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PROBLEM 1:

dy sin(x)
0 dx cos(y) Slope

=D fcos(y) dy = fsin(x) dx

&) sin(y) = —cos(x) + C
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v\/\_/

K

=)

2') General solution

u(x,y) = f(?) = f(cos(x)+sin(y))
ulx,y)=f c@s(x) + sin(y))

3)  Initial Condition o
/’
u(x,0) = f(cos(x) + sir}xg)
\/\/-J

(cos(x))? = f(cos(x))



Hence: f(cos(x)) = (cos(x))?

So:  f(x) =x?

4) Conclusion:

u(x,y) = £hs(x) + sin(y))

ulx,y) =( cos(x) +sin(y) )2

PROBLEM 2:

1) Note: x2+xt-212 = (x+21)(x-1)

2 ) Hence Uxx + Uxt - 2Utt
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L) But vx+2v,=0 (a=1,b=2)

= v(x,t) = f(2x — t) (bx — ay)

PN
3 Nowuse = |—__
) v <6x 6t> "

=D u,—u=v=[fQ2x—1t)

4) To solve this, first solve the homogeneous PDE
ux-u=0 (a=1,b=-1)

=> u(x,t) = 6(x +t) (ay - bx; could also have used ax - by)

Now find a particular solution of ux- ur = f(2x - 1)

Guess: u(x,t) = a F(2x-1), then:
ux - Uy = f(2x - 1)

=> (a F(2x-1))x - (a F(2x-1)): = f(2x-1)

=> a F'(2x-1) (2) - a F'(2x-t) (-1) = f(2x-1)

=> 2a f(2x-1) + a f(2x-1) = f(2x-1)

=> 3a f(2x-1) = f(2x-1)

=> 3a=1
=> a=1/3



Hence a particular solution is u(x,t) = (1/3) F(2x-t) = F(2x-t)
(since F is arbitrary)

5) General Solution: u(x,t) = G6(x+t) + F(2x-1)
(Hom. Sol) (Particular sol)

u(x,t) = F(2x - 1) + 6(x+t) | (F, G arbitrary)

PROBLEM 3:

’> u(x, t) = S(x, t) * p(x)
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2) Complete the square in the exponent:
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4)
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u(x, t) — e2X+t

PROBLEM 4:

1) Let uand v be two solutions and letw=u-v

Then Wit = (U-V)ﬁ = U+t - V+¢
=l uUxx + - (C®vxx + )
=CPUxx + T -CPvxx - T

= ¢? (Uxx - Vxx)

= ¢ (U-V)xx

= €% Wxx

So w solves Wit = €2 Wxx

Moreover w(0,t) = u(0,t) - v(0, 1) =g(t)-g(+) =0
And similarly for the other boundary/initial conditions

Therefore w solves the following PDE:

Wit = C? Wxx
wO1)=0
w(l,1)=0
w(x,0)=0
wi(x,0)=0

2) Now take this PDE and multiply it by ws



(this is why I didn't say u: but a variation of ux)
Wit Wi = C2 Wxx Wy

And integrate with respect to x from O fo |
¢ 2z

/Wﬁ' wy dx = c? /wxx ws dx
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3) Since wit wi = 1/2 d/dt (w+)? the left hand side becomes:

l
d
af(wt)z dx
0

4) For the right-hand-side, integrate by parts with x to get
L O

O e
/ Wxx Wt dx = wy(l,1) M - wx(O,‘r)W) —/ Wx Wxt dX
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Note that w(l,1) = d/dt (w(l,t)) =d/dt (0)=0
And similarly w+(0,1) = O, so the boundary terms are O

Moreover wy wxt = d/dt (wx)? so the right hand side ultimately
becomes

l
d
_aj(wx)z dx
0



5) Finally, equating both sides we get:
d : d :
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=>E'(t)=0
In other words, the energy is constant, so in particular

E(t) = E(0)
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l
BUT E(O) = j( t(x; 0) )2 + ( W%)Z dx
0

(since wx(x,0) = (w(x,0))x = (0)x = 0)

SoE(0)=0

l
And in particular E(t) = f W W ar—=E(0)=0
—~—
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But this implies (w:)? + c® (wx)? = 0 and hence wi = 0 and wx = O
But then this means w(x,t) = C where C is a constant

And in particular w(x,0) = C, but w(x,0)=0,s0C=0

Hencew=0,s0u-v=0,s0| u=v




