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Goal of talk

e Describe two approaches for building data driven reduced
order models (ROM) for linear PDE's.

— Parabolic PDE and describe ROM construction in Laplace
(frequency) domain.

— Hyperbolic PDE and describe causal ROM construction
in the time domain.

e Give some details on how we used the ROM for inversion.




Two Inverse problems

o

e Find coefficient g(x) of A = -V - [¢q(x)V] in parabolic PDE
oru(t,xz) + Au(t,z) =0
u(0,z) = b(z) = BV (=),...,b™ ()
opu(t,z) =0 on 0Qac, u(t,z) =0 on 0Qjnac
. m
e “Sensor functions” (b(s)(m))s_l are supported near 03¢

Data: matrix D(¢) = /Qdach(a:)u(t,m) — (b, u(t,-))

Work in frequency domain with 2n matrices:

— oo —
D(wj):/O dte “'D(t), 8,D(w;), j=1,...,n




Two Inverse problems

0Q,¢

r ARTARTARTARTAN ARTARTAK [}

e Find coefficient ¢q(x) of symmetrized A in hyperbolic PDE*

(’9152u(t, x) + Au(t,z) =0
u(0,x) =b(x), u(0,x) =0
Opu(t,) =0 on 0ac, u(t,z) =0 on 9Qjnac

Data: 2n matrices D(t;) = /Q dx bT(:c)u(tj,w) = <b,u(tj7 ')>

at time instants t; = j7, for 5 =0,...,2n -1

*Acoustics: ¢ = ¢ = wavespeed, u =pressure/c and A = —cA(c) 4



Parabolic PDE: ROM in the frequency domain

e Laplace transform (droping hats) of field at frequency wj IS
ui(z) ;= u(w;,z) = (w;I + A) " 'b(x)
and we know
D(w;) = <b, uj> — <b, (w;l + A)—1b>
BwD(w;) = — <b, (w;l + A)—2b>, i=1,...,n

e ROM is a pair A" ¢ R"MX"M gnd b € R XM that interpo-
lates data:

D(w]) — bROI\/IT(ij_I_AROM)—leOM
0uD(w;) = —b (w;Il + A™) 26 j=1,....n




ROM via Galerkin approximation

e Galerkin space: range U(x), U(x) := (ul(m),...,un(a:))

u(w, @) #U(x)g(w) st. UT|(wl+ AUg(w) —b| =0

where UTU = (<uj’ul>)1§j,l§n

At w=w;: uw(wj,z) =uj(z) =U(x)e; ~ g(w;) = e;

Here e; = matrix with jth block equal to I,,, and zero elsewhere.

e With nm X nm matrices: M =UIU and S =UT AU ~

(WM + S)g(w) =U"b, Vw. (1)

We don’'t know approximation space but can get M and S and
thus g(w) from data.




Proof: From data to M and S

e Diagonal of M is easy:
Mj] — <U_j,11j> — <(ij -+ A)_lb, (ij -+ A)_1b>
— <b, (w;l + A)—2b> = —8,D(w;)
e Eq. (1) for w =w; s.t. g(w;) = e; multiplied on left by e/ ~»

ijlj + Sjl — eér(w]]\/[ + S)e] — <11l, b> — D(wl)

o Takingl=j ~ S;; = D(wj) + w;j0wD(w;)

e If [ = 5, we obtain similarly, using symmetries,

wlMlj —I- Sjl — D(w]) ~

M

_ D(wp) — D(wj)’ 5, = w;D(w;) — WlD(wl), P

wj—wl wj—wl




ROM via Galerkin projection

e Let columns in V(x) be orthonormal basis of Galerkin space
given by Gram-Schmidt

Ux)=V(@)R ~ M=U'U=R'R
Upper triangular R given by Cholesky factorization of M

e The ROM:
A =VIAV = RTIUTAUR =R TSR}
D(w1)

b =Vie=RrR 1Uulb=R 71 :




ROM equation

Galerkin eq. (wM +S)g(w) =U'b withU=VR & M = RTR

~  RY(wI+ R_ZgR_ DYRg(w) = RT x;'Tb

e ROM Galerkin equation:

(CUI"‘ AROM)uROM(w) — bROM7 uROM(w) — Rg(w)

Data driven ROM satisfies discrete equivalent of the PDE

e Using g(w;) =ej, for j =1,...,n,

ROM +__ - ROM N\ — L — T R T .
ui" = u"(w;) = Re; = V- Ue; = V" u,

and therefore

u;(x) = VVTuj(:B) = V(x)u}"




ROM data interpolation

e For = 1,...,n we have

D(wj) = <b, uj> = (b, V) (w;I + AROM)_lemj

“\~
ROM
uO

T ;
bROM j

e For derivative:

0D (w;) = = (b, (wil + A)7?b) = —(u;, u;)
=3 <V uy™, VuROM>
= —u (V,V)up

ROMT ROM

J J
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Which is the best ROM?

e For any orthogonal matrix L € R"MXnM the data is also inter-
polated by

l?iTROM :: LTAROML and EROM :: LTbROI\/I

e We use L that makes A®" block tridiagonal and b zero except
in the first block

ROM eq. (wI+ A™)a="(w) = b™ is finite difference scheme for
(wl + A)u(w,z) = b(x)
with 3—point stencil in depth

e [Transformation to block tridiagonal is via the Lanczos iteration
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Sensitivity of map ¢ — entries in A in 1 — D

e Sensitivities are large in grid cells calculated for ¢ =0

e [ his grid tells us if we have good frequency samples
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Inversion results (initial guess ¢ = 1)

