PREFACE,

a part of it, or upon the measure of its conformity with any
reccived system, considered as a standard of reference from
which appeal is denied. It is in the general theorems which
occupy the latter chapters of this work,—results to which there
is no existing counterpart,—that the claims of the method, as
a Caleulus of Deductive Reasoning, are most fully set forth.
What may be the final estimate of the value of the system,
I have neither the wish nor the right to anticipate. The
estimation of a theory is not simply determined by its truth
It also depends upon the importance of its subject, and the
extent of its applications; beyond which something must still
be left to the arbitrariness of human Opinion. If the utility
of the application of Mathematical forms to the science of

Logic were solely a question of Notation, I should be content
to rest the defence of this attempt upon a principle which has
been stated by an able living writer: ¢ Whenever the nature
of the subject permits the reasoning process to be without
danger carried on mechanically, the language should be con-

structed on as mechanical principles as possible; while in the

contrary case it should be so constructed, that there shall be
the greatest possible obstacle to a mere mechanical use of it.””?
In one respect, the science of Logic differs from all others;

the perfection of its method is chiefly valuable as an evidence
To supersede the

of the speculative truth of its principles.

employment of common reason, or to subject it to the rigour
of technical forms, would be the last desire of one who Lknows
the value of that intellectual toil and warfare which imparts
to the mind an athletic vigour, and teaches it to contend
with difficulties and to rely upon itself in emergencies.

* Mill's System of Logic, Rativcinative and Inductive, Vol. 11, p. 292,

LincoLn, Oct, 20, 1847,

MATHEMATICAL ANALYSIS OF LOGIC.

INTRODUCTION.

Tary who are acquainted with the present state of the theory
of Symbolical Algebra, are aware, that the wvalidity of the
processes of analysis does not depend upon the interpretation
f the symbols which are employed, but solely upon the laws
f their combination. Every system of interpretation which
oes not affect the truth of the relations supposed, is equally
dmissible, and it is thus that the same process may, under
one scheme of interpretation, represent the solution of a ques-
tion on the properties of numbers, under another, that of
a geometrical problem, and under a third, that of a problem
f dynamics or optics. This principle is indeed of fundamental
mportance; and it may with safety be affixmed, that the recent
dvances of pure analysis have been much assisted by the
induence which it has exerted in directing the current of

“But the full recognition of the consequences of this important
doctrine has been, in some measure, retarded by accidental
circumstances. It has happened in every known form of
analysis, that the elements to be determined have been con-
ceived s measurable by comparison with some fixed standard.
he predominant idea has been that of magnitude, or more
The expression of magnitude, or
B

strictly, of numerical ratio.
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of operations upon magnitude, has been the express object
for which the symbols of Analysis have been invented, and
for which their laws have been investigated. Thus the ab-
stractions of the modern Analysis, not less than the ostensive
diagrams of the ancient Geometry, have encouraged the notion,
that Mathematics are essentially, as well as actually, the Science
of Magnitude.

The consideration of that view which has already been stated,
as embodying the true principle of the Algebra of Symbols,
would, hewever, lead us to infer that this conclusion is by no
means necessary. If every existing interpretation is shewn to
involve the idea of magnitude, it is only by induction that we
can assert that no other interpretation is possible. And it may
be doubted whether our experience is sufficient to render such
an induction legitimate. The history of pure Analysis is, it may
be said, too recent to permit us to set limits to the extent'of its
applications. Should we grant to the inference a high degree
of probability, we might still, and with reason, maintain the
sufficiency of the definition to which the principle already stated
would lead us. We might justly assign it as the definitive
character of a true Caleulus, that it is a method resting upon

the employment of Symbols, whoese laws of combination are
known and general, and whose results admit of a consistent
interpretation. That to the existing forms of Analysis a quan-
titative interpretation is assigned, is the result of the circum-
astances by which those forms were determined, and is not to
be construed into a universal condition of Analysis. It is upon
the foundation of this general principle, that I purpose to
establish the Calculus of Logic, and that I claim for it a place
among the acknowledged forms of Mathematical Analysis, re-
gardless that in its object and in its instruments it must af
present stand alone.

