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2 The Postulates of the Science of
Space

By WILLIAM KINGDON CLIFFORD
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with the intellectual activity and the goodness of Furope. It was taught,
and commented upon, and illustrated, and supplemented, by Arab and
Nestorian, in the Universities of Bagdad and of Cordova. From these it
was brought back into harbaric Burope by terrified students who dared
tell hardly any other thing of what they had Tearned among the Saracens.
Translated from Arabic into Latin, it passed into the schools of Europe,
spun out with additional cases for every possible variation of the figure,
and bristling with words which had sounded to Greek ears like the
babbling of birds in a hedge. At length the Cireek text appeared and was
her Greek authors, Fuclid became an authority.

transiated; and, like ot
There had not yet arisen in Burope ‘that fruitful faculty,” as Mr. Winwood

Reade calls it, ‘with which kindred spirits contemplate each ather's works;
which not only takes, but gives; which produces from whatever it receives;
which embraces {0 wrestle, and wrestles 10 embrace.” Yet it was coming;

and though that eriticism of first principles which Aristotle and Prolemy

and Galen underwent waited longer in Euclid’s case than in theirs, 1t

came for hira at tast. What Vesalius was to Galen, what Copernicus was
that was Lohatchewsky to Fuclid, There is, indeed, a some-
what instroctive parallel between the last two cases. Copernicus and
{obatchewsky were hoth of Slavic origin. Each of them has brought about
a revolution in scientific ideas so great that it can only be compared
with that wrought by the other. And the reason of the franscendent im-
two changes is that they are changes in the conception
ime of Copernicus, men wmew all about the
the schools, pat off hy heart, all that it
There was the flat

to Ptolemy,

portance of these
of the Cosmos. Before the ©
Unjverse. They could tell you in
was, and what it had been, and what it would be.
earth; with the blue vault of heaven resting on it like the dome of a cathe-
dral, and the bright cold stars atuck inte it, while the sun and planels
moved in crystal spheres between. Or, among the betier informed, the
earth was a globe in the centre of the universe, heaven a sphere concentric
with it; intermediate machinery as before, At any rate, if there was any-
thing beyond heaven. it was a void space that needed no further descrip-
tion. The history of all this could be traced back to 2 certain definite
time, when it began; behind that was & changeless eternity that needed no
farther history. Tts fature covld be predicted in general terms as far
forward as a certain epoch, about the precise determination of which
indeed, differences among the learned. But After that would
come again a changeless eternity, which was fuolly accounted for and
described. But in any case the Universe was a known thing. Now the
enormous effect of the Copernican system, and of the astronornical dis-
coveries that have followed it, is that, in place of this knowledge of a
tittle, which was called knowledge of the Universe, of Frernity and
Immensity, we bave now got knowledge of a great deal more; but we only

