LECTURE 19: SEPARATION OF VARIABLES (II)

Monday, November 4, 2019 12:47 PM

This time we'll separate variables, but with the wave equation!

Example: This time solve

Ur = €% Uxx (0 < x< 1)
u@0,1)=0,u(1,t)=0
u(x,0) = x2

u(x,0) = e

Picture:

°

STEP 1: Separation of variables

1) Suppose:

u(x,t) = X(x) T(t) (*)




2) Plug (*) into us = €2 Uxx
(X(x) T(+)r = € (X(x) T(+))xx
X)) T'()=c2 X" (x) T(H)

3) Again, put all the T terms on one side, and all the X terms on the
other side, making sure the constants go with T

(1) = X'(x)
c® T(1) X(x)

Like last time, this implies that everything is constant
(because the left-hand-side only depends on t whereas the
right-hand-side only depends on x)

5 oXU(x) = T =
X(x) c? T(t)

XG0 25 X () = 1 X()
X(x)

And T''(1) =Aa=>T"'(f)= AL TH)
c®T(1)

So far: X''(x) = & X(x)



Now use the boundary conditions:

u(0,1) = 0 => X40) T(+) = 0 = X(0) = 0
(Again, can cancel out because otherwise get O solution)
Similarly u(1,t)=0 D}(KT(T) =0=>X(1)=0
Hence we get the ODE
f X"'(x) = L X(x)

l X(0) = 0
X(1)= 0

Again, argue in ferms of the sign of A
CASE 1: 1.>0

Then A = @* for some » >0

Then:

X'"=zAaX=a>X" =02 X=>X"-0? X=0
Aux:r’-o?=0=>ré=m? =>r=t+o

=> X(x) = A e® + B e

But X(0)=Ae®+Be=A+B=0(since X(0) = 0)



=>B=-A
So X(x)= A e - A e
But X(1)=0=>Ae®-Ae® =0

:>/(e°’ -e®)=0
=>e?-e2=(

=>elze®
D>mW=-0
=>m=0

But then A = 2 = 0 =x<= (since we assumed 1 > 0)

CASE2:1=0

Then X'' =0 X =>X"(x)=0
=> X(x) = Ax + B

X(0)=A0+B=B=0,s0 X(x)=Ax

X(1)= Al1=A=0=>A=0, but then X(x) = Ox = 0 =>¢=

CASE 3: A <0
Then A = -©2 for some w >0
X'"zAX=>X"z2-0°X=> X" +0?°X=0

AuxX: r2+ 2 =0=>r2=-02=>r=+ wi



X(x) = A cos(wx) + B sin(wx)
X(0) = A cos(w0) + B sin(w0)

=A1+BO

= A =0 (since X(0) = 0)
So X(x) = 0 cos(wx) + B sin(wx) = B sin(wx)
X(1) = B sin(w) = 0

=>sin(w) = 0

>o=mm(m=1,2,.)
Answer: For every m, we have a solution,
X(x) = sin(ox) = sin(mmx) (m=1,2,..)
Conclusion: A = -(mm)®> (m=1, 2, ...)

X(x) = sin(rmx) (m=1,2,..)

Note: Last time we had A = -m? and X(x) = sin(mx), but
that's because we worked on the interval (0,r)

T =hr=-(um)
c®T

T =-c2(mm)?T

=> T =-(ame)® T (r? = -(nmc)? => r = +/- mmci)



=> T(t) = A cos(mmct) + B sin(mmct)
Conclusion: Foreverym=1,2, ..

u(x,t) = X(x)T(t) = (A cos(nmct) + B sin(mmct))sin(zmx)
is a solution of our PDE

Take linear combos (= sum over m and replace A and B by An,
and B, to emphasize that your constants depend on m)

Oo
u(x,t) = ﬁ [Am cos(mmct) + By, sin(mmct)] sin(mmx)
M=)

u(x,0) = ﬁ [Amw) + B siW)] sin(tmx)

=)
o a4
x? = ﬁ An sin(tmx)
M=)

Same problem as last time!



WTF

21 4
5 :
X© = o sin(rmx)

=> BIG QUESTION:

Can you find An such that the above expansion is true?
In other words, can you write x as a linear combo of sines?

YES, see Chapter 5
(In fact, this is precisely why Fourier series were invented)

Picture:

< ﬁ Am sin(tmx)

o |

STEP 7: Initial velocity

o)
u(x,t) = ﬁ [Am cos(mmct) + By, sin(mmcet)] sin(nmx)
M=)



ur(x,1) = Z ( [Am cos(mmct) + By sin(mmct)] sin(rmx) )+
M=\

= 2 [(-mrmcAp) sin(tmct) + (tmc Bm) cos(mmct)] sin (nmx)
M=)
(t=0)

) O

ot A
u(x,0) = ﬁ [(-tmCcAm) SW) + (mmc Bpm) cos(mmc0)] sin (tmx)

- —/

M=) :]_
od
eX = ﬁ (rmc Br) sin(zmx)
M=)
od
~
ez J Busin(amx)
M=)
~
(Bm = mmc Bm)

SAME QUESTIONI!I Can you write e* as a sum of sines?

(So it seems like a pretty BIG deal to do thatl)

So right now, we've reached an impasse, which we'll overcome
in Chapter 5.



ITI- EASIER PROBLEM

Example: Same problem, but
u(x,0) = sin(2nx) + 3 sin(3nx)
u+(x,0) = 4sin(2nx)

Everything we've shown so far is still true:

od

u(x,t) = é(_‘ [Am cos(mmct) + Bp, sin(mmct)] sin(rmx)
M=

But this time we can solve for the constants:

<
u(x,0) = ﬁ Am sin(rmx)
M=\

A1 sin(mx) + Az sin(2nx) + Az sin(3nx) + ...
O sin(nx) + 1 sin(2nx) + 3 sin(37x)

=> A= O, A = 1, Az = 3, all other Am= 0
u(x,0) = ﬁ (tmcBm) sin(mtmx)
M=\

= nc Bi sin(nx) + 2nc Bz sin(2nx) + 3nc B3 sin(3nx) + ...
= 0 sin(nx) + 4 sin(2nx) + 0 sin(3nx) + ...

ncB1=0=>B;1=0
2nc B2 =4 =>B, =4/(2rc) = 2/(rc)




mmcBn=0=>B,=0(form=3,4,.)

Solution: (notice: No more sums because most terms are 0)

o4
u(x,t) = ﬁ_ [Am cos(mmct) + B sin(zmct)] sin(rmx)

M=)
[1 cos(2nct) + 2/(nc) sin(2rct)] sin(2nx) +[3 cos(3nct)] sin(3nx)
1 1 ¢.
A b2 As

Example: Same but u(x,0) = sin(2nx), u+(x,0) = 0

Can show u(x,t) = cos(2nct)sin(2nx)

Interpretation: Solution starts as sin(2rnx) and then oscillates
back and forth (just like we had for D'Alembert’s formula)

Picture: (Here c = 1)

U (x,0) = s (2Tx)
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