That which renders Logic possible, is the existence in our
minds of general notions—our ability to conceive of a class,
and to designate its individual members by & common name.
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‘he theory of Logic is thus intimately connected with that of
Language, A successful attempt to express logical propositions
by symbols, the laws of whose combinations should be founded
upon the laws of the mental processes which they represent,
would, so far, be a step toward a philosophical language. But
this is @ view which we need not here follow into detail.*
Assuming the notion of a class, we are able, from any con-
ceivable collection of objects, to separate by a mental act, those
which belong to the given class, and to contemplate them apart
from the rest.
ceive to be repeated. The group of individuals left under con-
sideration may be still further limited, by mentally selecting
those among them whieh belong to some other recognised class,
as well as to the one before contemplated. And this process
may be repeated with other elements of distinction, until we
arrive at an individual possessing all the distinctive characters
which we have taken into account, and a member, at the same
time, of-every class which we have enumerated. It is in fact
a method similar to this which we employ whenever, in common

Such, or a similar act of election, we may con-

lenguage, we accumulate descriptive epithets for the sake of
“more precise definition.

Now the several mental operations which in the above case
we have supposed to be performed, are subject to peculiar laws.
It is possible to assign -relations among them, whether as re-
spects the repetition of & given operation or the succession of
" Jifferent ones, or some other particular, which are never violated.
It is, for example, true that the result of two successive acts is

# This view is well expressed in one of Blanco White's Letters :—* Logic is
for the most part a collection of technieal rules founded on classification. The
- Byllogism is nothing but a result of the classification of things, whick the mind
. naturalty and necessarily forms, in forming a language. All abstract terms are
clnssifications ; or rather the labels of the classes which the mind has settled,”
' —Memoirs of the Rev. Joseph Blance White, vol. 11, p. 163, See also, for a very
ueid introduction, Dr. Latham's First Qutlines of Logic applied to Language,
“Becker's German Grummar, e, Bxtreme Nominalists moke Logic entirely
‘dependent upon language. For the opposite view, see Cudworth's Eternal
" and Invmutable Morality, Beok 1v. Chep, 1,
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6 INTRODUCTION.

unaffected by the order in which they are performed ; and there
are at least two other laws which will be pointed out in the
proper place. These will perhaps to some appear so obvious as
to be ranked among necessary truths, and so little important
as to be undeserving of special notice. And probably they are
noticed for the first time in this Bssay. Yet it may with con-
fidence be asserted, that if they were other than they are, the
entire mechanism of reasoning, nay the very laws and constitu-
tion of the human intellect, would be vitally changed. A Logic
might indeed exist, but it would no longer be the Logic we
possess.