there were,
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call it the knowledge of Here and Now. We can tell a great deal about
the solar system; but, after all, it is our house, and not the city. We can
tell something about the star-system to which our sun belongs; but, after
all, it is our star-svstem, and not the Universe. We are talking about Here
with the consciousness of a There beyond it, which we may know some
time, but do not at all know now. And though the nebular hypothesis tells
us a great deal about the history of the solar system, and traces it back
for a period compared with which the old measure of the duration of the
Universe from beginning to end is not a second to a century, yet we do
not call this the history of eternity. We may put it all together and call it
Mow, with the consciousness of a Then before it, in which things were
happening that may have left records; but we have not yet read them.
This, then, was the change effected by Copernicus in the idea of the
Universe. But there was left another to be made. For the laws of space
and motion, that we are presently going to examine, implied an infinite
space and an infinite duration, about whose properties as space and time
everything was accurately known. The very constitution of those parts of
it which are at an infinite distance from us, ‘geometry upon the plane at
infinity,” is just as well known, if the Euclidean assumptions are true, as
the geometry of any portion of this room. In this infinite and thoroughly
well-known space the Universe is situated during at least some portion of
an infinite and thoroughly well-known time. So that here we have real
knowledge of something at least that concerns the Cosmos; something that
is true throughout the Tmmensities and the Eternities. That something
Lobatchewsky and his successors have taken away. The geometer of
to-day knows nothing about the nature of actually existing space at an
infinite distance; he knows nothing about the properties of this present
space it a past or a future eternity. He knows, indeed, that the laws
assumed by Fuclid are true with an accuracy that no direct experiment
can approach, not only in this place where we are, but in places at a
distance from us that no astronomer has conceived; but he knows this
as of Here and Now; beyond his range is a There and Then of which he
knows nothing at present, but may ultimately come to know more. So,
you see, there is a real parallel between the work of Copernicus and his
successors on the one hand, and the work of Lobatchewsky and his
successors on the other. In both of these the knowledge of Immensity and
Eternity is replaced by knowledge of Here and Now. And in virtue of
these two revolutions the idea of the Universe, the Macrocosm, the All,
as subject of human knowledge, and therefore of human interest, has
fallen to pieces.
It will now, I think, be clear to you why it will not do to take for our
present consideration the postulates of geometry as Euclid has laid them
down. While they were all certainly true, there might be substituted for
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move round the tumbler so as to trace out the line, or edge, where air,
water, and glass meet. In this way I get a series of points, one after
another; a series of such a nature that, starting from any one of them,
only two changes are possible that will keep it within the series: it must
go forwards or it must go backwards, and each of these is perfectly
definite. The line may then be regarded as an aggregate of points. Now
let us imagine, further, a change to take place in this line, which is nearly
a circle. Let us suppose it to contract towards the centre of the circle,
until it becomes indefinitely small, and disappears. In so doing it will trace
out the upper surface of the water, the part of the surface where it is in
contact with the air. In this way we shall get a series of circles one after
another—a series of such a nature that, starting from any one of them,
only two changes are possible that will keep it within the series: it must
expand or it must contract. This series, therefore, of circles, is just similar
to the series of points that make one circle; and just as the line is regarded
as an aggregate of points, so we may regard this surface as an aggregate
of lines. But this surface is also in another sense an aggregate of points,
in being an aggregate of aggregates of points. But, starting from a point in
the surface, more than two changes are possible that will keep it within
the surface, for it may move in any direction. The surface, then, is an
aggrepate of points of a different kind from the line. We speak of the
line as a point-aggregate of one dimension, because, starting from one
point, there are only two possible directions of change; so that the line
can be traced out in one motion. In the same way, a surface is a line-
aggregate of one dimension, because it can be traced out by one motion
of the line; but it is a point-aggregate of two dimensions, because, in
order to build it up of points, we have first to aggregate points into a line,
and then lines into a surface. It requires two motions of a point to trace
it out.

Lastly, et us suppose this vpper surface of the water to move down-
wards, remaining always horizontal till it becomes the under surface. In
so doing it will trace out the part of space occupied by the water. We
shall thus get a series of surfaces one after another, precisely analogous
to the series of points which make a line, and the series of lines which
make a surface. The piece of solid space is an aggregate of surfaces, and
an aggregate of the same kind as the line is of points; it is a surface-
aggregate of one dimension. But at the same time it is a line-aggregate of
two dimensions, and a point-aggregate of three dimensions. For if you
consider a particular line which has gone to make this solid, a circle partly
contracted and part of the way down, there are more than two opposite
changes which it can undergo. For it can ascend or descend, or expand
or contract, or do both together in any proportion. It has just as great a
variety of changes as a point in a surface. And the piece of space is called
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ates of Buclid for which Robert Simson has
will see, o0 & titile reflection, that a
e so arranged that any WO of
other in exactly the same man-
ed by a straight fine which

those three of the gix 2 postul
retained the name of postulate. You
discrete aggregate of points could not b
them should be relatively sitnated to one an

ner, so that any two points might be join
should always bear the same definite relation to them. And the same diffi-

culty oceurs in regard to the other two postulates. But perhaps the most
conclusive way of showing that this postulate is really assumed by Fuclid
is to adduce the propasitiom he proves, that every finite straight line may
be bisected, MOW this could not be the case if it consisted of an add
aumber of separate points. AS the first of the postulates of the science of
space, then, We must reckon this postulate of Continuity; according 1€

which two adjacent portions of space, OF of a surface, OF of a line, have
the same voundary, viz.—a surface, a line, OF @ point; and between every
two points on a line there is an infinite number of intermediate points.

