LECTURE 20: SEPARATION OF VARIABLES (III)

Monday, November 4, 2019 12:47 PM

This time we'll separate variables, but with a Neumann condition

Example: This time solve
Ur = kuxx (0<x<m)
Ux(0,1) = 0, ux(m,t) =0
u(x,0) = x

(Heat equation, but this time the velocity at the endpoints is 0)

STEP 1: Separation of variables

1) Suppose:

u(x,1) = X(x) T(t) (*)

2) Plug (*) into ust = €2 Uxx
(X(x) T(1))+ = k (X(x) T(1))xx

X(x) T'(t) = k X"'(x) T(t)



3) Again, put all the T terms on one side, and all the X terms on the
other side, making sure the constants go with T

TH = X'(x
k T(t) X(x)

Like last time, this implies that everything is constant
(because the left-hand-side only depends on t whereas the
right-hand-side only depends on x)

> XU(x) = _T'(1) =2
X(x) kT

=> X"(x)= L= X'"(x) = & X(X)
X(x)

And T'(1) =A=>T'(1)= kA T(t)
KT(t)

So far: X''(x) = & X(x)
NEW BOUNDARY CONDITIONS
u(x,t) = X(x) T(t)

ux(x,1) = (X(x) T(1))x = X' (x) T(1)




ux(0,1) = X'(0) T(1)=0=>X'(0)=0
Ux(m, 1) = X'(MT(t)=0=>X'(m)=0

Hence we get the ODE
X"'(x) = 1 X(x)

X'(0)=0
X'(m)=0

Again, argue in ferms of the sign of A
(but this time slightly different!)

CASE 1: >0

Then L = ®? for some © >0

Then:

X'z X2a>X" =2 X=>X" -0 X=0
Aux:r’-o?=0=>ré=zm? =>r=:+o

=> X(x) = A e + B e

>X'(X)=Ave-Bwoe®



>X'0)=Avel-Boe=An-Bo=(A-B)=0
=>B=-A

So X(x) = A e + A e

=> X'(x) = Ao e® - Ao e

=> X'(T() = An e®" - Ap e @ = %(eoﬂr _ e-o)Tr) =0

=> eo)Tf _ e-())T( = O

=> 0T = g0l

=> OT = -oOT

=>mn=0

But then & = w? = 0 =x<= (since we assumed X > O)

CASE2: =0
ThenX''=0X=>X"(x)=0
=>X(x)=Ax+B
> X' (x)=A
X'(0)=A=0,50A=0and X(x)=0x+B=B
But notice that if X(x) = B, then automatically X'(m) = 0!

NEW: A = O works and X(x) = B is a solution!

CASE 3: 2 <0



Then A = -»® for some © >0
X'"'"=AX=>X"=z-0!X=>X"+0?X=0
Aux: ré+ 0? = 0=>r2=-p%=>r = + oi
X(x) = A cos(wx) + B sin(wx)

X'(x) = -Ao sin(ox) + Bo cos(mwx)

X'(0) = -Aw sin(w0) + Bo cos(x0)
= Ao 0+ Bo 1

=Bg=0
(Cancel out o since > 0)
=>B=0
So X(x) = A cos(wx) + O sin(wx) = A cos(wx)
X'(x) = -Ao sin(ox)
X'(m) = -Ao sin(to) = 0
=> sin(mw) = 0

=> o =
>o=m (m=12,.)

Answer: For every m =1, 2, ..., we have a solution,

X(x) = cos(wx) = cos(mx) (m=1,2,.)

(Different from beforel)



Conclusion: L. =-m? (m=1,2,..)

X(x)=cos(mx) (m=1,2,.)

Important remark: If you let m = O in the above, you get
A =-0% = 0 and X(x) = cos(0x) = 1, which is exactly Case 2 |
NEW: Actual conclusion: A= -m? (m=0,1,2,.)
X(x)=cos(mx)(m=0,1, 2, ..)

Note: That's why later we'll sum from m = O fo infinity
instead from m = 1 to infinity

L' = A = -m?
kT
S>T =-kméT

= T(t) = Cem2k

Note: This is also valid form =0, T(t) = C

Conclusion: Foreverym=0,1,2, ..

u(x,t) = X(x)T(t) = C e™ 2K cos(mx)



is a solution of our PDE
STEP 5: Linearity

Take linear combos

')

u(x,t) = ﬁ Am e ™ 2K cos(mx)
M=0

STEP 6: Initial Condition

o)
u(x,0) = ﬁ Amn e™ 2K cos(mx)

—
=0 1

K

Am cos(mx)

M

M= 0

This time we have a cosine probleml!!

v % WTF

X = ngo @L cos(mx)




This time: Can you write x as a linear combo of cosines?
YES, see Chapter 5

Note: Beware: the book (and others) here use Ao/2 instead
of Ao, but in the end you should get the same expansion.

