ALGEBRA REVIEW

From test 3 (6 problems)

22, If b and c are elements in agroup G, andif b° = ¢* = ¢, where e is the unit element of G, then the inverse
of, b*cb*? must be

(A“) b3c?be (B) b‘cébzc ‘ (C) cbeh? (D) ch*ct (E) chc’p?

i

32. Let R denote the field of real numbers, Q the field of rational num

bers, and Z the ring of integers. Which of th
foliowing subsets F; of R, 1 < i < 4, are subfields of R? 8 ¥ eor e

Fy=A{afb: a,b € Z and b is odd)
F; = {a +bﬁ: a,be 2Z)
Fy=l{a+b/2: a,be Q)
Fo={a+bJ2: a,be Q)

(A) No Fj is a subfield of R.

(B) F; only

(C) F> and F3 only

(D) F\, F, and F; only

(E) Fi, I, F3, and F,

48. Let G, denote the cyclic group of order n. Which of the following direct products is NOT cyclic?

(A) Gy x Gy
(B) Gy x Gy X Gs
(C) Giz X Gy
(D) Gy % Gy
G

X

. - by
: ‘ i tself such that ¢(a + &) #(a) + ¢
is d F is a one-to-one mapping of F onto1 Pl
o APdam(o:l)orp}t:zn;;(bb)Offzrﬁ;ll a beF. M F isthe field of rational numbers, then the number of distinct

and ¢(ad) = ¢la ot )

automorphisms of F is : »
: (B)“ . (2 (D) 4 (E) infinite
(A) 0 i




55 Let p and g be distinct primes. There is a proper subgroup J of the additive group of integers which contains

exactly three elements of tic set {p, p -+ g, 74, p7. g} Which three elements are in J?

(A) pq.p9, q°
®B) p +q,pq, 07
(©) pop +q.p49
(D) p.p4, 47
(E) p.pg.p?

59, Two subgroups A and K of a group G have orders 12 and 30, respectively. Which of the following could NOT
be the order of the subgroup of G generated by H and K "

(A) 30 (B) 60 {C) 120 (D) 360 (E) Countable infinity

From test 2 (6 problems)

17. Let * be the binary operation on the rational numbers given by a# b = a + b + 2ab. Which of the following
are true?

1. = is commutative
II.  There is a rational number that is a * -identity.
[II. Every rational number has a *-inverse

(A) Tonly (B) 11 only (C) Tand (I only (D) I and I only (E)} I, I1, and 111

18 A group G inwhich {ah) = @2b* forall «. b in G is necessarily

(A) linite

(B) cyclic

(C) ol order two

(D) abelian

(F) none of the above




25 Let v and y be positive integers such that 3x + 7y is divisible by 11. Which of the following must also be
divisible by 117

(A) 4x + 6y B)yx+y+5 (€) 9x + 4y (D) 4x ~ 9y By x+y—1

49, If the finite group G contains a subgroup of order seven but no element (other than the identity) is its own
inverse, then the order of G could be

(A) 27 (B) 28 G 35 (D) 37 . (E) 42

54 The map v — ava® of agroup G into itself is a homomorphism if and only if

(A) G is abelian (B) G = {e} CQa=e (D) a* = a_ (E) a’ = e

66. Which of the following subsets are subrings of the ring of real numbers?

I {a + b\/i’:la and b are rational}

3"1

14 . .
11 {—w |12 is an integer and m is a non-negaltive imeger}
I {a + b\/SI a and b are real numbers and a* + b° < 1}

(A) Ionly (B} T'and IT only (C) Tand T only (D) TF and 111 only (EY 1, I and 111

From test 1 (7 problems)

21. Let B, be the set of all primes, {2, 3,5,7,...}, and for each integer n, let P, be the set of all prime multiples

of n, {2n,3n, 5n,7n,...}. Which of the following intersections is nonempty?

(A) AN Py (B) BN Py (©) AyN Py (D) Py N Py (E) PsN Py




32. Suppose that two binary operations, denoted by @ and ©, are defined on a nonempty set S, and that the
following conditions are satisfied for all x, y, and z in §:

(1) x®yand xO y arein S.

Q) xD(y®z)=(x®y)®zand xO(yOz)=(xOy)Oz
B)xDy=ydx

Also, for each x in S and for each positive integer n, the elements nx and x" are defined recursively as
follows:

Ix = x'=x and
if kx and x* have been defined, then (k + 1)x = kx® x and x**' = x* O x.

Which of the following must be true?
L (x@y)'=x"0Qy" forall x and y in S and for each positive integer n.
IL n(x® y)=nx® ny forall x and y in S and for each positive integer n.

L x™ © x" = x™" foreach x in S and for all positive integers m and n.

(A) Tonly (B) II only (C) I only (D) IT and III only (E) I, 11, and III

(9]
(]

. The Euclidean algorithm is used to find the greatest common divisor (gcd) of two positive integers a and b
input (a)
input (b)
while b >0
begin
r:=amodb
a:=b
b:=r
end
gcd:=a
output (gcd)

When the algorithm is used to find the greatest common divisor of a =273 and b = 110, which of the
following is the sequence of computed values for r ?

(A) 2, 26, 1, 0

(B) 2, 53, 1, 0

(C) 53, 2,1, 0
(D) 53, 4, 1, 0
(E) 53, 5.1, 0




40. For which of the following rings is it possible for the product of two nonzero elements to be zero?

(A) The ring of complex numbers

(B) The ring of integers modulo 11

(C) The ring of continuous real-valued functions on [0, 1]
(D) The ring {a +bV2 : a and b are rational numbcrs}

(E) The ring of polynomials in x with real coefficients

46. Let G be the group of complex numbers {1, i, =1, —i} under multiplication. Which of the following statements
are true about the homomorphisms of G into itself?

I. z > 7 defines one such homomorphism, where Z denotes the complex conjugate of z.

Il. z > z? defines one such homomorphism.

III. For every such homomorphism, there is an integer k such that the homomorphism has the form z = .

(A) None (B) I only (C) Iand Il only (D) IT and III only (E) I, 11, and 111

49. Up to isomorphism, how many additive abelian groups G of order 16 have the property that x + x + x+x =0
for each x in G ?

(A) O (B) 1 () 2 (D) 3 (E) 5

60. The group of symmetries of the regular pentagram shown above is isomorphic to the
(A) symmetric group Ss
(B) alternating group As
(C) cyclic group of order 5
(D) cyclic group of order 10
(E) dihedral group of order 10