The next postulate is that of Elementary Flatness. You know that if you
hold of a small piece of a very targe circle, it seems to you nearty
to take any curved line, and magnify it very
tion to a small piece of it, that plece would
the curve did hefore it was magnified. At
his property, that the
curve would possess

get
straight. S0, if you were
much, confining your atten
seem straighter to you than
least, you can easily conceive 2 curve possessing
more you magnify it, the straighter it gets. Such a
the property of elementary flatness. in the same way, if you perceive
portion of the surface of a Very large sphere, such as the earth, it appears
to you to be flat. If, then, you take a sphere of say a foot diameter, and
magnify it more and more, you will find that the moTe you magnify i
the flatter it gets. And you may eastly suppose that this process would go
on indefinitely; that the curvature would become less and less the more
the surface was magnified. Any curved surface which is such that the
more you magnify it the flatter it gets, iq said to pOSSESs the property of
elementary flatness. But if every succeeding power of our imaginary micro-
scope disclosed new wrinkles and inequalities without end, then We should
say that the surface did not possess the property of elementary flatness.
RBut how am 1 to explain how solid space can have this property of
all 1 leave it as a mMere analogy, and say that it s
this of the curve and surface, only in three
o? 1 think T can get @ little nearer to it

elementary flatness? Sh
the same kind of property as
dimensions instead of one of tW
than that; at all events 1 will try.

1§ we start to go out from a point on 2 surface, there is a €
of directions in which we may go These directions make certain angles
with one another. We may suppose a certain direction 10 otart with, and

rtain choice

2 See e Morgan, in Smith's Dict, of Biography and Mythology, Art. Euclid; and

in the English Cyclopadia, Arxt. Axiom.
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then gradually alter that by turning it round the point: we find thu
T : d thus a
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mmwi;n o Emm,nxg‘ mc};mm pfﬂh, Twaldtffemm paths may have the same
direetion at S , ’ J« his case they will touch at the point; and there is
am ool fmwm‘ruaw hetween two paths which touch and two paths which
et hé, Cm;’::ﬁgngfz fn{emj thm, is an aggregate of directions, and
e . wze e me inmther, l\iiorcovcr, the changes by which
ey pass I “; another have magnitude, they constitute distance-
retaon i,q mu{’;n smmmi of change necessarv to turn one of them intd
anohe Na um;lée;;namil: !‘7{‘?£ween them. It is involved in this postulate
e tm; m o ,f{ I,fat;mgles can be 'COmpamd in respect of magni-
after a mr{ai’n nm(m;n‘o( :zlin%::g@nc(:;?gmg 2 ‘_“7“-‘*’3“0“ o ‘X}in’
' f t o, come roun i F agai
;h:; j:}mn"eetg:mmian. On every surface which has tht;‘,n ;(:o}gjii i%t?én?:riate
e w)gmzzc?:r;;ifqi!::;u;irnf;;ei:—?rz to ;ak«e a direction all round mni
k for all points « i
zgwiﬁ S;u"f’acg which at one point <if it hz; ;2: :::if;{;pi;:’:] In?:;i gtl(})ww
cle of paper vhich s “ ond it rou
o @ i(i;?‘;;eigng;simi?.d sectqr has been cut out, and bend it mur:;
. (mv o Wim%ig ,ﬂx? 118 v‘vay I form a surface which is called a cone.
T ‘m t\m Wx:: surffdce but one, the law of elementary flatness
o ig o Mgmmm O,f n;( “0 ‘ the ‘m)ne,‘ however, notwithstanding that
@m‘timmmwkéh y“, cm@tcms in which you may start, such tbﬁt by
. W; " am{;ng one of thenﬁx vou may get it round into its origim:}
n mm; _m ,m;ﬂvzﬁ:lc' aﬂ.’t()f%nt of change necessary to effect this is’nm
e 61106‘ \jh?; ;t is at any other point of the surface. And this
plane have been iﬁc)ticiﬂe(ﬁ ignxg j:t(ir‘zf:“ ;:?K;; E'mn e .
plane ’ d » cone. At this point of the cone, th
m}?;;:&;;gis;:;: zz:: ma?g;emy of elementary flatness; and no ;imzu;‘:ﬁgg
Tﬂ &“M’V e Q}:yx‘:&d e a cone seem flat at its vertex.
o Of dim\mm;i: fnﬁace, we must notice that here also there is
¢ chotee of ot Chéi(;(, : which you ma.y go out from any point; but it is
- m{; vai' che d ;:um a surface g'we/s you. Whereas in a surface the
dé}i@iw;; gzreiu{ms is only of one dimension, in solid space it is of two
of directions wi}z:vwﬁfiedi};so;h?;; zg:;‘:zlixc;_;elamm e
of direcnon y be divic y parts ich have guantity. For exampl
e “ifi;;ni:?:?? start from the vertex of this cone are divided iite(;
. p;mm‘;;; tii f:(;m;, and those which go outside the cone. The
par of the aggregate which is inside the cone is called i a
pn agregate | : : called a solid angle.
mmmwvt%ﬁﬁz ;iacggﬂoi;hzee ,dxmmmom which have the property of eil:
et m o ww,} ( vhole amount of solid angle round one point is
1 & whole amount round another point. Although the space need
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not be exactly similar t© itself in all parts, vet the aggregate of directions
gate of directions round an-

