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MATH 3A — FINAL EXAM

{10 points, I point eacl) Label each statement as TRUE or FALSE.
In this question, you do NOT have 1o justify your answer. Each cor-
rect answer will get | point and each incorrect or illegible answer
will get O points.

(a) If A is row-equivalent to B, then Nul{A) = Nul(B).

(b) If A has orthonormal columns, then the least-squares solution ( TA
of Ax =bisx = ATh ~ T )
= x=A

(c) If A has orthogonal columns, then the orthogonal projection of
xonCol{A)isX = AATx  ( CeLurNe NEES To UOF onT’Hoquan)

(d) If A is an eigenvalue of A, then A? is an eigenvalue of A® ( A ‘v= AAv= A(] V)
[1] = JAV=\y= V)
is

(c) If Ais a 2 x 3 matrix, then the set of solutions of Ax =
a subspace of R? ( [%] le Ner N IT)

(f) If T is linear transformation from R™ to R™ that is one-to-one,
then T is also onto R™ A= (é?} Prver IN EVERY Cel, UM NcF
ce EVEaY Now

(g) The pivot columns of A form a basis for the column space of A

(h)y If Tis a Iinéar transformation from R!{ to R¥, then the matrix
Aomea%xdmalnx ( 3X"~| WT"H’)()
(i) If A is similar to B, then B is similar to A ( A= PB P-) =) 0= ?-IA P_ =
= RAR )9=P/

A= (2] at= (22012

(i) If A? = O (the zero-matrix), then 4 = O




MATH 3A — FINAL EXAM
2. (10 points) Find the eigenvalues of

A=[ .33}

Note: You do NOT need to find the eigenvectors of A

1

LS
A 2

AT-A = A"q -2 =3
I\I | ) A-y 3
o -y AT
- 3 + 2 )3 -3 }A-
= (A-9 A—q\ . , q_ﬂ')  a

= (A-9) [(4-\)(q—a) HL] F2( -9 +6) = (- +2(A~1))
= (1-9) (/\L*lo)*‘?“&) Fo(d=1) =3(24-2-9)

= (a-q) (X-1ed +21) r2(33) —3(23-¢)

it

(A=) (3-3)(A-3) + 2 (j:) ~c(23)

- -y [G-90-n) re-d)
< (}-)) [ =) +2v-9 )

= (3-y) (As=1d +24)

= (3 (A3)(3-7)

= (A3 (A-%) =0

=) J=3 Amw A—‘-S’"
|




4 MATH 3A — FINAL EXAM

3. (10 points) Find a diagonal matrix D and an invertible matrix P
with A = PDP!

2 2 -1
A=11 3 =1
-1 =2 2

Note: You can assume, and you do NOT need to show, that A has
eigenvalues A =land A =5

-2 - —<4 |
\) A=t NUL (:LI—-A) = NUL[*J -3 )
)

2 t-<4

"
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|
fi
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<
=
CJo__
0
0 n
Q I
o)

[J [‘“’*‘]=v[‘£} ve [3)
O e VL))

' S~2 =2 !
2 == v (ST-A)= N[y o] ')

3 0~
= NUL )+ 3
_ NUt Cx
SR AR CERY A
R 3 =2 L
) 2 3 )23 '
- NUL Toqu =NUL[OI,jj(X-¢)=NUL Ié'l
— z ol )
+2 =% = =) X= _ - 2 /- A = MmN
[ :+E=o ’\(-—% ) z&] [”] '@ [pe ’[" }

e [0 [1F)] ) Fi7)]
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4, (10 points) Use Cramer's rule to solve the system Ax = b, where

s
2 ) S
Vo

e

= 3( 2-[) - Y( f-—a) +q<]—q)= 3+~ T~y

: DI
e - -y
~y ;
= 2 _Ap
-4 o
FaAE _ 34y
V= ,(o;,/ 12.{)4'— 1] o= TREE e (o
eyl = - : —y
. 4
_ vosf ! = l2} _ | 3 4 —¢ +S .
= 2] ?k_o/ {LI} /12) = _I—,_q,/'/-«-—-'—




6 MATH 3A — FINAL EXAM

5.(10=4+ 1+ 2+ I+ 2 points) In this question, there will be no
partial credit for each sub-part.

