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Overview

Two results.

I Uniqueness for fixed angle scattering problem in Rn.

I Operator �+ q(x).
I Transformed to time domain problem - prove stability.
I A formally determined problem
I Collaboration with Mikko Salo. Available on Arxiv.

I Stability for q(x , t) ‘fixed angle scattering’ problem in Rn.

I Operator �+ q(x , t)
I A time domain result.
I A formally determined problem.
I Collaboration with Venky Krishnan and Soumen Senapati.

Available on Arxiv tonight.
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Statement of two scattering problems

I Operator �+ q(x), x ∈ Rn, n > 1, q real, smooth, compact
support.

I support of qω

θθ

θ θ

θ

Incoming wave in direction ω.
α(θ, k, ω) is far field pattern in
direction θ, for frequency k .

I Fixed angle scattering problem: For fixed ω, invert

F : q → α(θ, k, ω)||θ|=1,k∈R.

I Back-scattering problem: Invert

B : q → α(−ω, k , ω)||ω|=1,k∈R.

More difficult; cannot show B distinguishes q = 0 from q 6= 0.
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Previous results for fixed angle scattering problem

I B unit ball, q real, smooth and supported in B.

I Fixed angle scattering problem: For fixed ω, invert

F : q → α(θ, k, ω)||θ|=1,k∈R.

I Prosser ’92 - for small q, construction of inverse as a series.

I Bayliss, Li, Morawetz ’89 - F(q) = 0 implies q = 0.

I Stefanov ’92, Barcelo et al ’18 - injectivity for small q; Barcelo
et al less regular q.

I Stefanov ’92 - injectivity on dense open set.

I Greenleaf-Uhlmann ’93, Ruiz ’01 - recovery of ‘principal
singularities’ of q.
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Our results (with Salo) and later results

I Fixed angle scattering problem: For fixed ω, invert

F : q → α(θ, k, ω)||θ|=1,k∈R.

I R & Salo ’19: For fixed ω, injectivity of the map

G : q → [α(θ, k,−ω), α(θ, k , ω)]|θ|=1,k∈R.

I R & Salo ’19: For fixed ω, F(q) = F(q + p) implies p = 0 if
p is even/odd in direction ω or p ’controlled’ in directions ω⊥.

I Ma & Salo ’20: Extended results to ∂2t −∆g + q; fixed
restricted g .

I Merono, P-Machado, Salo ’20: Extended results to
∂2t − (∇− A)2 + q; about recovering curlA, q.
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Idea - convert to equivalent time domain problem

I support of qω

θθ

θ θ

θ

Fixed angle scattering : ω fixed
q(x) supported in B.

q → α(θ, k , ω)||θ|=1,k∈R.

I Let U(x , t, ω) be solution of IVP

(�+ q)U(x , t) = 0, (x , t) ∈ Rn × R,
U(x , t) = δ(t − x · ω), t << 0.

I U(x , t, ω) = δ(t − x · ω) + u(x , t, ω)H(t − x · ω) where

(�+ q)u(x , t, ω) = 0, t ≥ x · ω,

u(x , x · ω, ω) =

∫ 0

−∞
q(x + sω) ds,

u(x , t, ω) = 0, t < −1.

O

.

ω

B

t

x

t=x ω.

I α(θ, k, ω)||θ|=1,k∈R (fixed ω) equivalent to u(x , t, ω)|∂B×R.
What is time domain equivalent for fixed θ, ω? Conjectures.
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Result for equivalent time domain problem

I

(�+ q)uq(x , t, ω) = 0, t ≥ x · ω,

uq(x , x · ω, ω) =

∫ 0

−∞
q(x + sω) ds.

uq(x , t, ω) = 0, t < −1.

O

.

ω

B

t

x

t=x ω.

I Goal: Fix ω, invert F : q → uq(x , t, ω)|x∈∂B,t∈[−1,T ].

I Theorem. Fix ω. For p, q supported in B and T > 6

‖p‖L2(B)4 ‖uq+p − uq‖H1(∂B×[−1,T ]) + ‖uq+p − uq‖H1(E)

(E is ‘curve’ of intersection) provided

I we use ω and −ω;
I or p even/odd in direction ω or controlled in directions ω⊥.

