
Homework 6 (Due Saturday, February 24, 2024, 11:59 pm)

Problem 1. Show that for 1 ≤ p ̸= q ≤ ∞, Lp(Rd) is not contained in Lq(Rd).

Problem 2. Show that if f ∈ Lp(R) ∩ Lq(R), 1 ≤ p < q ≤ ∞, then f ∈ Lr(R)
for r ∈ [p, q], and show that

∥f∥Lr(R) ≤ ∥f∥λLp(R)∥f∥1−λ
Lq(R),

1

r
=

λ

p
+

1− λ

q
, λ ∈ [0, 1].

Problem 3. Let fn ∈ Lp(Rd), 1 ≤ p < ∞, and assume that fn(x) → f(x) for
almost all x and that ∥fn∥Lp → ∥f∥Lp < ∞, n → ∞. Show that

∥f − fn∥Lp → 0, n → ∞.

Problem 4. Let fj ∈ Lpj(Rd), j = 1, . . . , n, where pj ∈ [1,∞] and
n∑

j=1

1

pj
=

1

q

with q ∈ [1,∞]. Show that f1 . . . fn ∈ Lq(Rd) and

∥f1 . . . fn∥Lq ≤ Πn
j=1∥fj∥Lpj .

Problem 5. Let f ∈ Lp(Rn), 1 ≤ p < ∞. Compute the limits

lim
h→0

∫
|f(x+ h)− f(x)|pdx

and

lim
h→∞

∫
|f(x+ h)− f(x)|pdx.

Problem 6. Let f ∈ Lp(Rd), g ∈ Lq(Rd), 1 ≤ p, q ≤ ∞ with

1

p
+

1

q
= 1.

Show that

x 7→
∫

f(x− y)g(y)dy

is a continuous function.

Problem 7. Let f ∈ L2
loc(R) and g ∈ L3

loc(R). Let a, b be real numbers such that

3a+ 2b+ 1 < 0.
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2

Assume that for all real r ≥ 1, we have∫
r≤|x|≤2r

|f(x)|2dx ≤ ra and

∫
r≤|x|≤2r

|g(x)|3dx ≤ rb.

Show that fg ∈ L1(R).