round one point is exactly similar 10 the aggre
other point, if the space has the property of elementary flatness.

How does Euclid assume this postulate of Elementary Flatness? In his
fourth postulate he has expressed it 80 simply and clearly that you will
wonder how anybody contd make all this fuss. He savs, ‘Al right angles
are equal.

Why could T not have adopted this at once, and saved

trouble? Because it assumes the knowledge of a qurface possessing the

property of elementary flatness in all its points. Unless such a surface 18
angle 18 restricied 1o

first made out tO exist, and the definition of a right
lines drawn upon it—for there is nO necessity for the word straight in that
definition—the postulate in Euclid’s form is obviously not true. T can make
two lines cross at the vertex of a cone sO that the four adjacent angles
shall be equal, and yet not one of themn equal to 2 right anple.

I pass on to the third postulate of the science of space—ihe postulate of
Superposition. According to this postulate 2 body
space without altering its size oF shape. This seems obvious enough, bol
it is worth while to examine a little closely into the meaning of it. We
must define what we mean by size and by shape. When we s3¥ that a bodv
can be moved about without altering its size, we mean that it can be SO
moved as to keep unaltered the length of all the lines in it This postulate
therefore involves that lines can be compared in respect of magnitude, oF
that they have a tength independent of position; precisely as the former
one involved the comparison of angular magnitudes. And when we say
that a body can be moved about without altering its shape, We mean that
it can be so moved as to keep unaltered all the angles in it. 1t is not nec-

ary to make mention of the motion of a body, although that is the
ate: but we may, if

space, and that we

a great deal of

an he moved ahout in

ess
easiest way of expressing and of conceiving this postul

we like, express it entirely in terms which belong 1o
should do in this way. Suppose a figure to have been constructed in some
portion of space; say that a triangle has heen drawn whose sides are the
shortest distances between its angular points. Then if in any other portion
of space two points are taken whose shortest distance is equal to 8 side
of the triangle, and at on¢ of them an angle is made equal to one of the
adjacent to that side, and a line of shortest distance drawn equal
1 triangle, the distance from the
it he equal to the third

angles
to the corresponding side of the origina
extremity of this to the other of the two points wi
gside of the original triangle, and the two will be equal in all respects; or
generally, if a figure has been constructed anywhere, another figure, with
1 its Tines and all its angles equat to the corresponding fines and angles

al
Now this is exactly what

of the first, can be constructed anywhere else.
is meant by the principle of superposition employed by Fuclid to prove
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the ition that j
proposition that I have just mentioned. And we may state it agai

in gm 3hA0rt form—All parts of space are exactly alike

Melmmzhi,pf;;im,& mmm with it a most important consequence. It en<

O a Pau (_)f maost fundamental definitions—ithose of the
i of the straight line. In order to explain how these come out of

