
i Y| Vo2 dsm + =22 / y*|Vol* dx dy = 0. (4.85)
+

2 o+ Bf Bf

Furthermore, on {y = 0} we have

/ f(o(z,0))(z, Vov) do = —/ (2,V,F(v(z,0))) dz
Brx{0} Brx{0}

— /B . —div (mF(v(x, 0))) +nF(v(z,0)) dv

= n/ F(v(z,0)dx — R F(v)dS™ .
BRX{O} 8BR><{O}

Replacing in (4.83) and rearranging terms gives the result. O

With Lemma 4.3.3 at hand, the proof of the nonlocal monotonicity formula is now a simple

differentiation and integration by parts.

Theorem 4.3.2 (Nonlocal Monotonicity Formula; Proposition 3.2 in [8]). Let s € (0,1) and f €
CY*(R) with a > max{0,1 — 2s}, and suppose that v is a bounded solution of the problem (@.3))

with F(t) > 0 for every t € R. Then, the function

1 ds u
I,(R) = =T E/+y |Vv|2dxdy+/ F(v(z,0)) dx (4.86)
B}, Brx{0}
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is a nondecreasing function of R > 0.

Proof. Differentiating I,(R) with respect to R, we find
—2s)d n—2s
I’R:u/a de——/ F(u(z,0))d
8( ) 2Rn_28+1 Bgy ’VU‘ z y Rn_23+1 BRX{O} (U(ﬂj, )) 'x_'_

ds / 9 1 .
y*|Vol|*dS™ + / F(v)dS" .
2Rn—2s o+ B}, Vel R Jopaxqo} (©)

Then, applying the Lemma 4.3.3 we obtain

dS R a n — n—
f;(R)=W<§/ LYIVePds +R/ d;'F(v)dS 1)—
o+B} 0BRx {0}

(n—25)ds/ 5 n—ZS/
— “ drdy — ——— F 0))d
S [, vvRdndy - fE [ R0

d -2
° (n S/ V|Vl da dy + — dle(v)d:c—i—/
Bf;

= y*(9,v)*dS™ | —
Rn—?s 2R R Brx{0} 8+B§ ( )

(n — 2s)ds / 5 n—2s /
—_— UVoulfdrdy — —— F 0))d
2R . Rn—2s+1 B; Yy ‘ U| ray Rn—2s+1 Brx{0} (U(%, )) x

ds / 2 2s
— y*(0,v)*dS™ + / F(v(x,0))dx >0,
Rn—Zs 8*3; ( ) Rn—Qs—H Brx{0} ( ( >>

as claimed. O]

Comparing with I(R) in (3.28), the quantity I;(R) is nearly identical aside from a missing
factor of R~. In the local case, we were able to prove the monotonicity formula for 7(R) by using
the Modica estimate Proposition 3.1.1. However, in the nonlocal case we have no such estimate

(at least for dimension n > 2) allowing us to only obtain (4.86)).

Remark 4.3.2. Though not the subject of this project, we feel it is worthwhile to point out that
other monotonicity formula exist for the fractional Laplacian. For example, in [9]] Cabré and Sire
prove a monotonicity formula for radial solutions of (#.18). In addition, Caffarelli and Silvestre
prove a nonlocal version of Almgren’s frequency formula in their 2007 paper introducing the ex-

tension problem (see [13]]). Fazly and Shahgholian in [25] have also worked out a monotonicity
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formula similar to (4.86) for solutions of the coupled elliptic system

(—A)*u; = |uP~ u; in R™.

4.4 Current Directions and Further Study

In addition to the cases n < 3 we have discussed prior, the conjecture has been proven by Savin
in [51] for dimensions 4 < n < 8and s € (%, 1) for the fractional Allen-Cahn equation assuming
the solution is a layer solution in R™. Thus, the fractional De Giorgi conjecture remains completely
open for dimensions 4 < n < 8 with s € (0, %], along with various other extended De Giorgi
conjectures in both lower and higher dimensions. We also note that in the systems case De Giorgi’s
conjecture is discussed by Fazly et al. in [23,[26] in lower dimensions.