For the following matrix A, find:

(a) A basis for Nul(A)

(b) dim(Nul(A))

(c) A basis for Col(A)

(d) Rank(A)

(e) State the Rank Theorem

1 1 -3 7 9 11 -3 7
1 2 -4 10 13 01 -1 3
A=1]1 -1 =1 1 1 00 0 1
1 -3 1 -5 -7 00 0 0
1 -2 0 0 -5 00 0 O
p1-3 O
~l er- O %
o o | —~I
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(¢) Bayu Fen cet(n) g[.’]’ [:ijj[i’o:}

(d) s A)z 3

(¢) nak(a) +Ortnulal) < n




MATH 3A — FINAL EXAM 7

6. (10 points) Use the Gram-Schmidt Process (o find an e TEEnERY
basis for H = Span {u;, uz, uz}, where ChTHOGGA AL

T 9) T L
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] MATH 3A — FINAL EXAM

7. (10 points) Using orthogonal projections (that is, by calculating B)
find the least-squares solution and the least-squares error of .Ax =
b, where




MATH 3A — FINAL EXAM Y

8. (10 points, 5 points each) Label each statement as TRUE or FALSE.
In this question, you HAVE to justify your answer, meaning that if
the statement is true, you have to explain why it's true, and if the
statement is false, you have to give an explicit counterexample and
show why it’s a counterexample

@ (2) For any 2 x2 matrices A and B, det(A+B) = det(A)-+det(B)
A [Q ol 7 ol
|G

TIEN mgrlA) +bET(lS)"‘ oo

our prr(at) = oEr([;:)+[z;’J)=W([;:))=f

’oo} - 04+0=0
+

o] A

@ (b) If A is invertible, then A is diagonalizable
v
LET /a = Qo f

Toew LET(RI=] F O, 49 A s JNVERTIBLE

wr A s NeT blagonaL1 24BLE N
Wh' 7 |aT-Al= A ") = (A1) =0 T =
,__._—-J' O A-1
- -y = = Y:O
-A)= ¢f @i k¢
=l v (L =ad= WY [Qc] _ M )=[¥ =x[fj
| a=[3)= (177l

- e 1)

A Reg oy L (L;F) 1 GEnVECTon , fo A e Nl HaCCHAUR 4L



i0 MATH 3A — FINAL EXAM

9. (10 points) Let u be a (nonzero) eigenvector of A corresponding to
A and v be a (nonzero) eigenvector of A corresponding to i, where
A # p. Show that u and v are linearly independent. Explain where
you used the fact that X # u

Hint: Start with the definition of linear independence of u and v.
On the one hand, apply A to your equation. On the other hand,
multiply your original equation by A.

)UPPCJE o U +H5Y = & ‘
1
oN TIHE oNE Manh Alal + AV )= A2

Alal)+ AlL¥)= 2

a AU + €AY=2C

\

AU +hpY=2 1)

M
*o JNCE FEA
) /ev_‘_/__—: I o =0
=
(
= AV=2 = =0 (,yce V?ﬁ..?_)
U TREN oY +4Y =0 m al +0¥72 — au=2 = as=o
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10. (10 poinis) The Grand Finale!!!

Welcome to the fierce final battle between Son Goku and Vegeta!
Let s, and v, be the HP (Hit Points) of Son Goku and Vegeta after
round n and-v;-be-the-HP-ofVegetn. Assume that

) 1
Spel = 3-‘?n T 5
Unt1 = $n + OV

Assume that initially, sg-—=sp-=18-(not over 9000, sadly)

.fo-‘-\O,Vo:S

This time, unlike the Pokemon battle, assume that it’s ok to have

negative HP (which just means that they continue battling in the af-

terlife).

Question: What happens to s,, and v, as n — 00 ?
)) S [ 3~ r/< [
\VANE N

2)  DIAGoriRl A

|AT-Al= SN = 4(-\‘3)-# ’

=

U UuL(I-A)-

NU([’-—]& Ve = Nul ] — /e e = MU
- | ! | / °

((xmr=e = X

}JDL( IA)
(X—-:,:' y=o 0=

-
=

v L [ AL ]

-3 L
N [< LI S RN AT B R N
- 12 =) 1

x=ly = X:[»r] [!/4\(]“7[:/?) = spav)

[

A= puwp’, b= [om p= [M] JP‘“’)[”
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