Sueh are the elementary laws upon the existence of which,
and upen their capability of exact symbolical expression, the
method of the following Mssay is founded ; and it is presumed
that the object which it seeks to attain will be thought to
have been very fully accomplished. Tvery logical proposition,
whether categorical or hypothetical, will be found to be capable
of exact and rigorous expression, and not only will the laws of
conversion and of syllogism be thence deducible, but the resolu-
tion of the most complex systems of propositions, the separation
of any proposed element, and the expression of its value in
terms of the remaining elements, with every subsidiary rela-
tion involved. Every process will represent deduction, every
mathematical consequence will express a logical inference. The
generality of the method will even permit us to express arbi-
trary operations of the intellect, and thus lead to the demon-
stration of general theorems in logic analogous, in no slight
degree, to the general theorems of ordinary mathematics. No
inconsiderable part of the pleasure which we derive from the
application of analysis to the interpretation of external nature,
arises from the conceptions which it enables us to form of the
universality of the dominion of law. The general formulx to
which we are conducted seem to give to that element a visible
presence, and the multitude of particular cases to which they
apply, demonstrate the extent of its sway. Even the symmetry
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-of their analytical expression may in no fanciful sense be
deemed indicative of its harmony and its consistency. Now T
do not preswme to say to what extent the same sources of
pleasure are opened in the following Essay. The measure of
that extent may be left to the estimate of those who shall think
the subject worthy of their study. DBut I may venture to
assert that such occasions of intellectual gratification are not
here wanting. The laws we have to examine are the laws of
one of the most important of our mental faculties. The mathe-
matics we have to construct are the mathematics of the human
intellect. WNor are the form and character of the method, apart
from all regard to its interpretation, undeserving of notice.
There is even a remarkable exemplification, in its general
theorems, of that species of excellence which consists in free-
dom from exception. .And. this is observed where, in the cor-
responding cases of the received mathematics, such a character
is by no means apparent. The few who think that there is that
in analysis which renders it deserving of attention for its own
sake, may find it worth while to study it under a form in which
every equation can be solved and every solution interpreted.
Nor will it lessen the interest of this study to reflect that every
peculiarity which they will notice in the form of the Calculus
represents a corresponding feature in the comstitution of their

own minds.

© It would be premature to speal of the value which this
method may possess as an instrument of scientific investigation.
1 speak here with reference to the theory of reasoning, and to
the principle of a true classification of the forms and cases of
Togic considered as a Science.® The aim of these investigations
was in the fivst instance confined to the expression of the
received logic, and to the forms of the Aristotelian arrangement,

* # wStrietly a Science’'; also an Art.”'— Whately's Elements of Logic. Indeed
pught we not to regrod all Art as npplied Science ; unless we are willing, with
“the multitude,” to consider Art as ‘' guessing and aiming well” 2— Plato,

Philehus,
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but it soon became appavent that restrictions were thus intro-
duced, which were purely arbitrary and had no foundation in
the nature of things. These were noted as they oecurred, and
will be discussed in the proper place. When it became neces-
sary to consider the subject of hypothetical propositions (in which
comparatively less has been done), and still more, when an
interpretation was demanded for the general theorems of the
Calculus, it was found to be imperative to dismiss all regard for
precedent and authority, and to interrogate the method itself for
an expression of the just limits of its application. Still, how-
ever, there was no special effort to arrive at novel results. But
among those which at the time of their discovery appeared to be
such, it may be proper to notice the following. '

A logical propuosition is, according to the method of this Essay,
expressible Ly an equation ‘the form of which determines the
rules of conversion and of transformation, to which the given
proposition is subject. Thus the law of what logicians term
simple conversion, is determined by the fact, that the corre-
sponding equations are symmetrical, that they are unaffected by
a mutual change of place, in these symbols which correspond
to the corvertible classes. The received laws of conversion
were thus determined, and afterwards another system, which is
thought to be more clementary, dnd more general. See Chapter,
On the Conversion of Propostiions.

The premises of a syllogism being expressed by equations, the
elimination of a common symbol between them leads to a third
equation which expresses the conclusion, this conclusion being
always the most general possible, whether Aristotelian or not.
Among the cases in which no inference was possible, it was
found, that there were two distinct forms of the final equation.
Tt was o considerable time before the explanation of this fact
was discovered, but it was at length seen to depend upon the
presence or absence of a true medium of comparison between

the premises. The distinetion which is thought to be new
is illustrated in the Chapter, On Syllogisms.
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The nonéxclusive character of the disjunctive conclusion of
a° hypothetical syllogism, is very clearly pointed out in the
examples of this species of argument.

. The class of logical problems illustrated in the chapter, Or
the Solution of Elective Equalions, is conceived to be new: and
it is believed that the method of that chapter affords the means
of n perfect analysis of any conceivable system of propositions,
an end toward which the rules for the conversion of a single
categorical proposition are but the first step.

