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Light scattering




Radiative transport

The propagation of light in disordered media can be described by the
radiative transport equation. The specific intensity I(x,f{,t) obeys

l% _|_ R -VxI = o / dl;’ [A(R/, R)I(X, R/) — A(f{y R,)I(Xa f{)] .
C

The phase function A is normalized so that [ A(k,k')dk’ = 1 for all k.

At large distances and long times, the specific intensity is well approxi-
mated by the solution to the diffusion equation
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where I(x,k,t) = u(x,t) 4+ ¢*k - Vu(x,t) and D = 1/3ct* is related to the
lowest-order angular moment of A.

The RTE can be derived from the high-frequency asymptotics of wave
propagation in random media.



Motivation

e Radiative transport of light is based on classical theories of light
propagation

e Are there quantum effects in multiple light scattering?
— spontaneous emission in random media

— transport of entangled states

e Possible applications to imaging and communications



Quantum optics

Quantum theory of the interaction of light and matter

New physics
— nonclassical states of light

— entanglement

One atom interacting with one photon

Many-atom problems are exponentially hard



Overview

Crash course in quantum optics

New tools for many-body problems
— real-space formulation of QED

— PDEs with random coefficients

Case studies

— spontaneous emission in random media

— two-photon transport



Quantization of the field

We consider a scalar model of the electromagnetic field (without polar-
ization). The field u obeys the wave equation
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We expand the solution into Fourier modes of the form

w(x,t) = ug(t)e™X
k

— CQA’U, :

and find that
’dk —|— w%uk = 0.

This corresponds to independent harmonic oscillator modes with fre-
quency wj = clk].



The oscillators are quantized by promoting the wu; to operators in the
usual manner. The Hamiltonian of the quantized field is given by

H = Zhwkalak .
k

The creation and annihilation operators obey the bosonic commutation
relations

[ak,CLL,] — 5kk’ ) [ak,ak/] =0 .
Here aL and aqi are defined by
al Ing) = Vg + 14+ 1) L arlng) = Vaglng — 1) -

Photons are collective excitations of the quantized field. There are n,
photons in the state |ng), each with energy hw;.



Two-level atom

We consider a two level atom with Hamiltonian
Hy = 2ol :

where Q2 is the transition frequency of the atom. Here o is the lowering
operator and ol is the raising operator for the atomic states. That is,
o = |0)(1|, where |0) is the ground state and |1) is the excited state.
Note that o obeys the fermionic anticommutation relation {o,o1} = 1.

If the atom is initially in its excited state it will remain there forever; it
IS an eigenstate.



The atom has an electric dipole moment which couples to the field
according to the interaction Hamiltonian

Hy = hgz (aLa -+ akaT) :
k

where the coupling constant g is proportional to the dipole moment.
The first term corresponds to loss of a photon by the atom and the
gain of a photon by the field; the second term has the opposite effect.

The coupling to the field causes the excited state to decay; this is called
spontaneous emisssion.



Many atoms

We consider a system of two-level atoms. The atoms are taken to
be sufficiently well separated that interatomic interactions may be ne-
glected.

Spontaneous emission involves transfer of the photon from one atom
to another. This leads to entanglement of the atoms.

The system is described by the Hamiltonian H = Hrp + H4 + Hj.

The Hamiltonian of the field is of the form

Hp = Z hwka;f{ak
k



The Hamiltonian of the atoms is given by

Hy, = ZhQa;aj :
J

The operators o and a; obey the anticommutation relations

{aj,a;r.,} =04
{O‘j,O'j/} =0.

The interaction Hamiltonian is of the form
kX —ik-X.:
Hy = sz:hgk (ak + aL) (ez Yo +e " XJUD :
J

where X j is the position of the jth atom.

The number of equations grows exponentially with the number of atoms.



Real-space quantization

In order to treat the atoms and the field on the same footing, we
introduce a real-space representation of the fields. To this end, we
define the operator ¢(x) as the Fourier transform of ay:

p(x) =Y eKXqy .
k
Evidently, ¢ is a Bose field with commutation relations

[6(x), 6T (x)] = 6(x — %),
[¢(x),p(x)] =0 .
Hpr becomes

Hp = e [ da(-8)21 e (x)

This follows from the facts that Hrp = hc )y \k|aLak and |k| is the Fourier
multiplier of (—A)1/2,



The operator (—A)l/2 is non-local and defined by the Fourier integral
a3k
(2m)3

It also has the spatial representation

(—A)/2f(x) :%p/d%f(X) -

x — y|*

(225 (x) = eXX|k|F(k) .