A r Black: True q
:| . 031038:032_5 B u‘h — 3_3?‘1‘302503& S | ;. e i’:u:._ui e Blue: 1St Iteratlon
Red: 5th iteration

ROM (top to bottom)

1.280-02 313.36-02 Size iS mn — 4, 5, 6
Relative error displayed
in each plot

1.00e-02 1.05e-02 "r‘ - 356e—02

e Instead of Least Squares data fit,lve find coefficient g by min-
imizing misfit between data driven A and the ROM calculated
for the trial q.
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Inversion results 2-D (initial guess ¢ =1)

14
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e Other results based on estimates u;(x) = V(a:)u;.OM R~ Vo(az)u;-OM
were discussed in Shari Moskow’s talk.
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Hyperbolic PDE: Causal ROM construction

e Find coefficient g(x) of self-adjoint, positive definite A in

8152u(t, x) + Au(t,x) =0
u(0,xz) =b(x), Ju(0,x) =0

with homogeneous boundary conditions.

e Data are

D(t;) = (b,u(j,)) = (b,cos(jrVA)b), j=0,...,2n— 1.

e ROM is not for A but for wave propagator P = cos (7\/Z)
Note: u,(z) := u(jr,x) = cos(jTvVA)b(x) = cos (j arccos P)b(x)

T;(P) = cos (j arccos P) = Tchebyshev polynomial of first kind
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Dynamical system for propagation and Galerkin projection

e Recurrence relation of Chebyshev polynomials ~
u,,(z) =2Pu(z) —u, (), 7=0, x€
uy(z) = b(x)
u, () = U_l(w)
e Galerkin space: range U(x), U(x) := (uo(a:),...,un_l(a:))

u,(z) ~U(x)g,, with g, € R"*™ satisfying

UT(Ugj+1 —2PUg; + Ugj—l) =0, U'U= (<uj’ ul>)0§j,l§n—1

First n coefficients: g, =¢;, ... , g, ; =€,
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From data to Galerkin projection

o Galerkin eq. Mg, =259, — Mg, ;, j=>0

g,=e€e;, 0<j5j<n-1
e Data — nm X nm matrices M =UTU and S =UTPU :

M, = (w,u;) = (T(P)b, T;(P)b)

lj

= (b, TUPYTi(PYB) = 3 (b [Ti4,(P) + Ty (P)]o)

1

= - (Dit; + Dy

Similarly,

1
S,y = (u, Puj) = 2 (Digjr + Dyjoiga) + Dy + Dpyjoa)

lj
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ROM dynamical system

RO11 g12 gln
e Square root M = R'R (Cholesky) ~» R = ( : 22 2n)
0 0 ... Ru

Multiply Galerkin eq. Mg;y1 = 2Sg; — Mg;_1 by R™1 on left

uROl\/I — QPROMUR,OM _ uROl\/I — C)7 j > O

Jj+1 J j—1 -
uROM — bROM

0
uROM — uROM

1 —1

e ROM snapshots: u;-OM = Rg; and propagator P = R TSR1

e Gram-Schmidt: U(x) =V(z)R ~ u™ = Rg; = vT Ug, and
J N——
~U

J

P =R TSR '=RTU"PUR™ ' =V'PV
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Preserving causality is important

e 1-D ilustration (1 source/receiver): snapshots u(jr,x) plotted
vs. 7 =20,1,... (horizontal axis) and x (vertical axis)

e gy . = - -
. " - -, "
- - . Vat e T

-Rdl.l ng ﬁln
¢ ROM snapshots:  (ug",...,uf*) =R=| . 22 ... Rop
0 0 ... Ry

— In higher dimensions we have mxm blocks (m sources/receivers).
Rows of blocks model advancement of wavefront.

e Gram-Schmidt U(x) = V (x)R maps nearly triangular U(x) to
R ~ V(x) weakly dependent of reflectivity.
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Illustration for sound waves in 1-D
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Illustration for sound waves in 2-D

reflectivity Co
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Qualitative imaging*

e Consider internal “fictitious source” at y € €2

n—1
Sy(x) = VVTs(x—y) = vi(@) (v;,6¢ —y)) = V(@)V'(y)
5=0

e Generated wave after one time step 7 :
Poy(x) = VVIPsy(x) = VVIPVVIs(x —y) = V(z)PVI(y)
~ Backprojection imaging function:

I(y) == Vo) (P = P5" )V (v),  VyeQ

22

*Results for acoustic wave equation: Druskin, Mamonov, Zaslavsky - SIAM
Imaging Sci., 2018



Backprojection vs Reverse Time Migration
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Backprojection vs Reverse Time Migration

True c Kinematic model ¢,

-7.63-5.90-4.16-2.43-0.69 1.04 2.78 4.51 6.24 7.98 -7.63-5.90-4.16-2.43-0.691.04 2.78 4.51 6.24 7.98

ROM backprojection RTM image
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Other inversion results

e Quantitative inversion for reflectivity (rough part of wave speed):

B., Druskin, Mamonov, Zaslavsky, Zimmerling, Reduced Order
Model Approach to Inverse Scattering, SIAM Imaging Sciences
13 (2), 2020, p. 685-723.

e ROM used to approx. derivative of reflectivity — {Dj}OngQn—l
i.e., linearized (Born) model assumed in conventional imaging:

B., Druskin, Mamonov, Zaslavsky, Untangling the nonlinearity
in inverse scattering with data-driven reduced order models, In-
verse Problems 34 (6), 2018, p. 065008

B., Druskin, Mamonov, Zaslavsky, Robust nonlinear processing
of active array data in inverse scattering via truncated reduced
order models, Journal Comp. Physics 381, 2019, p. 1-26.

e With Josselin Garnier we are working on other applications and
on velocity estimation.
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