' However, upon the originality of these or any of these views,
T am conscious that I possess too slight an acquaintance with the
literature of logical science, and especially with its older lite-

rature, to permit me to speak with confidence.

- It may not be inappropriate, before concluding these obser-
vations, to offer a few remarks upon the general question of the
use of symbolical language in the mathematics. Objections
wave lately been very strongly urged against this practice, on
he ground, that by obviating the necessity of thought, and
:ubstitui.ing a reference to general formule in the room of
rersonal effort, it tends to weaken the reasoning faculties.

© Now the question of the use of symbols may be considered
n two distinct points of view. First, it may be considered with
eference to the progress of scientific discovery, and secondly,
vith reference to its bearing upen the discipline of the intellect.
© And with respect to the first view, it may be observed that
‘ns it is ome fruit of an rccomplished labour, that it sets us at
Tiberty to engage in more arduous toils, so it is a necessary
result of an advanced state of science, that we are permitted,
wmd even calied upon, to proceed to higher problems, than those
vhich we before contemplated. The practical inference is
bvious. If through the advancing power of scientific methods,
we find that the pursuits on which we were once engaged,
flord no longer a sufficiently ample field for intellectual effort,
the remedy is, to proceed to higher inquiries, and,.in new
tracks, to seek for difficulties yet unsubdued. And such is,
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indeed, the actual law of scientific progress. We must be
content, either to abandon the hope of further conquest, or to
employ such aids of symbolical language, as are proper to the
stage of progress, at which we have arrived. Nor need we fear
to commit ourselves to such & course. We have not yet arrived
so near to the boundaries of possible knowledge, as to suggest
the apprchension, that scope will fail for the exercize of the
inventive faculties,

In discussing the second, and scarcely less momentous ques-
tion of the influence of the use of symbols upon the discipline
of the intelieet, an important distinction ought to be made. It
is of most material consequence, whether those symbols are
used with a full understanding of their meaning, with a perfeet
comprehension of that which renders their use lawful, and an
ability to expand the abbreviated forms of reasoning which they
induce, into their full syllogistic devolopment ; or whether they
are mere unsuggestive characters, the use of which is suffered

to rest upon authority.

The answer which must be given to the question proposed,
will differ according as the dne or the other of these suppositions
1 admitted. In the former case an intellectual discipline of a

high order is provided, an exercise not only of reason, but of
the faculty of generalization. In the latter case there is no
mental discipline whatever. It were perhaps the best security
against the danger of an unreasoning reliance upon symbols,
on the one hand, and ‘a neglect of their just claims on the other,
that each subject of applied mathematics should be treated in the
spirit of the methods which were known at the time when the
application was made, but in the best form which those methods
have assumed. The order of attainment in the individual mind
would thus bear some relation to the actual order of scientific
discovery, and the more abstract methods of the higher analysis
would be offered to such minds only, as were prepared to
receive them.

The relation in which this Essay stands at once to Logic and
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to Mathematics, may [urther justify some notice of the question
which has lately been revived, as to the relative value of the two
studies in a liberal education. One of the chief objections which
have been urged against the study of Mathematics in general, is
but another form of that which has been already considered with
respect to the use of symbols in particular. And it need not here
be further dwelt upon, than to notice, that if it avails anything,
it applies with an equal force against the study of Logic. The
canonical forms of the Aristotelian syllogism are really symbol-

- ical; only the symbols ave less perfect of their kind than those

of mathematics. If they are employed to test the validity of an

- argument, they as truly supersede the exercise of reason, as does
- areference to a formula of analysis. Whether men do, in the

present day, make this use of the Aristotelian canons, except as
a special illustration of the rules of Logic, may be doubted ; yet

. it cannot be questioned that when the authority of Aristotle was
. dominant in the schools of Europe, such applications were habit-
~ually made. And onr argument only requires the admission,

that the case is possible.