1 Vﬁ'hf, 1 s grant ! ”(l 1 lfﬁy annot h llh:lde when it 1§ not ldlnc(i
3 1t 18 }.,l(i e, a hOVV 1 <h . DE h 181 g :
- Ay

ij;:zz}}zt}::;}:tx&i :;:w‘mh}lng more about the nature of the postulate itself,
o m;:e qt‘mé ﬂise aﬂve heen left until we come to criticize it.
e mah\, OX,N is pmft‘u!ate as referring to solid space. But a similar
rer gpmm . ,T émw s'ur a;\:es. Hcre?, for instance, is part of the surface
oras ahom,én m;rwtmy igure 1 like upon this, I can suppose it to be
o If,a ﬁm ﬁy upon the sphere, without alteration of its size
o e eigm(; fm:‘a Fm@n drawn on any part of the surface of a
oher mrf;m Niw "ov it n; all rfaspec:m may be drawn on any other part
SO “; m’.m 1 ffy ’tmt this property belongs to the surface itself,
b wht: : internal economy, and does not depend in any wajf
a;m bm;d ¢ (‘mm?r;‘ to space of three dimensions. For I can pull it about
e ang y:;winfnfijgfn\gfﬁgsoha? altogether to alter its relation to
o pacs , s >toh it or tear it, T make no diffe :
Wmix;ﬁf qu;hr;:oix:"a:gth of zmy lines upon it, or in the size of any ;;f;z:
e G&Wig ﬁx:;afly way a‘lter the figures drawn upon it, or the poésb
e b(),?(.(,fms xTc: lupon it, so far as their relations with the surface
el e pmb;e Wgo,ynfdpmg&rty Qf .the surface, then, could be a§cer-
e (%immgi(m A,‘; ;Vﬂ henfnre\y in it, and were absolutely ignorant of
properties de:te:rﬁ}"ini!;g( t!K:;”git;s‘ilg;:gif!it?intwgf(i;mmgéon& e e
prope letermining stance-relations of the points upon i hie
{‘mm:t:”mumw independent of the existence of any points \fhic}':t;izhrti
Now here is ¢ ace whi
e o
Bt ¥ all over, and that some parts of it ar
o if};r::}vjﬂ:;;,j:ir? If you drew a figure upon this surface, azdg?}?(:i
red 1o m;%;m t;l’; u yvou would find that it was impossible to do so
- mpgm{ Q(‘){,ﬁ:?e :;md shape of the figure. Some parts of it wm}id
kept the same, ,ﬂ:m‘:,mgigc;(s’!;zg;(?(;i}te:‘iflzs df!ihe e o
pept [he same. e gles . »ff together. And this
e g;nr:; ;;szmtg:;?g‘ parts ’zre dx‘!‘fcrem from one annmerwisfogf(;;};r‘:}f
o mm,m it a part of its .mmmai economy, absolutely independcﬁt
y s it may have with space outside of it. For, as with the

3 This figure w 1 T, Starched 3§ rical surface, and T
£ it - was made of line arc
when dey Th s ot , Sta ched UPOon o .,phe ic taken
irregu ﬁl‘ st f’k;‘g (:N.,Y)U;H!(‘:f 1 “,hi;”r next paragr ‘d},‘h WAas ‘EHHI'}[\X} Vx ‘33](?; i)e:i !’:k)(. }l‘ tohé"
o > @ { the ~ad of a bust, For durabili b “}8 £ }T}(‘)d :' 13 t,hc()‘ 1d bl E“ made
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o amale 18 . sgether in s uch a way the e sect
“ dlo / ‘ o fbres of (b £ ay at the fibres of i
\ h :;k } ; z)tf‘wf (3“, ﬂiﬂ J‘ 5 0 t'!il‘ (,lﬂ}(}l\ and the Q(l}..’ﬂ should be hound Obv 3:”{‘ h 1
ey will then retain their curvature HI”!’;\I tfl'@(}u (O d" 1 § (I!IH" ‘
shn of paper The i won retain 1 ¥ ¥ 5 t d for g Ong time,

G

The Postulates of the Science of Space

1t sorts of ways, and, so long as 1 do not

other one, I can pull it about ina
ength of lines drawn

stretch it or tear it, I make no alteration in the i

wpon it or in the size of the angles.
Here, then, is an intrinsic difference hetwe
faces. They are both point-aggregates of two dimensions; but the poinis in

them have certain relations of distance ays on the
surface), and these relations of distance @

they are in the other.