Of immediate interest to the author for future study is the stability conjecture for the fractional
Allen-Cahn equation, in particular, the recent work of Figalli and Serra in dimension n = 3 and
s = % (see [28]]). Note that when n = 2, for general s, it is considered by Sire and Valdinocci
in [57] and Gui and Li in [34]]. The stability conjecture for a more general kernel it is discussed by
Hamel et al. in [37]] and Fazly et al. in [24}27]]. Aside from this and the results presented prior,
the stability conjecture is wide open. The author is further interested in studying the geometric
perspectives of De Giorgi’s conjecture for the classical and fractional Laplacians, such as the work
in dimensions 4 < n < 8 of Savin (see [49,51]]) and the work of del Pino et al. and Chan et al. in
higher dimensions (see [[15,/16,47]) and finite Morse index solutions (see [36,/59]). More broadly,
the author is keenly interested in pursuing study of related subjects in geometry, beginning with
Schoen’s and Uhlenbeck’s earlier work in harmonic maps (see [54,56], for example), as well as
topics in local and nonlocal minimal surface theory having applications in mathematical physics

(e.g. phase transitions, general relativity).
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APPENDIX A: FUNCTION SPACES AND INEQUALITIES

In this section, we present some standard definitions, identities, and theorems that will be used
freely throughout this paper. We have assumed familiarity with techniques in analysis at the in-
troductory graduate level, as well as a working knowledge of the classical theory of PDE. Unless
otherwise stated, we will assume that {2 C R" is open and that u : {2 — R. All of the following

material can be found in [21]], [32], or [48]].

A.1 Notation

Let a be a vector of the form o = («, . . ., @, ), where each component ; is a nonnegative integer.

We say that « is a multiindex of order || = a1 + ... + . Given a multiindex «, we may define

|
D%u(x) = 0% u(x) =0yl - 0pru(w).

T al " 1
83:1 ct 83:%
In particular, if £ is a nonnegative integer, we define

D*u(z) == {D%u(z) : |a| = k},

that is, D*u(x) is the set of all partial derivatives of order k. By assigning an ordering to the

various partial derivatives, we me can regard D*u(x) as a point in R"". We define

|DFy| = ( 3 yzmy?)?
|a|=k

For example, when k& = 1, we regard the elements of Du as being arranged in a vector

Du = (ug,, ..., us,) = Vu,
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so that | Du| = |Vu|. Throughout this work, we will always regard Du as Vu. We write

to denote the radial derivative of w.

When k = 2, we regard elements of D?u as being arranged as in the Hessian matrixﬂ Thus, we
find that D?*u € S™, the space of real symmetric n X n matrices (assuming appropriate regularity
on u).

In the body of this note, several constants will be introduced. In general, we let C' denote an
arbitrary constant, letting it absorb extraneous factors when necessary. When the dependence of C

on parameters is important, or C' is known explicitly, we have made it clear.

A.2 Function Spaces

Here, we discuss some fundamental function spaces encountered in this project. First, we consider

the Banach space of k times continuously differentiable functions on €2
C*(Q) == {u: Q — R"™ : uis continuous}
with their accompanied norms
k
Julloxy = > sup D u(a)).
n=0
We can similarly define the space
C*(Q) := {u € C*(Q) : D*u is uniformly continuous on bounded subsets of 2, for all |a| < k}.

It follows that if u € C*(Q), then D*u extends continuously to {2 for each multiindex « satisfying

IRecall that the Hessian matrix of u is the matrix of second order partial derivatives of w.
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|a| < k. Finally, we define
C(Q) = [ CH(9).
k=0

The space u € C(2) is defined analogously. The space C¥(£2) denotes those functions in C*(€2)
with compact support (i.e. vanishing outside of a compact set).