We do not attribute any physical significance to the nonlocality of Hp.



To facilitate the treatment of random media, we introduce a continuum
model of the atomic degrees of freedom. The atomic Hamiltonian then
becomes

Hy = hQ / d3zp(x)ot (x)o(x) |

where p is the number density of atoms. In addition, the atomic oper-
ators are replaced by a Fermi field o which obeys the anticommutation

relations
o(X O']L X — —1

{o(x),0(x)} =0 .

The interaction Hamiltonian is now

Hy = hy | Pzp(x) (6T (x)0(x) + 6(x)0T(0) -

S(x—x) ,



One-photon states

The total Hamiltonian is given by
H =1 [ d®2[e(-8)26T(x)6(x) + 20(x)oT () (x)
+ 9p(x) (6T (X (x) + ¢(x)oT(x)) | ,

Consider a one-photon state of the form

W) = [ &P [b(x, 06! () + p()alx, )T (0] 0) |

where |0) is the combined vacuum state of the field and the ground
state of the atoms. Here a(x,t) denotes the probability amplitude for
exciting an atom and ¥(x,t) is the amplitude for creating a photon.

The amplitudes obey the normalization condition

[ @ (jo e, O + pGlalx D) = 1.



The dynamics of the state |W) is governed by the Schrodinger equation
iho | W) = H|W) .
We find that a and i obey

i0) = (=) 2% + gp(x)a
10ra = g + Qa .



Single atom and spontaneous emission

Consider a single atom at the origin with p(x) = §(x). We assume that
the atom is initially in its excited state and that there are no photons
present in the field. The probability that the atom remains in its excited
state decays exponentially at long times (I't > 1):

a(0,)]* =",
where
72?2
7TC3 .

This agrees with the classic result of Wigner and Weisskopf from the
1930s. Notably, they did not make use of the PDE point of view.

[ =

Likewise the one-photon probability density is

15(0,6)[2 = i
’ (Q—6w)2+T2/4"°
where dw is the Lamb shift, which must be renormalized. The above

has the form of a Lorentzian spectral line. This should be compared to
the scattering cross section for a point scatterer in classical optics.




Random media

In a random medium, we wish to determine (Ja(x,t)|?) and (|9 (x,t)]?),
where (---) denotes statistical averaging.

104 = (=) + gp(x)a |
10ra = g + Qa .
The atomic density p(x) is taken to be a random field of the form

p(x) = po(1 + n(x)), where pg is constant. The density fluctuation n is
a statistically homogeneous and isotropic random field with correlations

(n(x)) =0,
(nx)n(y)) =C(x—-yl) -



The solutions a and  oscillate rapidly on the scale of the wavelength.
We are interested in high-frequency asymptotics. Here the propagation
distance is long compared to the wavelength, the propagation time is
large compared to the period, and p is slowly varying.

We introduce slow space and time coordinates x — x/e and t — t/e,
where e is small. The rescaled amplitudes a¢(x,t) = a(x/e,t/e) and

We(x,t) = Y (x/€,t/e) satisfy
1€0¢he = GC(_A)1/2¢6 + gp0 (1 + \@U(X/GD Qe ,
i€0tae = ghe 1 S2ae .

We consider the high-frequency limit ¢ — O and rescale n so that the
randomness is sufficiently weak with C = O(e).

The high-frequency, weak disorder regime is precisely the setting in
which radiative transport theory holds for classical wave fields.



wigner transform

The Wigner transform is defined by

3./
We(x,k,t) :/(Zw)3

where U¢(x,t) = (Ye(x,t),ae(x,t)). W can be thought of as a phase-
space probability density. The probability densities |ie(x,t)|2 and |ac(x, t)|2
are related to the Wigner transform by

be(x )2 = [ Wi (x, k1) |

lae(x, t)|2 = / BEWS,(x, K, t) .

e_ik'X,Ue(X —ex'/2,t) @ UX(x 4+ ex'/2,t) ,

The diagonal elements of W are real-valued, but not generally non-
negative. However, in the high-frequency limit ¢ — 0, W becomes
nonnegative.



Radiative transport

The average Wigner transform can be decomposed into modes:

Wo(x,k,t) = ap (x,k, )AL (K) + a_(x,k,t)A_(K) .

It can be seen that in the high-frequency limit, the modes a4+ obey a
kinetic equation of the form

1 R -
—Oia+ + k- Vxar + orat+ = /dk’A(k, KNa+(x, k', t) .
c

The absorption coefficients o+ depend on the parameters pq,g,k, $2.
The phase function A is related to density correlations. This is a long
story.

