HOMEWORK 4 (DUE SATURDAY, FEBRUARY 3, 2024, 11:59 pPM)

Problem 1. Let f, € L'((0,1)) be such that for any ¢ > 0 there exists § > 0

such that
[ el <=
E

whenever m(E) < § and n = 1,2,.... Assume that f, — f almost everywhere,
where f € L'((0,1)). Show that

|fo = fller0)y) =0 as n — oo.

Problem 2. Set
flz,y) = e @sinzsiny, (z,y) € (0,00) x (0,00) : =Ry x Ry.
ShOW that f € Ll (R+ X R+)

Problem 3. Let f € L!'(R) and set

fu(z) = :

z+h
— t)ydt, h>0.
o IO
Show that f, € L*(R) and f, — f in L'(R) as h — 0.

Problem 4. Let f € L!'(R). Show that the series

e}

n+1/n
S [ sty
1 n

n=

converges absolutely for a.a. x € R.

Problem 5. Let f,g € L{. (R) and set

/ f(t) G(z) = / g(t)dt.
0
Show that, if a > 0,

/0 " F)gle)de + /0 " H@)G(@)de = Fla)Gla).

Problem 6. Let f € L'(R) and let
m(t) = p({z - [f(z)] > t}).

/le(x)ldx = /OOO m(t)dt > em(ek), &> 0.

k=1

loc

Show that

1



2

Show also that .
S emieh) - / f(2)|da
k=1 R

ase — 07 .

Problem 7. Let f € L'(R) and let g € C(R) be continuous periodic with period
T'. Show that

[ sstenrie = ( [ swar) (3 [ stay).
as n — oQ.

Hint: Assume first that f € Cy(R).