The reader must necessarily be familiar with the Lebesgue spaces

LP(Q) :={u: Q — R : u is Lebesgue measurable,

Ul o) < 00}

where

lll oy = ( / \u|pdx>

for 1 < p < oo. We note that the case p = 2 is of fundamental importance, since in this case we

obtain a Hilbert space with inner product

(U, v) 12(0) ::/uv dx.
Q
We will also consider the space
L2(Q) :== {u: Q — R : uis Lebesgue measurable, [[u| ;) < oo},

where
[wll oo ) := esssup |ul.
Q
Sometimes, the integrability of a function u on the entirety of {2 is not necessary. As such, we will

concern ourselves with the spaces

LP

loc

(Q) :={u:Q— R:ue LP(U) for each U open such that U CC Q}.

Here, U CC 2 signifies the fact that U is open in 2 with compact closure entirely contained in 2.
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The aforementioned material is all in the hopes of defining the Holder Spaces and, most im-

portantly, the Sobolev spaces. We say that functions u : {2 — R satisfying
u(z) = uly)] < Clz —y|*

foreach z,y € Qand 0 < o < 1, C constant, are Héolder continuous with exponent o.. The Holder

space C**(Q) consists of all functions v € C*(§2) for which the norm

HuHCk,a@ = Z HDBUHC(Q) +Z[D’Bu]co,a@ (A1)
1BI<k p=k

is finite and the a-th Holder seminorm of « : {2 — R is given by

In short, the space C**(Q) consists of those functions v : 2 — R that are k-times continuously
differentiable and whose k-th partial derivatives are bounded and Holder continuous with exponent
o. Equipped with the norm (AT, the space C**((2) is a Banach space.

Of particular importance in the theory of PDE are the Sobolev spaces W*?. To define these

spaces, we first need to define the notion of a weak derivative.

Definition A.2.1 (Weak Derivative). Suppose u,v € L}, () and « is a multiindex. We say that

loc

v € L} (Q) is the a-th weak partial derivative of u, written

D%u = v,

provided
/uDagbdx:(—l)a'/vqbdx
Q Q

for all test functions ¢ € C§°(€2).
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This definition is motivated by the integration by parts formula for a function v € C*(0Q).

Indeed, for such a u and a multiindex « = (a4, ..., «,) of order k, we find

/QuDaqbdx: (—1)'6“/91)%@1;

by the integrattion by parts formula, since ¢ € C§°(€2) has compact support.

Alas, we define the Sobolev spaces WHkP Fix 1 < p < co and let k be a nonnegative integer.

Definition A.2.2. The Sobolev space W*P(Q) consists of all locally integrable functions u : { —

R such that, for each multiindex o with |o| < k, D®u exists in the weak sense and belongs to

L7(Q).

Note that elements of W*?({2) need not be continuous or bounded in €. Moreover, whenn = 1
and () is an open interval in R, we see that u € W1?(Q) if and only if u equals a.e. an absolutely
continuous function whose ordinary derivative (which exists a.e.) belongs to L”((2).

When coupled with the norm

1

<Z|a|§k fQ ’Dau|pdx>p’ 1< p < o0

[ull ) =
Zlalgk ess supq, |D%u|, p = oo,

the space W*?((Q) is a Banach space. As an explicit example, it can be shown that the TW1?((2)

norm is equivalent to
1
ety = (Ielay + 1Vul0q) )7

the gradient being defined in the weak sense.

When p = 2 we obtain a Hilbert space and write H*(Q) = W"2(Q). We denote by Wy ()
the closure of C°(Q) in W*P(Q) and identify W,? () as those functions u € W*?(Q) such that
D%y = 0 on 99 for all || < k — 1. Naturally, issues arise since we identify functions in W"?(Q)
which agree a.e. and 02 may have Lebesgue measure zero. It is therefore vital for us to consider

the trace operator (see [21] for the basic trace theory).
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It is worthwhile to note that, in a general domain €2, we are only guaranteed approximation
by smooth functions in I/VZIZCP(Q) However, imposing the condition that € is bounded allows for
approximation by smooth functions in W*? (). If we further require that 92 is C'!, then we can,

in addition, assume our approximating functions are of class C'*°(£2).

We have denoted the Schwarz space of rapidly decaying C*° functions in R™ by . (R").

