HoMEWORK 8 (DUE TUESDAY, MARCH 12, 2024, 11:59 pMm)

Problem 1. Show if v is a signed measure, then E is v-null iff |v|(F) = 0. Also,
prove that if v and u are signed measures, v L p iff |v| L piff vt 1L p and
v— L1 pu.

Problem 2. Let v be a signed measure, and let i be a positive measure. Show
that v < piff v| < piff vT < pand v~ < p.

Problem 3. Suppose that {v;} is a sequence of positive measures.

(1) Assume that v; L p for all j. Show that 3 7%, v; L pu.
(2) Assume that v; < p for all j. Show that D 7, v; < pu.

Problem 4. Let E be a measurable subset of R? with positive measure and let
Z1, T2, ... be a sequence of points which is dense in RY, i.e. for each z € R? and
each ¢ > 0, there is an n such that |z — x,| < . Prove that the union of the sets
Z, + F is almost all of R

Problem 5. Suppose 1 and v are positive measures on a measurable space
(X, A) such that p is o-finite, v is finite, v < p and v < p — v. Prove that

u({xEX:Z—:zl}):().

Problem 6. Let p and v be o-finite positive measures on (X,.A) such that
v < p. Set A = p+ v. Show that if f is the Radon-Nikodym derivative of v
with respect to A, f = % then 0 < f < 1 p-a.e. and

an’
dv f

dp — 1—f
p-a.e.

Problem 7. Show that if py, 1, are o-finite positive measures on (X,.A4) and
l2, Vo are o-finite positive measures on (Y, B), then v; < p; and vs < g implies

v X Vg Ky X o

and
d(l/l X V2) - dl/1 dl/g

- - @@ =7 xj = —(x)——
d(pin % uz)( P Y
for py x pg-a.e. (x,y).