en these tWo surfaces, as Sy

{ distance measured alw
re not the same in one casc as

ing in the surface and having no idea of a third

The supposed people 1V
pecting that third dimension at all, make 2

dimension might, without Susy
ation of the nature of their locus in guo. If the
e the angles

very accurate determin
he sphere were 10 measur

people who fived on the surface of 1
of a triangle, they would find them to exceed two right angles by a

quantity propm‘tiom! to the area of the triangle. This excess of the angles
above two right angles, being divided by the area of the triangle, would
be found to give exactly the same guotient at all parts of the sphere.
That quotient is called the curvature of the surface; and we say that a
is a surface of uniform curvature. But if the people living on this
the same thing, they would pot find guite the
ould, indeed, differ from two right
o defect, according 0 the

sphere
irregular surface were to do
same result. The sum of the angles W
angles, but sometimes in eXcess, and sometimes i
part of the curface where they were. And though for small triangles in any
one neighbourhood the excess or defect would be nearly pmpomomﬂ to
the area of the triangle, vet the quotient obtained by dividing this excess
or defect by the area of the triangle would vary from ong part of the
nother. In other words, the curvature of this surface varies

surface to 2
it is sometimes positive, sometimes negative, some-

from point to point;
times nothing at all.
But now comMes the important difference.
what do I suppose the sides of that triangle 10 be?
1f 1 take two points near enough together upon
a string between them, that string will take up 2 certain definite
upon the surface, marking the ine of shortest distance from one point O
the other. Such a line is called a geodesic Hine. It is a line determined by
the intrinsic properties of the surface, and not by its relations with external
space. The line would still be the shortest fine, however the surface were
pulled about without stretching of tearing. A geodesic line may he pro-
duced, when a piece of it is given; for we may take one of the points, and,
keeping the string stretched, make it go round in a sort of circle until the
other end has turned through two right angles. The new position will then
be a prolongation of the same geodesic line.

In speaking of a triangle, then, I meant a tri
desic lines, But in the case of a spherical surface-—

When 1 speak of a triangle,

a surface, and stretch
position

angle whose sides are geo-
or, More generally, of
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a surface of constant curvature—these geodesic lines bave another and
most important property. They are straight, so far as the surface is con-
cerned. On this surface a figure may be moved about without altering its
size or shape. It is possible, therefore, to draw a line which shall be of
the same shape all along and on both sides. That is fo say, if you take a
piece of the surface on one side of such a line, you may slide it all along
the line and it will fit; and you may turn it round and apply it to the
other side, and it will fit there also. This is Leibnitz’s definition of a
straight line, and, vou see, it has no meaning except in the case of a
surface of constant curvature, a surface all parts of which are alike.
Now let us consider the corresponding things in solid space. In this also

we may have geodesic lines; namely, lines formed by stretching a string
between two points. But we may also have geodesic surfaces; and they are
produced in this manner. Suppose we have a point on a surface, and this
surface possesses the property of elementary flatness. Then among all the
directions of starting from the point, there are some which start in the
surface, and do not make an angle with it. Let all these be prolonged into
geodesies; then we may imagine one of these geodesics to travel round
and coincide with all the others in turn. In so deing it will trace out a
surface which is called a geedesic surface. Now in the particular case
where a space of three dimensions has the property of superposition, or
is all over alike, these geodesic surfaces are planes. That is to say, since
the space is all over alike, these surfaces are also of the same shape all
over and on both sides; which is Leibnitz’s definition of a plane. If vou
take a piece of space on one side of such a plane, partly bounded by the
plane, you may slide it all over the plane, and it will fit; and you may turn
it round and apply it to the other side, and it will fit there also. Now it is
clear that this definition will have no meaning unless the third postulate
be granted. So we may say that when the postulate of Superposition is
trug, then there are planes and straight lines: and they are defined as being
of the same shape throughout and on both sides,

It is found that the whole geometry of a space of three dimensions is
known when we know the curvature of three geodesic surfaces at every
point. The third postulate requires that the curvature of all geodesic sur-
faces should be everywhere equal to the same guantity.