Definition A.2.3. The Schwarz space of rapidly decaying C'*° functions u : R™ — R is given by

SR") :={ue C®R") : [Jull,z < oo}

where a = (ay, ..., ay),8 = (1,..., ,) are multiindices. The norm ||ul|, , is given by
Hunmﬂ;zyg)uapﬁu@gy (A.2)
reR™

Here, 2% is defined as the product ¢ = & - - - 1%,
1 n

We may then define the set of all tempered distributions .#’(IR™), the topological dual of
< (R™), to be the set of all distributionsﬂ T such that T'(uy,) — 0 whenever limy o [Ju|, 5 = 0,
where {uy }ren is a sequence defined on . (R™).

The relationship between the Sobolev space H* and the Fourier transform is established by the

following theorem:
Theorem A.2.1 (Characterization of H* via Fourier Transform). Let k be a nonnegative integer.

1. A function u € L*(R") belongs to H*(R"™) if and only if

(1+ [¢]F)a € L*(R™M).

2. In addition, there exists a positive constant C' such that

1

6||u||Hk(R") < H(l + [¢]F)a <

LQ(R”) — C”uHHk(R")

2For more on the general theory of distributions and its applications in PDE, see [21] or [48].
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for each u € H*(R").

In the body of this thesis, we present an analogous result for the fractional Sobolev space

WeP(Q), with0 < s < 1.

A.3 Some Useful Inequalities

For continuity, we include some fundamental inequalities from real analysis that we employ through-
out the project.
We begin with Cauchy’s Inequality:
a v

for each a,b € R. This follows immediately from the inequality (a — b)*> > 0. We now suppose

1 < pand ¢ < oo is such that % + % = 1. Then Young’s inequality asserts

V4 q
< Y (A.4)
P q

whenever a, b > 0. This can be seen by noting that the mapping x — e” is convex.
The reader may be familiar with Holder’s inequality, which says that, for 1 < p and ¢ < o

with  + & = 1. Then, if u € LP(Q2) and v € L((2), we have

/Q jwe] dz < [l ey 19l ey (AS)

Indeed, by homogeneity, we may assume that v and v are normalized so that [|ul[ ;,q) = [[v][ o) =
1. Then we may apply Young’s inequality for 1 < p and ¢ < oo to |uv| and integrate over 2 to get
the result. The case p = 1 and ¢ = oo is a bit more technical and we leave out the details.

For 1 < pand u,v € LP(Q2), we find

Ju+ UHLP(Q) < HUHLP(Q) + HUHLP(Q)' (A.6)
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This is referred to as Minkowski’s inequality and, in effect, establishes the triangle inequality for
the Banach space LP(€2). This follows from applying Holder’s inequality with ¢ = -£5. By similar
methods, we may obtain the discrete analogous of these inequalities for the sequence spaces /7 (R™)
(or, more generally, ¢7(C")).

The Sobolev inequalities are useful tools for establishing additional regularity of functions in

certain Sobolev spaces. We first state Morrey’s inequality:

Theorem A.3.1 (Morrey’s Inequality). Assume n < p < oo. Then there exists a constant C' =

C(n,p) such that

lell o @ny < Cllwllwngn

for all u € C*(R™), where

a:zl—ﬁ.
p

With Morrey’s inequality in mind, it is natural to wonder if more general estimates can be

obtained which are applicable for more general domains. It turns out that they can.

Theorem A.3.2 (General Sobolev Inequalities). Let Q2 be a bounded open subset of R", with a C*

boundary. Assume u € WFP(Q).

1. Ifk < %, then u € L(2), where

ERES

< | =
|

In addition, we have the estimate

||u||Lq(Q) < OHUHWk,p(Qy

where C' = C(k,p,n, ).
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2. Ifk < 3, thenu € CF I (), where

Any positive number < 1, if% e.

In addition, we have the estimate

ll 3110y < Cllallney.

where C' = C'(k,p,n, a, ).

