THIA — FINAL EXAM

1. (10 points, 1 point each) Lubel each statement as TRUE or FALSE.
In this question, you do NOT have to justify your answer. Each cor-

rect answer will get | point and each incorrect or illegible answer
will get O points.

@ (a) If A is similarto /, then A = [ ( A~nT = A= PXT ]’—' = FP-': :[_)

(b) If A is invertible and \ is an eigenvalue of A, then ; must be o
an eigenvalue of A~! ( Av= W o= y=ATAv)=dAT(V)=V S A VLY )

@ (c) For any matrix A, Col{ A) is orthogonal to Nul{A) Cet{A) L Nut (AT)

@ (d) A 3 x 3 matrix with eigenvalues A = 0 and A = 1 can never be
diagonalizable [3’ ?gj BAGanALIZABLE (1T DAGeNAL )

S o

@ (e) A 3 x 3 matrix with eigenvalues A = 0 and A = 1 can never be
invertible (0 I5 An E'GENVALUE)

@ (N If A is a 2x 3 matrix, then the linear transformation T(x) = Ax

is never one-to-one [k N CNMY 2 pryers Mex = 4 Faee Van
@ (g) If A is 1 2 x 3 matrix, then the linear transformation 7'(x) = Ax
is never onto R* (}3 ? :) piueT IN EVERY new = onie
f (h) The least-squares solution X of Ax = b is a vector in B™ that
satisfies | Ax — b|| < ||AX — b|| for all x WAx 40 S Wax—=4 1
@ (i) If 11 is an eigenvector of A corresponding to A = 1 and v is
an eigenvector of A corresponding to A = —1, then A**(u — . sers
V)=11+V AZO'CT(U_.U): Al"'qu —AZ"‘"'V: 4 U —(=n Vv
@ (j) For any square matrix A, det(34) = 3det(A) = U~(-NV

G ENE o

3 ’!o}:]

(o8]
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2. (10 points) Find a diagonalizable matrix D and an invertible matrix
P with A = PDP~!, where

4 =20 o0
A=[—1 3 0} 3) D = [’;L cJ
0 0 2 oo )
— G 5 - 1 G -2
) I)‘-L‘A) = A= ‘ I = Vo ! }
y oA 0 @ ) o
o Q —l'—)‘
B A-2) d-q 2
- ( | _\_jj

= (=) [(2-9)(a-3) -2
e [ 261+
= (3-0) (A =FA+l0)

- ) (A=) (-9

= (3-2)° (q-;_) =0 = Jd=2,5

-7 2 O
y Jd=2 NuL()__I..A); MUl 2-4 ¢ o = NUL L N
2-3 ¢ b=t
o o ©
o 2= 4

SNGHE e 110 [2)]
J )

Q0 —

Uppze = x=y = 2= [{) - [ (310l )
A=t NU{,(YJ_‘J‘): N ,UUL[} ) O
] o o ]
S = X= -2
( );?':;7 )

—_—NUL[:}SZJ.“‘fPle[_”
S [ [ )
Z) (EE ALeVE
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4. (10 points) Use the formula for inverses using determinants (section
3.3) to calculate A1, where

1 1 2
A=|2 -2 -1
2 1 1

per (A= | _2,/ _ /-a—:/ - /a -)

) 3 2 2

2 =2
2| =12 - +
Q27 = +|&3} )23) ’&’]
T |12 ) 2 - |t
!/0, }3) v 7_1} ’2’]
+ 1 2 | 2 rl12
_&.—.|] 2_"!) lz-—L,
- /_5' -5 -+ ¢ T
—| — )
g 574
_
-7 ~1 3
- -¥F a g
+6 b=y
S P =3
¥ | —5

B

2 =2
2 |

/
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3. (10 =35+ 5 points)
(a) Is the following matrix A diagonalizable? Why or why not?

(b) Find the B—matrix of A, where B = { B] ) [é] }

N EE
A_[—l 6]
R A R S

I
= J)¢<lod + 24 7]

— l‘l.._tg) + 253
-:(_}-.S)L::O =) 4

A=5 Wt (sI-A)= th(r“‘ - J:Mo([’“
6 ) -

) 5 -

(rmvme = xer = 2[5 <) 2 10)

omy 4 (L-I.) ElCenvecton, s @
(4) A[;J=[fjg’j[p') [3)
o[- (A0 0

u-')([,;_ o “_’[ )YGJ‘UH)_’
P

5= [3))

1]

| o

C )

|

>
oS5
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5.(10=4+ 1+ 2+ 1+ 2 points) In this question, there will be no
partial credit for each sub-part.
For the following matrix A, find:
(a) A basis for Nul(A)
(b) dim(Nwul(A))
(c) A basis for Col(A)
(d) Rank(A)
(e) State the Rank Theorem