The diffusion approximation for a+ is constructed in the standard way.



Key ingredients

e [ he Wigner transform can be shown to obey an evolution equation

€i0tWe = L[n]We

e \We consider W¢ in the high-frequency Ilimit ¢ — 0 and introduce a
multiscale expansion of the form

WE(X) k7 t) — WO(X7 ka t) _I_ \/EW]_(X,X,k,t) + EWQ(X,X,k, t) _I_ Ty

where X = x/e is a fast variable and Wy is taken to be deterministic.

e By separating terms of order O(1), O(y/¢) and O(e), we obtain a
hierarchy of kinetic equations. By averaging over n and introducing
a suitable closure, we get the required kinetic equations.



Spontaneous emission

We suppose that the atoms are initially excited in a volume of linear
dimensions [s and that there are no photons present in the field:

3/4
a(x,0) = (i) o XP/22

w2

Y(x,0) =0 .

The Kinetic equations are solved in the diffusion approximation for an
infinite medium. We assume isotropic scattering with A = 1/(4xn) and
set Qls/c=1, po(g/)? = 1.

At long times (Q2t > 1)
C 1
(la(x, )2 = 575+ 0(55) -
(O = 2 +0 (=5
<|¢ X, | >_t3/2+ (5/2) :
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Two-photon states

Recall the Hamiltonian
H=h [ d®[o(-2)126/ (06(x) + o)t () (x)
+9p(x) (¢! (x)o(x) + ¢(x)0T(x)) ] ,

Consider a two-photon state of the form
¥) = /d3w1d3332 o(x1,%2, )97 (x1) 9T (x2) + p(x1)91(x1, %2, )¢ (x1) 0T (x2)

+ p(x1)p(x2)a(x1, %2, )0 (x1)o" (x2)]10) -

Here a denotes the amplitude for exciting two atoms, 5 is the amplitude
for creating two photons, and 4 is the amplitude for jointly exciting an
atom and creating a photon. Here a is antisymmetric (fermionic) and
o IS symmetric (bosonic).

Note that there can be entanglement of both the photons and the
atoms.



The dynamics of the state |W) is governed by the Schrodinger equation
1hoy | W)y = H|W) .
We find that a, 11 and > obey
: g ~
102 = (=) V22 + e(=8x) VP2 + 7 (p(x1)v1 + p(x2)01)
i0p1 = |c(—Dxx) 2 + Q| 1 — 2gp(x2)a + 29¢5 |
idha = 5 ($1 — 1) +2Qa ,
where 11 (x1,%2) = ¢1(x2,X1).
For the case of a single atom, we obtain a modified exponential decay

of the population of the excited state, which describes the process of
stimulated emission.



Radiative transport

In a random medium, the average Wigner transform can be expanded
into modes in a manner similar to the one-photon problem. It can be
seen that in the high-frequency limit, the modes a;(x1,k1,X5,k>), where
1 =1,2,3,4 obey Kkinetic equations of the form

1 o~ ~
Zatai —I— kl . Vxlaz- —|— k2 : VXQCLZ' —I— o;Q; — 7;&7; .

T he coefficients o; depend on the parameters pg, g, k,$2. The transport
operator 7; is related to density correlations.

T he diffusion approximation for a; is constructed in the standard way.



We suppose that two photons are present in the field and that the atoms
are initially in their ground states:

Yo(x1,%5,0) = o—x1-yol?/215 —|x2—y1]?/2I3 + o—Ix1—y1[2/212 —|x2—y0|?/2I2 |

YP1(x1,%2,0) =0,
a(x1,x2,0) =0 .

We note that the initial two-photon state is entangled (not separable).

Entanglement cannot be created by scattering an unentangled incident
state.

The kinetic equations are solved in the diffusion approximation for an
infinite medium. We assume isotropic scattering and set Qls/c = 1,

po(g/Q)?% = 1.
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Conclusions

e Many-body problems in quantum optics present fundamental math-
ematical challenges

— computational cost grows exponentially with the number of atoms

— this is more than a technical problem; it is a problem of principle

e Real-space quantization

e Kinetic equations

e Applications to spontaneous emission in random media and trans-
port of entangled two-photon states.



Open problems
Entanglement measures
Imaging with entangled two-photon states
Localization for (—A)/2 4+ v (x)

Resonances for (—=A)Y/2 4+ v(2)
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