T pass to the Fourth postulate, which T call the postulate of Similarity.
According to this postulate, any figure may be magnified or diminished in
any degree without altering its shape. If any figure has been constructed
in one part of space, it may be reconstructed to any scale whatever in any
other part of space, so that no one of the angles shall be altered though

all the lefigths of lines will of course be altered. This seems to be a suffi-
ciently obvious induction from experience; for we have all frequently seen

different sizes of the same shape; and it has the advantage of embedying

5654
The Postulates of the Science of Space

the fifth and sixth of Euclid’s postulates in 2 %ingk;: vwimiplm vt’hmg&“hsg:;
a great resemblance in form to that of SW)?!‘?OS%UO“, and may “}gmgmg
in the same manner. It is easy to show that it mmlvesi the two pc . (m;a
of Euclid: ‘Two straight lines cannot emcmse‘ a space,” and i‘,miza ino
plane which never meet make equal angles with @vexr?! other hrfc“ .
This fourth postulate is equivalent to the mmmpmn W& the m:m‘;,%
curvature of the geodesic curfaces is zero; or the third .zmd jz"jvuwitf%qmy;ﬁz
be put together, and we shall then say that the three curvatures Of space
sero at every point.
M?I"il; :ig:?igﬁom made byELQbMChQWSﬂ(}/ wWas, thfxt ﬂ;‘m \thmvg fir&;}tw ;t;iqt;ii
lates were true, but not the fourth. Of the two ‘;i:ucle%«:tam postu { \ ,‘;m%
cluded in this, he admitted one, viz., that two strmgh? im@ cz&;mm‘ ’@sza Rm
a space, or that two lines which once c;iivergela go on (iwe‘rgmg‘ ‘m" ;M fjmm,
he left out the postulate about parallels, w%fmh may be s&;»x,ma TK:ﬁ t}g;m m;
If through a point outside of a straight line tthgm be dxt&‘wn& m;mY xgﬁ,‘;ﬁ‘%
definitely produced both ways; and if we turn this smimg t:mf z;gu 1 §; tm
to make the point of intersection travel al‘ong the first line, ,g &f:‘v\j& W;
very instant that this point of intersection dmxpip;&mst&t 0??3 gm; j - dO
appear at the other, and there is only one position in 'w m:( ;&, " (;Ww
not intersect. Lobatchewsky supposed, instead, that there wa‘a a x;n“ ,{ m;(:
through which the second line must be s:z”mtmd after the thmﬂ t;n MFW
tion had disappeared at one end, b&fme‘, it reappmmﬁ{ at thu o " ?:Lrwcw
all positions of the second line within this zmg_ie% there w' ﬂi&m@ mﬁx&m'x ju -
tion. In the two limiting positions, when the lines have just done ka ( ;,
at one end, and when they are just going to meet at the m;‘m? t:w (;z;t
called parallel; so that two Jines can be drawn through ?df}@( .if‘m '
parallel to a given straight tine. The angle ‘he}w«:m me..w Wff} ﬂ epend \.f d{e
certain way upon the distance of the point from the line. The ?U[m QMW:
angles of a triangle is less than tWO right angles iﬁy «x ‘«z{t‘:?x}“ty}t?ﬁ pi«; ;,k,éd
tioﬁa? to the arca of the triangle. The whole ouf this gmn‘u,m? tx\xv‘d
out in the style of Euclid, and the most §ﬂtm‘<z@ﬂg ({i)ﬂ()hkfii@f: jm; aii z ;
at; particutarly in the theory of solid space, m wmm} a surface tur % (;p;
which is not plane relatively to that space, E)ut Qwhwh, for purposes
drawing figures upon it, is identical with the E:«t%chde::m pm'{fm tvsing
1t was Riemnann, however, who first acwmphshgd the task o am y ﬁ
all the assumptions of geometry, and showing which of *thevam W;;’;“f nza Z;
pendent. This very disentangling and separation of them 18 wu }@;imf -
deprive& them for the geometer of thm‘ exaci@m and mmz@;t:, O}xm:mw
process by which it is effected consists in showing the possiol wx ‘51 ‘MWW
ceiving these suppositions one by one to be untrue; whereby }ﬂi zs&f k,«m{;%
made Mom how much is supposed. But it may be worth while to state
2 » case for and against them. ~
fm\t;:'lilﬁfz E?:&;Q;:Ziri{mimd nin we know these postulates to he universaily
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true, in virtue of certain deliverances of our consciousness, it is implied
that these deliverances could not exist, except upon the supposition that
the postulates are true. If it can be shown, then, from experience that our
consciousness would tell us exactly the same things if the postulates are
not true, the ground of their validity will be taken away. But this is a
very easy thing to show.