In particular, if u € W*?(Q) for all p > n, then u € C*~1 forall o € (0, 1).
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APPENDIX B: ELLIPTIC OPERATORS AND NOTIONS OF SOLUTIONS

Here, we define elliptic operators, along other related concepts and conventions. We also define
various notions of solutions we have used in this project. For a detailed presentation of these

concepts, we highly recommend [21]] or [32]].

B.1 Elliptic Operators

A second-order partial differential operator takes the form

n

Lu=—Y (a;(2)us,)s +Zb Vg, + c(z)u (B.1)

ij=1

or
Lu = Z ij (T)Ug; + Z bi(x)uy, + c(x)u (B.2)
2,7=1
for given coefficient functions a;;,b;,c and 7,5 = 1,...,n. The PDE Lu = f is in divergence

form if L is given by (B.I)) and is in nondivergence form if it is given by (B.2). If the highest
order coefficients a;; are C! for each i, = 1,...,n, then an operator given in divergence form
can be rewritten into nondivergence form, and vice versa. The divergence form is more natural for
energy methods, due to integration by parts, and the nondivergence form is more appropriate for
maximum principle techniques. As is customary, we assume the symmetry condition a;; = a;; for

allz,7 = 1,...,n. The following definition is vital.

Definition B.1.1. We say that the partial differential operator L is (uniformly) elliptic if there exists

a constant 6 > 0 such that

n

> &g > 0l (B.3)

3,j=1

fora.e. r € Qand all £ € R™.

In particular, this means that for each z € €, the symmetric n x n matrix A(z) = (a;j(x))

is positive definite, with smallest eigenvalue greater than or equal to #. The classical example of
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such an operator is the Laplacia operator L, = —A. As one might expect, solutions of general

second-order elliptic PDE Lu = 0 are similar to harmonic functions.

B.2 Notions of Solutions

In PDE, it is common to consider many notions of solutions since it is not always the case that a C*
solution exists to a given problem. In addition, it is not even necessary in applications to require
our solutions be C2. The abstract definitions that follow further allow us to take advantage of the
Banach and Hilbert space theory.

We consider the boundary-value problem

Lu= fin{)
(B.4)

u = 0 on 0f2.

Classical solutions are C? solutions satisfying the PDE and the boundary condition in the usual
pointwise sense. Strong solutions are solutions belonging to the Sobolev space H?(£2). The PDE is
satisfied in the pointwise sense, a.e. with respect to the Lebesgue measure in €2, while the boundary
condition is satisfied in the sense of traces. Distributional solutions are solutions belonging only

Ll

Lc(£2) and the equation holds in the distributional sense. More delicate is the notion of a weak

solution. Suppose that a;;,b;,c € L*(Q) for each 4,5 = 1,...,n and f € L*(Q). Then the
bilinear form B : H(Q) x Hj(2) — R associated with the divergence form of the elliptic

operator L is

/ zn: iUz, Va; + z”: bitiz;v + cuv dx

ij=1 n=1
for u,v € H}(2). We say that u € H}(Q) is a weak solution of the boundary value problem (B-4)
if
B[“? U] - <f7 U>L2(Q)

ITo see this, simply note that we may write a;; = 6;;5 foreachi,j =1,...,n.
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for all v € H}(2). This is also referred to as the variational formulation of (B-4)). Note that if we
require © = ¢ on Of) in the sense of traces and with 9 of class C'!, we may recast the problem with
zero boundary conditions. The existence and uniqueness of weak solutions is given by a result from
functional analysis, the Lax-Milgram theorem. There are other existence and uniqueness theorems
for when the hypotheses of the Lax-Milgram theorem are not met, yet we mention only this one

due to its significance and applicability.
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APPENDIX C: SPECIAL FUNCTIONS AND INTEGRAL IDENTITIES

The material presented here has been adapted from [30]. For a more thorough treatment of the
proceeding topics, we refer the reader to the text of Gerald B. Folland ( [29]),

We begin by recalling Euler’s gamma function.