But the question before us has been argumed upon higher
grounds. Regarding Logic as a branch of Philosophy, and de-
fining Philosophy as the “science of a real existence,” and ““the
research of causes,” and assigning as its main business the inves-
tigation of the “why, (16 8lors),” while Mathematics display
only the “that, (v ¢7i),” Sir W. Hamilton has contended,

- not simply, that the superiority rests with the study of Logie,
- but that the study of Mathematics is at once dangerous and use-

less” The pursuits of the mathematician “ have not only not

“trained him to that acute scent, to that delicate, almost instine-

tive, tact which, in the twilight of probability, the search and
discrimination of its finer facts demand; they have gone to clond

* his vision, to indurate his touch, to all but the blazing light, the
-Iron chain of demonstration, and left him out of the narrow con-
- fines of his science, to a passive credulify in any premises, or to

* Edinburgh Review, vol, uxtr. p. 409, and Letier to A. De Morgan, Eag,
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an absolute tneredulity in all.”  In support of these and of other
charges, both argument and copious authority are adduced.*
I shall not attempt a complete discussion of the topics which
are suggested by these remarks. My object is not controversy,
and the observations which follow are offered not in the spirit
of antagonism, but in the hope of contributing to the formation
of just views upon an important subject. Of Sir W. Hamilton
it is impossible to speak otherwise than with that respect which
is due to genius and learning.

Philosophy is then described as the scicnee of a real existence
and the research of causes. And that no doubt may rest upon
the meaning of the word cause, it is further said, that philosophy
“ mainly investigates the why.”” These definitions are common
among the ancient writers. Thus Seneca, one of Sir W. Hamil-
ton’s authorities, Epistle rxxxvur, “ The philosopher seeks
and knows the couses of natural things, of which the mathe-
matician searches out and computes the numbers and the mea-
sures.” It may be remarked, in passing, that in whatever
degree the belief has prevailed, that the business of philosophy
is immediately with cewuses; in the same degree has every
science whose object is the investigation of laws, been lightly
esteemed. Thus the Epistle to which we have referred, bestows,
by contrast with Philosophy, a separate condemnation on Music
and Grammar, on Mathematics and Astronomy, although it is
that of Mathematics only that Sir W. Hamilton has quoted.

Now we might take our stand upon the conviction of many
thoughtful and reflective minds, that in the extent of the mean-
ing above stated, Philosophy is impossible. The business of
true Science, they conclude, is with laws and phenomena. The
nature of Being, the mode of the operation of Cause, the why,

* The nrguments are in general better than the authorities. Many rwriters
guoted in condemmation “of mathematics (Aristo, Seneca, Jerome, Augustine,
Cornelius Agrippa, &c.) have borne o no less explicit testimony egainst other
gciences, nor lenst of ell, ageinst that of logic. The treatise of the last named
writer De Vanitnte Seientfarwm, must surely have been referved to by mistake.—
Vide cap. c1L.
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they hold to be beyond the reach of our intelligence. But we
~do not require the vantage-ground of this position; nor is it
doubted that whether the amm of Philosophy 1s attainable or not,
he desire which impels us to the attempt is an instinct of our
higher nature. Let it be granted that the problem which has
..b.afﬂed the efforts of ages, is not a hopeless one; that the
£ science of a real existence,” and “ the research of causes,”
‘that kernel” for which * Philosophy is still militant,” do
not transcend the limits of the human intellect. T am then
compelled to assert, that according to this view of the nature of
Philosophy, Logic forms no part of it. On the principle of
a-true classification, we ought no longer to associate Logic and
Tetaphysics, but Logic and Mathematics.

Should any one after what has been said, entertain a doubt
upon this point, I mast refer him to the evidence which will be
afforded in the following Essay. He will there see Logic resting
like Geometry upon axiomatic truths, and its theorems con-
structed upon that general doctrine of symbols, which consti-
tutes the foundation of the recognised Analysis.

