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Example: Use energy methods to show that the only solution of the
following PDE is u(x,t) = 0

Ut = K Uxx
uOt=0,ullh)=0
u(x,0)=0

Hint: Multiply by u

1) utu=kuxxu
y4

'3
/UTUdX:kaxdex
o

o

2) Left-hand-side
2 ] ¢
/u»r udx= / 1/2 d/dt (u?) dx = d/dt 1/2 /u2 dx

Q o o

3) Right-hand-side: Integrate by parts with x




'3
2 L
Uxx U dx = ux(l,t) u(kf) - ux(0,t) u@d,t) - /ux ux dx = -/(ux)2 dx
o o
4) Equating both sides, we get
¢ 2
d/dt1/2 J @ dx < -k / (ux)? dx <0
E'(t) <O

5) Hence E(t) is decreasing, and in particular

E(t) < E(O)

. 2
)12 [ wxp)dx « 172 / 3(x,0) dx = O

0 o T~
Hence u?(x,t) = 0, so u(x.t) = 0 ©

IT- MAXIMUM PRINCIPLE

Example: Same problem, but with the maximum principle!
By max principle, max u is the larger one of

max u(0,t)=max0=0

max u(l,t) =max0=0
max u(x,0)=max0=0



Hence max u< 0, so u(x,t)<0

Similarly, by the minimum principle, min u is the smaller one of
minu(0,t)=min0=0

minu(l,t) =min0=0

min u(x,0)=min0=0

Hence minu >0, so u(x,t) >0

Combining both, we get u(x,t) = 0

ITI- CHEN LU!
Example: Use the coordinate method to solve the PDE

aux+buy+cu=0

Hint:

&= ax + by

{n:—bx+ay

QY = QU 493 +2L Jm
Ux = 3)( 3? X a/)’\, ax

Uy («) +Un (-5)

Il

/1



QU = U 91 +Ju Im
oy 27 9y Im dy

Soaux+bu,+cu=0

> oa (aUy-bUn) +b (b Y, +aUn) tcu=o0

=) azU3 -% +bIU3 +% +cU =0
= (mz-l-l;l)ux +cU =0

U} = ~—_C )
ql*bl

(Note: y' = ky =>y = CeX")
¢

= U= fm) e &




IV- TRANSFORMS
Example: Now solve aux+b uy +cu=0

By using v(x,y) = u(x,y) el&/ax

=>y= e‘(C/G)X v,

- ex X
Ur= (e " V)= e =V

aux+buy+cu=0

_.Cx _Ci
= a[‘f_c“Vv‘C“VX]
(/&

- X - X
- o




Ve

= Q—“[qu-rbV\,J:O

= 6LVx+l>V7=0

= V= flay-bx)

cx
A

= Ue = ‘F(a‘/‘bX)

= u(x.y) = f(ay - bx) e (/X

(Might look different from before, but basically the same if
you write x in terms of the variables ax + by and ay - bx and
use f arbitrary)

V- D'ALEMBERT

Example:

The general solution of uxx + 2 Uxt - U+ = 0 is

u(x,t) = F(2x-t) + 6(x+1) (see Practice exam)

Find the solution that satisfies u(x,0) = x? and u:(x,0) = sin(x)

1) u(x,0) = F(2x-0) + 6(x+0) = F(2x) + 6(x) = x?



u(x,t) = -F'(2x-1) + G'(x+t)
ut(x,0) = -F'(2x) + G'(x) = sin(x)

=> - F'(2x) + 6'(x) = sin(x) ) A F'(2x) # (F(2x))’
=> (-1/2 F(2x))' + 6(x) = sin(x) \»
=> -1/2 F(2x) + 6(x) = -cos(x) + C

F(2x) + 6(x) = x?
-1/2 F(2x) + 6(x) = -cos(x) + C

2) Subtract both equations

3/2 F(2x) = x? + cos(x) - C

F(2x)=2/3 x2+2/3 cos(x) - 2/3 C

F(x) = 2/3 (x/2)? + 2/3 cos(x/2) - 2/3 C
=1/6 x2+ 2/3 cos(x/2) - 2/3 C

3) Add 2 times Equation 2 to Equation 1

3 6(x) = x? - 2cos(x) + 2C

G(x)=1/3 x>-2/3 cos(x)+2/3C

4) Answer:

u(x,t) = F(2x-1) + G(x+1)

= 1/6 (2x-t1)%> + 2/3 cos((2x-1)/2) - 2/3 C
+1/3 (x+1)% - 2/3 cos(x+t) + 2/3 C




+1/3 (x+1)? - 2/3 cos(x+t) + 2/3 C

u(x,t) = 1/6 (2x-1)? + 2/3 cos((2x-1)/2) - 2/3 cos(x+t)

(No need to simplify)
VI- FIRST-ORDER PDE

Example: Solve (1+x2) ux+ e’ u, = 0

dy = e

——

dx | +x¢

(= Slope)

= - = Tw &) +C

= C= —e7-man"'k)

—
D,

Solution: :

u(x,y) = f(?) = f(-e” - tan’i(x)) (= f(e” + tan'l(x)) )