Next time: Actually figuring out how to calculate the
coefficients! (Just based on neat linear algebra)

ITI- INHOMOGENEOUS PROBLEM
1) What if you had to solve?

Urt = €2 Uxx (0 < x <)
uO1)=7,u(mt)=7
u(x,0) = x2

ur(x,0) = x

Trick: Let v(x,t) =u(xt1) -7

Then vir = €2 Vyx

v(0,t)=7-7=0
v(mt)=7-7=0
v(x,0)=x2-7

vi(x,0) = us(x,0) = x
=> Solve

- A2
Vit = C~ Vxx
ulfN+EY = N ¥ - N



Vit = €% Vxx

v(0,t) =0, v(mr,t) =0
v(x,0) = x2-7
vi(x,0) = x

Then solve for v using the techniques from the previous
lecture, and finally use

u(x,t) = v(x,t)+7

2) SAME with Ux(O,T) =7, Ux(Tf,T) =7
v(x,T) = u(x,t) - 7x
v(x,0) = x%- 7x

vi(x,0) = x

3) More interestingly:
Solve

Utt = c? Uxx
uOt)=1,u(mt)=3
u(x,0) = x?

{ UT(X,O) =X

IDEA: Let v(x,t) = u(x,t) - f(x)

Where f is a linear function with f(0) = 1 and f(m) = 3



S
1/{::

o m

f(x){3-1\ x+1 = g)x +1
m-0 (n

vix,t)=u(xt)- 2 x -1

T
v(0,t)=u(01)-0-1=1-1=0

vimt)=u(mt)- 2 A -1=3-2-1=0
).d

v(x0)=u(x0)-2 x-1=x-2 x -1
T T
VT(X,O) = UT(X,O)

=> Solve

(Vi = €% Vx

v(0,t) =0, v(m,t) =0

4 v(x,0) = x*-2 x -1
T

vi(x,0) = x




And use u(x,t) = v(x,1) + 2 x +1
T

Note: Can in theory also solve ux(0,t) = 1 with ux(m,t) = 3
because you would subtract a function whose derivative is
2 x +1, but your PDE will actually become inhomogeneous!
T

IV- WAVE EQUATION
What if you want to solve

((Urr= P uxx (0<x<T)
Ux(0,1) = 0, ux(m,t) =0
u(x,0) = x

Cur(x,0) = x2

_—

STEPS 1 - 3: Same

STEP 4: Now we get the equation

T'(H) = c2n T(H)

But A =-m? withm=0,1,2, .. (from STEP 3)
If m=0,thenget T'(1)=0=>T(t)= Aoc+Bo t

u(x,t) = X(x) T(t) = (Ao + Bo t) cos(0x) = Ao+ Bo t

Ifm=1,2, .., thenget T"'(t) = c® (-m?) T(¥) = -(mc)? T(+)



=> T(t) = An cos(mct) + Bny sin(mct)

u(x,t) = X(x) T(t) = [Am cos(mct) + By, sin(mct)] cos(mx)
(m=1,2,.)

STEP 5: Linear combos:

%)
u(x,t)=(Ao+Bot) + ﬁ [Am cos(mct) + Bn, sin(mct)] cos(mx)
M=

STEP 6: Initial condition

U(x.0) = (Ao+ Bo 0)+ &) [An cos(0) + By sin(0)] cos(mx)

(V) M=\
X =Aog+ ﬁ Am cos(mx)
oo M=
x = §1 Ancos(mx) SAME PROBLEM!
n=0

(This is because Ap = Ao cos(0x))

STEP 7: Initial velocity

')

ur(x,t) = Bo + f [-Am (mc) sin(mct) + Bn mc cos(mcet)] cos(mx)
M=t

u(x0)=Bo + S [-An (mc) sin(0) + B mc cos(0)] cos(mx)
M=



od
x% = Bo+ ﬁ Bn mc cos(mx)

n=
¥
~ ~
= Bo + ﬁ Bm cos(mx)
s M=
~
- £ B, cos(mx) SAME PROBLEM!
M=0

~ -~
Where Bo = Bg, Bm = Bnmc

~
So first you'd find the coefficients By and then you find Bn,
by using:

~ —
Bo=Boand B, = B / (mc)