In the Logic
of Aristotle he will be led to view a collection of the formule
of the science, expressed by another, but, (it is thought) less
pexfect scheme of symbols.© I feel bound to contend for the
_absolute exactness of this parallel. Tt is no escape from the con-
clusion to which it points to assert, that Logic not only constructs
a science, but also inquires into the origin and the nature of its
own principles,—a distinction which is denied to Mathematics.
¢ It is wholly beyond the domain of mathematicians,” it is said,
‘1o Inquire into the origin and nature of their principles.””—
Review, page 415. But upon what ground can such a distine-
ion be maintained? What definition of the term Science will
be found sufficiently arbitrary to allow such differences?

.- The application of this canclusion to the question before us is
clear and decisive. The mental discipline which is afforded by
the study of Togie, as an exacl sclence, is, in species, the same
a5 that aflorded by the study of Analysis.
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INTRODUCYION.

Is it ther contended that either Logic or Mathematics can
supply a perfect discipline to the Intellect? The most careful
and unprejudiced examination of this question leads me to doubt
whether such a position can be maintained. The exclusive claims
of either must, I believe, be abandoned, nor can any others, par-
taking of a like exclusive character, be admitted in their room.
It is an important observation, which has more than once been
made, that it is one thing to arrive at correct premises, and another
thing to deduce logical conclusions, and that the business of life
depends more upon the former than upon the latter. The study
of the exact sciences may teach us the one, and it may give us
some general preparation of knowledge and of practice for the
attainment of the other, but it is to the union of t]iougllg_ with
action, in the field of Practical Logic, the arena of Human Life,
that we are to look for its fuller and more perfect accomplishment.

I desire here to express my conviction, that with the ad-
vance of our knowledge of all true science, sn ever-increasing
harmony will be found to prevail among its separate branches.
The view wiich leads to the rejection of one, ought, if con-
sistent, to lead to the rejection of others. And indeed many
of the authorities which have been quoted against the study
of Mathematics, are even more explicit in their condemnation of
Logic. ¢ Natural science,” says the Chian Aristo, “is above us,
Logical science does not concern us.” When siuch conclusions
are founded (as they often are) upon a deep conviction of the
preeminent value and importance of the study of Morals, we
admit the premises, but must demur to the inference. For it
has been well said by an ancient writer, that it is the * charac-
texistic of the liberal sciences, not that they conduet us to Virtae,
but that they prepare us for Virtue;” and Melancthon’s senti-
ment, ° abeunt studia in mores,” has passed into a proverb.
Moreover, there i3 a common ground upon which all sincere
votaries of truth may meet, exchanging with each other the
language of Flamsteed’s appeal to Newton, * The works of the
Tternal Providence will be better understood through your

jabors and mine.”
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FIRST PRINCIPLES.

o Ler us employ the symbol 1, or unity, to represent the
Universe, and let us understand it as comprebending every
‘conceivable class of oljects whether actually existing or not,
t: being premised that the same individual may be found in
wore than one class, inasmuch as it may possess more than one
quality in common with other individuals. Let us employ the
letters X, Y, Z, to represent the individual members of classes,
. applying to every member of one class, as members of that
‘particular class, and Y to every member of another class as
embers of such class, and so on, according to the received lan-
uage of treatises on Logic.

TFurther let us conceive a class of symbols z, v, 2, possessed
of the following character.

‘The symbol x operating upon any subject comprehending
ndividuals or classes, shall be supposed to select from that
=bject all the Xs which it contains. Tu like manner the symbol
, operating upon any subject, shall be supposed to select from
it all individuals of the class ¥ which are comprised in it, and
.80 OI.

~When no subject is expressed, we shall suppose 1 (the Uni-
erse) to be the subject understood, so that we shall have

z=z (1),

‘the meaning of either term being the selection from the Universe
of all the Xs which it contains, and the result of the operation




