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1. (15=2+ 1+ 12 points) Let V be a finite-dimensional vector space
(a) Define: dim (V)

(b) What theorem is used to show that dim(V") is well-defined?
Just tell me the name of the theorem.

(c) Let W and Z be two subspaces of V' such that W N Z = {0}.
Show that dim(W + Z) = dim(W) + dim(Z)
Note: W + Z means {w +z|w € Wandz € Z}

Hint: Start with a basis of W and a basis of Z
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2. (15 =2+ 10 + 3 points) Let V be a finite-dimensional vector space
and suppose 7" : V' — V is linear.

(a) Define: rank(T)
(b) Define W = {v € V| T(v) =v}. Let k = dim(W) and as-

sume W # {0}. Show that there is a 5 of V' and matrices B
and C such that

=16 o

Hint: Start with a basis of W.

(c) With the notation as above, find an identity relating rank(T),
dim(W) and rank(C'). No proof required.
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3. (15 =12 + 3 points)

(a) Show that, for A below, we have

det(A + t]) = ag + ait+ -+ an_ltn—l + g

0 0 0 -~ 0 a
1 0 0 -+ 0 a
A—]0 =10 -+ 0 a
0 0 0 -+ —1 anq

(b) Use (a) to find the characteristic polynomial of A
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4. (10 points) Let V' be a finite-dimensional vector space and suppose
T :V — V is linear. Show that (nonzero) eigenvectors of T’ corre-
sponding to distinct eigenvalues are linearly independent.
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5. (15 = 7 + 8 points) Define T : Myyy — Moy by T(A) = AT

(a) Calculate A = [T}g, where [3 is the standard basis of Moy.:

S IR A )

(b) Is T diagonalizable? Why or why not?
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6. (15 points, 3 points each) Mark each of the following statements as
True or False. Briefly justify your answers

(a) Let 8 = {v1,Va,v3} be a basis of V' with dual basis f* =
{f1,f2, f3}. Then {f;, 2f5, 3f5} is the dual basis of {vy, 2va, 3v3}

(b) If A is invertible, then A is diagonalizable

(c) If {wq, -+ ,wy}isabasisof Wand {vy,---, vy} is subset of
V then there exists 7' : V' — W linear such that 7'(v;) = w;
foralli=1,--- ,n.

(d) The function T" : Myyo — Moo defined by T'(A) = det(A) is
a linear transformation

(e) If you row-reduce a matrix A to get a matrix B, then rank(A) =
rank(B).
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7. (15=9+ 3+ 3points) Let V = P,(R) and ¢y, ¢y, - - - , ¢, be distinct
real numbers.

(a) Fori =0,--- ,n,define f; € V* by fi(p) = p(c;).
Show that v = {fy, - - - , f, } is a basis of V*.

Hint: For each i = 0,--- ,n, apply your equation to p =
(@ —co) (= cima)(@ — ciy1) -+ (z — ).

(b) Deduce from (a) that there is a basis of 5 = {pg, -+ ,pn} of V'

such that forall 7,5 =0, --- ,n
lifj =1
pi(cj)_{Oifj;éi

(c) Conclude from (b) that for any polynomial p € V', we have

p(z) = Zp(ci)pi(w)