2 -3 6 2 5 2 36 2 5 (x-2)
[ e G St P I B B WY L Y2
A=y %9 s 9]~B oo o1 3|/
-2 3 3 -4 0 00 0 0

2 -3 o @ -9
~ e & 3 ¢ 9
° o o | 3
® 9 <o o @
y 5
A @ =3 ©° 09 - 9/¢
°o © b oo 4/} rintf
o o Cg 0
= + 9/ S
) xo3ey —aks =S i;z_ﬂq;’)s
ef"f’”ﬂ i
- 4 5 = @
+9)2 s 1/L 9/
e ! - 3/2\;7 ' ! =1 \ LR
by -qf3s o
‘ - o !
Ky
/
Balts Fen MUL(A) 5 [1’*}) [ _?é;Jjg (i) R-‘“\/h/(,d): :
& -1
' e) O (nutia))+ navk(A)
1%) Lrr(nut(a)) = 2 (e) )= N

(¢) _Latly Fen cet (2) ?[_}]) [_;J) [:%}}
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6. (10 points) Use the Gram-Schmidt process to find the QR decom-

position of A, where G

o
l | Vl:uu[i) [J[) 1)
s () (uf)‘)[ JURE

Vi Vi

Ve Ue-Up = [) [w '/é []

Vi Ve = }"!—}-O:Ct/.

O

CREK
.

A Us - Vi 3 Vo = [‘)[} [J 1'} i
be ()" e ([/[))[) (["T[j)[)
- ) el L)

173 ,
_243 -
A <, )3 /J [,)
Vl = U3“U3 - [:) ["/’; [ 22’/1 /
(RECX Vi o= "'l'l-lJ-O:Ox// Vi Ve =t =1 +& = ©
| If‘ 3 = TA
2)  Wi= [ ] ['fvli ) = F
”V'“ © , [mf? T& Oﬁj[)’c’} S
- 1A —~INE 2/ ,j
o l)le [-}J [];/,Vrz -3 s 1 JLe 1)
2/
W= V3 o 1 ey oo n= Vo e
v 7 [7) [ e 0 WL IV

O o 2V

R (Y 5)
,® = T I )7
oW yn
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7. (10 points) Find the least-squares solution and the least-squares er-
ror of Ax = b. You may use any method taught in this course.

S

) Ennen Jax=41=
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8. (10 points, 5 points each) Label each statement as TRUE or FALSE.
In this question, you HAVE to justify your answer, meaning that if
the statement is true, you have to explain why it's true, and if the
statement is false, you have o give an explicit counterexample and
show why it’s a counterexample.

(a) If A is similar to B and B is diagonalizable, then A is diago-
nalizable.

AL = A=PepT -
5 blecoyenzase = b= KO Fen D DiAcewl

mew A= pup = P(OET) P
PR)d (5P

P2) b (PR)
= RORT , p=PR, b=brsek

(l

A (s dreGenslizay ¢

(b) For any vectors u and v in K", we have:
2 2 z 2
o+ v+ jlu—v||" =2l + 2{|v|*

: V) (U-V
putvl U=Vl =cu+v)‘CU+V) +(L=V) )
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9. (10 points) Suppose A satisfies AT = A and let u be an eigenvector
of A corresponding to A and v an eigenvector of A corresponding
to u, where A # p. Show that u and v are orthogonal. Cypteinvy WHENL \ U usth

Hint: Calculate (Au) - v in two different ways. You may want (o

use that x -y = x"y.

oM TRE CcaNE Haabd !

AWV = QUV

o TNE CTNEn RHA !

T AT
s (Vo=
=T AV
- vaY)
v V)
= (0V)
N
o Atuv) = V)
= (1) (uV)=°
o
= 0 <
vy =0
1>
= rV=o

= ULV

AoV

A%y

)

N

V
(AT=4)




MATH 3A — FINAL EXAM 1

10. (10 points) The Grand Finale!!!

WER Cwel Vs
Welcome to the final Twilight battle between Team Edward (vam-

pires) and Team Jacob (EEEEEE). Assume that the number of vam-
pires v,, and the number of JEiEg afier each round » are related
by the following system \wEnrfweL Vi ¢

1
Untl = r)Ur: - 5'* wa
Inyl = vy, ~ a%: W

) 0
(which means in the long-run, both species die out).

Find all the initial values [’”"] such that we have ["'“’] = [0]
v o

Note: Unlike the Pokemon batile-example, assume here that nega-
tive values of v, and ... are allowed

,) VN'H - l /L \) /' VN
WN-+) ) - “)' W/

2) NAG&UAJ3EJA
J—2 2 -=(4-1)(4+§- +2

T-Al=
)q —3. d+gp
PR R
— ) =2 - = i
- =a i

)~ =14
- — = : -/
v (L) ML= H-'J ~3 3/ [
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