I Uses Bukhgeim-Klibanov method as modified by Yamamoto,
Puel, Imanuvilov, Isakov, Bellasoued. More later.
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Second problem - time dependent coefficients

I q(x , t) smooth function on B × [0,T ];

I Let u(x , t) be solution of IBVP

�u + qu = 0, on B × [0,T ],

u = f , ut = g , on B × {t = 0},
u = h, ∂B × [0,T ]. O

.

B x

t=T

u=f,  u_t=g

u=h

I Define D-N type map Λq : (f , g , h)→ (∂νu|L, u|H , ut |H);
L lateral bdry, H top/highest bdry.

I Goal: Invert q → Λq. Note unknown q(x , t) depends on x , t.
I Why use initial f , g? Why measure on H?
I Results: injectivity, logarithmic stablity, partial data.

Stefanov, Sjostrand, Ramm, R, Salazar, Bellasoued, Kian, ....
I Overdetermined if n > 1. Results obtained using products of

geometric optics solutions.
Lassas et al ’20 - semilinear - undetermined problem.
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Our problem and result (with Krishnan & Senapati)

I q(x , t) smooth on Rn × R, support in B × [0,∞).

I Fix ω. Let U(x , t; τ) be solution of IVP

(�+ q)U(x , t; τ) = 0, on Rn × R,
U(x , t; τ) = δ(t − τ − x · ω), t << 0.

O

.ω

B

t=T

x

t=τ+x ω.

I Define u(x , t; τ) = U(x , t; τ)− δ(t − τ − x · ω);
Goal : Invert q → (u|L, u|H , ut |H)τ∈R
L is lateral boundary, H is top/highest boundary.

I q depends (n+1) parameters, data depends (n+1) parameters.

I Theorem (Lipschitz stability)

‖q−q́‖0,B×[0,T ]4
∫ T+1

−1
‖u−ú‖1,L+‖u−ú‖1,H+‖ut−út‖0,H dτ.

I Used adapted version of Bukhgeim-Klibanov method.
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The Bukhgeim-Klibanov method - q(x) case

I Bukhgeim and Klibanov (1981): Carleman estimates and
inverse problems. Isakov; Imanuvilov and Yamamoto (2001):
adapted [B-K 1981]. We adapt [I-Y 2001].

I (Modified B-K problem). B bounded, S = ∂B, p(x) smooth.

�u + qu = p(x)v(x , t), (x , t) ∈ B × [0,T ]

u(x , 0) = p(x), ut(x , 0) = 0, x ∈ B

(∂νu)(x , t) = 0, (x , t) ∈ S ∈ [0,T ].

Goal: Invert p → u|S×[0,T ].

I How did unknown p(x) appear in initial data?
B-K: used positive internal source.
Our problem: exterior impulsive source, prog. wave expansion.

I D-N type problems: work with products p(x)v(x , t)w(x , t) -
use many solutions v ,w . Of course - no p(x) in initial data.
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The B-K method continued - q(x) case

I (Modified B-K problem). B bounded, S = ∂B, p(x) smooth.

�u + qu = p(x)v(x , t), (x , t) ∈ B × [0,T ]

u(x , 0) = p(x), ut(x , 0) = 0, x ∈ B

(∂νu)(x , t) = 0, (x , t) ∈ S ∈ [0,T ].

Goal: Invert p → u|S×[0,T ].

I B-K method : Estimate initial u(x , 0) = p(x); issue is

‖p(x)‖B = ‖u(x , 0)‖B 4 ‖p(x)v(x , t)‖B×[0,T ] + data

I Useful only if v small or T small.

I (B-K) Use weighted (Carleman) estimate - weight eσφ(x ,t),
φ(x , t) strictly decreasing in |t|.

I Since φ(x , 0) > φ(x , t) for t > 0, weighted ‖p(x)‖B on LHS
dominates weighted ‖p(x)v(x , t)‖B×[0,T ] on RHS.
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