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1. (10 points, 1 point each) Label each statement as TRUE or FALSE.
In this question, you do NOT have to justify your answer. Each cor-
rect answer will get 1 point and each incorrect or illegible answer
will get 0 points.

(a) If A is row-equivalent to B, then Nul(A) = Nul(B).

(b) If A has orthonormal columns, then the least-squares solution
of Ax = b is x̂ = ATb

(c) If λ is an eigenvalue of A, then λ2 is an eigenvalue of A2

(d) If A is a 2× 3 matrix, then the set of solutions x of Ax =

[
1
0

]
is a subspace of R3

(e) If T is a one-to-one linear transformation from Rn to Rm, then
T must also be onto Rm

(f) The pivot columns of A always form a basis of Col(A)

(g) If T is a linear transformation from R4 to R3 and A is the ma-
trix of T , then A is 4× 3

(h) If A has orthogonal columns, then the orthogonal projection of
x on Col(A) is x̂ = AATx

(i) If A is similar to B, then B must be similar to A

(j) If A is 2× 2 and A2 = O (the zero-matrix), then A = O
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2. (10 points) Find the eigenvalues of

A =

 4 2 3
−1 1 −3
2 4 9


Note: Do NOT find the eigenvectors of A
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3. (10 points) Find a diagonal matrix D and an invertible matrix P
with A = PDP−1

A =

 2 2 −1
1 3 −1
−1 −2 2


Note: You can assume, and do NOT need to show, thatA has eigen-
values λ = 1 and λ = 5.
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4. (10 points) Use Cramer’s rule to solve the system Ax = b, where

A =

3 5 4
1 2 1
2 1 1

 , b =

 1
0
−1


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5. (10 = 4 + 1 + 2 + 1 + 2 points) In this question, there will be very
little partial credit for each sub-part.

For the following matrix A, find:

(a) A basis for Nul(A)
(b) dim(Nul(A))
(c) A basis for Col(A)
(d) Rank(A)
(e) State the Rank Theorem

A =


1 1 −3 7 9
1 2 −4 10 13
1 −1 −1 1 1
1 −3 1 −5 −7
1 −2 0 0 −5

 ∼ B =


1 1 −3 7 9
0 1 −1 3 4
0 0 0 1 −1
0 0 0 0 0
0 0 0 0 0


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6. (10 points) Use the Gram-Schmidt Process to find an orthogonal
basis for H = Span {u1,u2,u3}, where

u1 =


1
1
1
1

 ,u2 =


0
1
1
1

 ,u3 =


0
0
1
1


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7. (10 points) Using orthogonal projections (that is, by calculating b̂)
find the least-squares solution and the least-squares error of Ax =
b, where

A =

 1 2
−1 4
1 2

 , b =

 3
−1
5


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8. (10 points, 5 points each) Label each statement as TRUE or FALSE.
In this question, you HAVE to justify your answer, meaning that if
the statement is true, you have to explain why it’s true, and if the
statement is false, you have to give an explicit counterexample and
show why it’s a counterexample

(a) For any 2×2 matricesA andB, det(A+B) = det(A)+det(B)

(b) If A is invertible, then A is diagonalizable
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9. (10 points) Let u and v be (nonzero) eigenvectors of A correspond-
ing respectively to λ and µ, where λ 6= µ. Show that u and v are
linearly independent. Explain where you used the fact that λ 6= µ

Hint: Start with the definition of linear independence of u and v.
Then apply A to your equation. On the other hand, take your origi-
nal equation and multiply it by λ.
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10. (10 points) The Grand Finale!!!

Welcome to the fierce final battle between Son Goku and Vegeta!
Let sn and vn be the HP (Hit Points) of Son Goku and Vegeta after
round n. Assume that sn+1 =

3

2
sn −

1

2
vn

vn+1 = 1 sn + 0 vn

Given that
[
s0
v0

]
=

[
10
5

]
, find

[
s∞
v∞

]

Note: Unlike the Pokemon battle, here it’s ok if sn or vn are negative
(it just means both fight in the afterlife). Also, sadly the answer is
not over 9000
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(Scratch paper)


