HOMEWORK 5 (DUE SATURDAY, FEBRUARY 17, 2024, 11:59 pPM)

Problem 1. Let f € L*(R). Show that the series
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converges absolutely for a.a. x € R.

Problem 2. Prove that if f € L'(R) then the series

= 1
> s v
n=1 \/ﬁ

is absolutely convergent for almost all x.

Problem 3. Show that the set
{f S LQ(R) : / |f(l‘)‘d$ < OO} S BL2(R)7
R

i.e. it is a Borel subset of L*(R).

Problem 4. Let f € L?(R) and g € LY(R) with 1 < p,q < oo. Show that the
function F(z) = foz f(y)dy is continuous and the function

G(x) = (lz] + 1)~ F(x)g(x)

isin L'(R) if a > 2~ — .

Problem 5. Let f € L3((0,00)) and let a € R be such that 3 < a < 3. Show
that the function

r > f(a?)z *sing
is in L'((0,00)).

Problem 6. Suppose that f € LI (R) for some p, 1 < p < oo, and that for
some constant a > p — 1,

/ \f(y)|Pdy < |z|7¢, for |z|>1.
2ly—z|<|z|

Prove that f € L'(R).
We say that f € LP (R), 1 <p < oo, if
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for any —oo < a < b < o0.