F(:U)—/ t" et dt,
0

defined for x > 0. One can very that the identity F(%) is simply a reformulation of the famous
identity

/ e dr = V.
R

I'(z) can be similarly defined as a holomorphic function for each z € C such that Re(z) > 0.
For such z, one has

[(z+41) = 2T'(z). (C.1)

Formula (C.I)) and its iterations can be used to meromorphically extend I'(z) to the entire complex
plane having simple poles at z = —k, for k € N U {0}, with residues (—1)*. Fix 0 < s < 1. Of

particular importance for our considerations is the identity
['(1—s)=—s'(—s) (C.2)

which can be obtained from (C.I)). Furthermore, we have

T(:)[(1—2) = — (C.3)

sinmz’

and

22Z—1F(Z)F<z + %) = Jal(22). (C.4)

Part of the significance of the gamma function is its relationship to the (n — 1)-dimensional
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Hausdorff measure of the unit sphere S"~! C R”, and the n-dimensional volume of the unit ball

213
Ot = (C.5)
I'(3)
and
On1 T2
Wy, = = , C.6
n (5 +1) (6
respectively.

Deeply connected to the gamma function is Euler’s beta function, denoted B = B(x,y) and

defined for z = x + 4y in the first quadrant of the complex plane by
B(z,y) =2 /2 (cos(v))** *(sin(v))?¥ ! dv. (C.7)
0
Applying the change of variable s — (sin(v))?, we may alternatively write

1
B(z,y) = /o (1—s)"1s¥ tds. (C.8)

The beta function is related to the gamma function by the formula

['()I'(y)
B = =" C9
Moreover, the following useful integral identity holds:
Proposition C.0.1 (see [30]]). Let b > —n and a > n + b, then
/ 2l g, 7 DOEIT() (C.10)
e (14 [z]?)2 L) 1)
In particular, if b = 0 and a = n + 1, then
dx S
T = S (C.11)
/Rn 1+ |z T(%)
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For every v € C satisfying Re(v) > —%, we define the Bessel function of the first kind and of

complex order v by the formula

0= e p(s) [0

We may also write J,, as a power series by

(g)u—ﬂk

To(z) = ;(_Dkr(k YOk +v+1)

o0

where |z| < oo and |arg(z)| < 7.

J, arises as the solution to the Bessel equation of order v:

0? 0
2 9” ; O 2 ov7_
Z822J+8zj+(z v)J = 0.

When v ¢ Z, we obtain a second linearly independent solution to (C.14)), J_,. Note that

2v—1

. 2—1/+1 1 22
z Ju(z)%m/o(l—s) ds

2Vl B( N 1 1>
= ——DblVv+=-,=,
F($HT(v+3) 272

as z — 0. Furthermore, we have the asymptotic estimate for the Bessel function:

27V 5
JV(Z) = mz

One may also consider the generalized Bessel equation:

v (y) + (1 = 20)yu' (y) + [B°7°y* + (@ — v*y*)]u(y) = 0.

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

Let ®(z) be a solution to the Bessel equation (C.14)) and consider the function defined by the
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transformation

u(y) = y*e(By"). (C.18)

Then, by direct computation, one may verify that u(y) solves the generalized Bessel equation
(C.17). These facts will be used in the computation for the Poisson kernel for the harmonic exten-
sion problem in R+,

Now, consider the modified Bessel equation of order v, v € C, given by

28—2<1>+ 2c1>—(24r 2)® =0 (C.19)
zaZ2 Z@z Z v =0, .

with linearly independent solutions given by the modified Bessel function of the first kind

0 (g)u+2k
I(2) = , C.20
(2) kz% T+ DDk +v+1) (€.20)
(|z] < oo and |arg(z)| < m) and the modified Bessel function of the third kind
Ky () = T = L(2) (C.21)

2 sin v

with | arg(z)| < m, v ¢ Z. As before, we also have the generalized modified Bessel equation
yru"(y) + (1= 20)yu/(y) + [(0® = v*y*) = 829"y Ju(y) = 0, (C.22)

with solutions determined by u(y) in (C.I8). Of course, in this case we assume that ®(z) solves
the modified Bessel equation (C.19). We will need the following asymptotics for /,(z) and 1_,(2),

found on page 108 of [39]: As z — 0 we have

L(2) ;) (g) (C.23)
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and

I,(z) ﬁ (g) - (C.24)

In computing the Poisson kernel for the extension problem, we will make use of the following

Fourier-Bessel representation.