That same faculty which tells you that space is continuous tells you that

this water is continuous, and that the motion perceived in a wheel of life
is continuous. Now we happen to know that if we could magnify this
water as much again as the best microscopes can magnify it, we should
perceive its granular structure. And what happens in a wheel of life is
discovered by stopping the machine. Even apart, then, from our knowl-
edge of the way nerves act in carrying messages, it appears that we have
no means of knowing anything more about an aggregate than that it is
too fine-grained for us to perceive its discontinuity, if it has any.

Nor can we, in general, receive a conception as positive knowledge
which is itself founded merely upon inaction. For the conception of a
continuous thing is of that which looks just the same however much you
magnify it. We may conceive the magnifying to go on to a certain extent
without change, and then, as it were, leave it going on, without taking the
trouble to doubt about the changes that may ensue.

In regard to the second postulate, we have merely to point to the
example of polished surfaces. The smoothest surface that can be made is
the one most completely covered with the minutest ruts and furrows. Yet
geometrical constructions can be made with extreme accuracy upon such
a surface, on the supposition that it is an exact plane. If, therefore, the
sharp points, edges, and furrows of space are only small enough, there
will be nothing to hinder our conviction of its elementary flatness. It has
even been remarked by Riemann that we must not shrink from this suppo-
sition if it is found useful in explaining physical phenomena.

The first two postulates may therefore be doubted on the side of the
very small. We may put the third and fourth together, and doubt them
on the side of the very great. For if the property of elementary flatness
exist on the average, the deviations from it being, as we have supposed,
100 small to be perceived, then, whatever were the true nature of space,
we should have exactly the conceptions of it which we now have, if only
the regions we can get at were small in comparison with the areas of
curvature. If we suppose the curvature to vary in an irregular manner, the
effect of it might be very considerable in a triangle formed by the nearest
fixed stars; but if we suppose it approximately uniform to the limit of
telescopic reach, it will be restricted to very much narrower limits. 1 can-
not perhaps do better than conclude by describing to you as well as T can
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what is the nature of things on the supposition that the curvature of all

space is nearly uniform and positive. . . "

In this case the Universe, as known, hecomes again a valid conception;
a finite number of cubic miles. And this comes
ere to start in any direction whatever,
cording to the defi-

for the extent of space is
about in a curious way. If you w
and move in that direction in a perfect straight line ac ;
of Leibnitz; after travelling a most prodigions distance, 10 which
¢ unit—200,000 times the diameter of the earth’s orbit-—
ou would arrive at-—this place. Only, if you

nition
the parallacti

would be only a few steps, ¥
had started upwards, you would appear from below. Now, one of two

things would be true. Either, when vou had got half-way <im your jour-
ney, you came to a place that is opposite to this, avm’i which vou must
have gone through, whatever direction you started m;y or else all mthw
you could have taken diverge entirely from each other till Fhey meet again
at this place. In the former case, every two straight lines in a plane 1jﬂfzet
meet only in one, Upon this supposition
of a positive curvature, the whole of geometry is far mmca; complete and
interesting; the principle of duality, instead of half breaking dmwnsw aver
metric relations, applies to all propositions without exception. In fact, 1
do not mind confessing that I personally have often found relief from the
dreary infinities of homaloidal space in the consoling hope that, after all.
this other may be the true state of things.

in two points, in the latter they

4 The assumptions here made about the Zuscmnm?n{mrm'Of space are the mmp}«f:?t
ones, but even the finite extent daes pot follow necessarily from uniform positive
curvature: as Riemann seems to have supposed.



