HoOMEWORK 2 (DUE FRIDAY, JANUARY 19, 2024, 11:59 pPM)

Problem 1. Let f € L'(R). Show that

/e””cf(x)dx—>0 as  [¢| — oo.
R

Here £ € R.

Problem 2. Let f, : R — R be non-negative integrable functions with || f,||: =
1. Suppose that f, — f almost everywhere with || f||z: = 1. Show that

/Efn(x)da:—>/Ef(x)dx

uniformly in the choice of a measurable set £ C R.

Problem 3. Let f € L'(R). Show that
lim / flx+h) — f(2)]de
‘h|—>OO R

exists and compute it.

Problem 4. Show that the dominated convergence theorem follows from Ego-
roff’s theorem in the case of the Lebesgue measure on R.

Problem 5. Let f € L'(R), and let E; be a sequence of Lebesgue measurable
sets such that u(E;) — 0 as j — oco. Show that

/Ej f(z)dz — 0.

Problem 6. Let f € L'(R), and let a;,...,a; € R and by,...,b, € R\ {0}.

Assume that the numbers % are all distinct. Determine

bj
k

Z f(bjx +ta;)
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lim dz.
t—o00

Problem 7. Let (f,) be a sequence of measurable functions on R such that
|fu(z)| <1 for all 2 and n and assume that

fn—f ae, as n— oo
1



2

Show that ¢ * f,, — g * f uniformly on each compact set, if g € L'(R). Here * is
the convolution, i.e.

frg(z) = /Rf(x —y)g(y)dy.

Hint: Use Egoroft’s theorem.