Theorem C.0.1 (Fourier-Bessel Representation). Let u(z) = f(|x|), and suppose that
n 1 +
t— t2jgfl(t) el (R ),
where we have denoted by J»_, the Bessel function of order v = 5 — 1 defined by (C.12). Then,

n JFOO n
i) = 2rlelE [ e gy erleln ©25)

The hypergeometric functions will also be of use to us. In order to introduce them, we recall

the definition of Pochamer’s symbols:

_L@th) i) (o
PES I(a) (a+1)---(a+k+1),

for k£ € N and g = 1. Notice that, since the gamma function has a pole at z = 0, we have

1ifk =0,
05 =

0,ifk>1.

We now let p,q € Ny be such that p < ¢ + 1, and let oy,...,a, and 34, ..., 3, be given

parameters such that —3; ¢ Ny for j = 1,..., ¢. Given a number z € C, the power series
< (1)k - - (o) 2
Fylon, ..., ap Br,.... B z) = i op k2 (C.26)
r ! ! ; (B - - - (By)w k!
is called the generalized hypergeometric function. When p = 2 and ¢ = 1, the function o F1 (a1, . . ., ag; f1; 2)
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is Gauss’ hypergeometric function, typically denoted by F'(ay, ..., as; f1; 2).
By the ratio test, one finds that the radius of convergence of the hypergeometric series is oo

when p < ¢, however, equals 1 when p = g + 1. Moreover, we have the following facts:
o F(a,0;8;2) = F(0,a; 3;2) = 1 and
o Fa,B;0;,—2) =1Fo(a;—2) = (1 4+ 2)~.

Interestingly, the hypergeometric function (£} is essentially a Bessel function, up to powers

and rescaling. In fact, we have

L(z) = ﬁ (%);Fl (a L1 (§)2> . (C27)

Finally, we have the following integral identities:

1. Forv — A+ 1> |y

byr( I/—A;—u-‘rl )F( V—A;;H-l ) ‘
g (1 + )

./wtﬂk¢mwxxwyﬁ:

v=A+pu+1l v—XA—pu+1 b?
F( . , 5 ;u+1;——2>. (C.28)
2. For any f3, «y satisfying Re(3) > 0 and Re(y) > 0 we have
/ el (Bt gy — 2(5)21(”(2\/57). (C.29)
0

These can be found on page 693 and page 340 of [33]], respectively.
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APPENDIX D: REGULARITY AND MAXIMUM PRINCIPLES FOR THE

EXTENSION PROBLEM

In this chapter, we list some essential regularity results along with some maximum principles and
related theorems for the extension problem. All of these results can be found in [9]. As a result,
the following results are stated for the problem (.18]). However, each result has an analogous
statement for the problem due to the equivalency of problems (4.3) and discussed in

the introduction of Chapter 4.

D.1 Regularity

We list some regularity results we have used for the extension problem introduced in Chapter 2.

Proposition D.1.1 (Lemma 4.4 in [9]). Ler f € C'*(R) with o > max(0, 1 — 2s). Suppose u is a

bounded solution of

(—A)Y’u = f(u) in R"™.

Then, u € C?8(R"™) for some B € (0, 1), where 3 depends only on s and c.
Furthermore, given sy > %, there exists 3 € (0, 1) depending only on n, sy, and o (and hence

independent of s) such that for every s > s,

[ullgs@ny < C

for some constant C' depending only on n, so, || f|| 1., and ||| e gy (and hence independent of

s € (so,1)).
In addition, the function defined by v = P, * u, where P; is the Poisson kernel given by (2.38)),

satisfies the estimate for every s > sg

2
HUHCﬁ(R1+1) + HVJ;UHGB(@) + HDJEU“Cﬁ(Ri“) <C
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for some constant C' independent of s € (sg,1). In fact, C depends only on n, s,

f ”cmcw and
||u||L°°(]R”)'
We also have the following gradient estimates for the extension problem.

Proposition D.1.2. Let f € CY*(R) with a > max{0,1 — 2s} and suppose v € L=®(R"*") is

a weak solution of problem @F18). Then, Vv and y®v, belong to L=(R"™"). In addition, given

so > 3, there exists a constant Cy depending only on n, so, || f||¢1., and ||UHLOO(R1+1) such that,

for every s > sq, we have
HvvaLw(Riﬂ) + 1+ a)HZ/a'Uy”Loo(Ri“) < Ch. (D.1)
Furthermore, we have
C
IVo(z,y)| < ifory > 0, (D.2)

where Cy is uniformly bounded for a € (—1,1) (i.e. s € (0,1)). As a consequence of and
(ID.2)), we have

y*|Vol* € L, (R7). (D.3)

The next result is concerned with solutions of (4.18)) having limits in one variable (e.g. layer

solutions).

Proposition D.1.3. Let v be a bounded solution of (#.18)) such that

lim v(x,0) = L* (D.4)
Tn—Eo0
for every (x1,...,2,_1) € R"! and some constants L*. Then,
L) =f(L7)=0 (D.5)
and
lim wv(z,y) = L* (D.6)
Tp—E00
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forevery (x1,...,1, 1) € R" and y > 0. Moreover, for every fixed R > 0 and (x1,...,7, 1) €

R ! we have

[v = L e 0y = 0 @8 Tn = 00, (D.7)
||VZUHL°°(B§(:E,0)) — 0as x, — £o0, and (D.8)
||y“UyHL°°(Bg(x,o)) — 0 as z, — Foo. (D.9)

D.2 Maximum Principles

Proposition D.2.1 (Maximum Principle for L,; Remark 4.2 in [9]). The following weak and strong

maximum principles hold for the operator L,:

1. (Weak Maximum Principle). The standard weak maximum principle holds for weak solutions

of (5.49). More generally, if u weakly solves

(
—Lou > 0in B},

—y%u, > 00onT?, (D.10)

u>0onT,

\

then u > 0 in B}

2. (Strong Maximum Principle). Moreover; either uw = 0 or u > 0 in B;f UT?.

Remark D.2.1. The same weak and strong maximum principles hold in other bounded domains
of ]R’}r“ other than B;". In fact, their proofs are essentially the same, requiring only minor adjust-
ments. Moreover, the maximum principles also hold for the Dirichlet problem in B;', obtained by

replacing the Neumann condition in (5.52) with u > on ',
The next result is a Hopf boundary lemma for the operator L,.
Lemma D.2.1 (Hopf Lemma; Proposition 4.11 in [9]). Let a € (—1,1) and consider the cylinder

Cr1 = I x (0,1) C R**" where T' is the ball centered at the origin of radius r in R™. Let
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u € C(Cry) N HYC,yq,y®) satisfy

(

Lyu<0inC,,,

u>0inC,y, (D.11)
| u(0,0) = 0.
Then,
lim sup —yaM < 0. (D.12)
y—0+ Y
In addition, if y*u, € C(C, ), then
8,.u(0,0) < 0. (D.13)

We note that, since we have assumed a = 1 — 2s with s € (0, 1), the hypothesis a € (—1,1) is
met. Furthermore, the space H'(C, 1, y") denotes the Sobolev space H'(f2), where 2 := C,.; and
integration is respect to the measure y* dx dy, with dx dy being the standard Lebesgue measure on
R™.

We also have a Harnack inequality.

Proposition D.2.2 (Harnack Inequality; Theorem 3.4 in [9]). Let u be a positive solution of L,u =
0in By, (20) C R™™. Then, supp ) u < C'infp, (zy) u for some constant C = C(n, a) depending

only onn and a. As a consequence, bounded solutions of L,u = 0 in all of R"*! are constant.
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