15 [1 MULTIPLE INTEGRALS

15.1 Double Integrals over Rectangles

1. (a) The subrectangles are shown in the figure. y

The surface is the graph of f(z,y) = xy and AA = 4, so we estimate

Va Z Z f(w’bay])AA

i=135=1

= [(2,2) AA+ f(2,4) AA+ f(4,2) AA+ f(4,4) AA+ £(6,2) AA+ f(6,4) AA
= 4(4) 4 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288

bV ~ z 2 F@,7,) AA = F(1,1) AA + f(1,3) AA + f(3,1) AA + £(3,3) AA + f(5,1) AA + f(5,3) AA

= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144

2. (a) The subrectangles are shown in the figure.

Here AA = 2 and we estimate

3

[ (L= o) dA~ 3 3 f(ahui) AA -

i=1j=1

= f(2,—1) AA+ f(2,0) AA+ f(2,1) AA+ f(4,—1) AA+ f(4,0) AA + f(4,1) AA

=(=D2)+12) + (=1)(2) + (=3)(2) + 1(2) + (=3)(2) = —12

(b) ffR (1_371/ )dA Z Z f( vazy) AA

= £(0,0) AA+ £(0,1) AA+ £(0,2) AA + f(2,0) AA+ £(2,1) AA + f(2,2) AA
= 1(2) + 1(2) + 1(2) +1(2) + (—1)(2) + (—7)(2) = -8

3. (a) The subrectangles are shown in the figure. Since AA =1 - % = %, we estimate

[l v dA~ 3 3 f(aiuiy) A '
=1 j= 1
=f(1,3) AA+ f(LL1) AA+ f(2,5) AA+ f(2,1) AA 1
2
e 2(3) + (%)+2e’1( ) +2¢7%(3) ~ 0.9 >
0 1 2 x
2 2
(b) [[, ze ¥ dA ~ 3 2 f@,7;) AA ’
=1 j= 1
=33 AA+ (5D AA+ (3D AA+F(33) A4 il i
2
Lo UB(3) 4 2 Y/S(3) + 3O (3) + 2m0/5(3) ~ L5 S
0 1 2 x
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U CHAPTER15 MULTIPLE INTEGRALS

4. (a) The subrectangles are shown in the figure. ’
3,,
The surface is the graph of f(z,y) =1+ 2> +3yand AA=1.3 =2
so we estimate
s 5 1.5¢
V= [[,(1+2%+3y)dA~ 21 Zl f (@i, u) AA
=1 j=
=f(L0O)AA+ f(1L,3)AA+ f(2,00AA+f(£,3)AA 5 YR -
=2(H+2 D +2@D+T @) =F (@) =5 = 14625
2 2
OV = [[i(l+a*+3p)dA~ ¥ 3 f(3.7,) AA :
=1 j=
=[(3:3)AA+ (5, 1) AA+ (5, AA+[(5,7) AA JE
=TT M (2) 4 8 (3) + 22 () = 4 = 2437 151
0 1152 x

5. The values of f(z,y) = /52 — 2 — y? get smaller as we move farther from the origin, so on any of the subrectangles in the
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper
right corner, and any other value will lie between these two. So using these subrectangles we have U < V' < L. (Note that this

is true no matter how R is divided into subrectangles.)

6. To approximate the volume, let R be the planar region corresponding to the surface of the y
water in the pool, and place R on coordinate axes so that = and y correspond to the 30
dimensions given. Then we define f(x, y) to be the depth of the water at (z, y), so the 20 Tl
volume of water in the pool is the volume of the solid that lies above the rectangle 10 i
R =10,20] x [0, 30] and below the graph of f(z,y). We can estimate this volume using 5 ’ m ’ n
X

the Midpoint Rule with m = 2 and n = 3, so AA = 100. Each subrectangle with its

midpoint is shown in the figure. Then

2 3
Ve S > f(@-,yj) AA = AA[f(5,5) + f(5,15) + f(5,25) + f(15,5) + f(15,15) + f(15,25)]
i=1j=1
=100(3 + 7+ 10 + 3+ 5 + 8) = 3600
Thus, we estimate that the pool contains 3600 cubic feet of water.
Alternatively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are taken to

be, for example, the upper right corner of each subrectangle. Then AA = 25 and
4 6
Vi 3 3 fwi,y) AA
i=1j=1
=253+4+7+84+10+8+4+6+8+10+124+10+3+4 +5+6+8+7+2+2+2+3+4+4]
= 25(140) = 3500

So we estimate that the pool contains 3500 ft> of water.
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SECTION 15.1 DOUBLE INTEGRALS OVER RECTANGLES [ 525

7. (a) Withm = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each subrectangle,

we have

[ fe) dAm X 5 F@E.5,) AA= AALF(L1) + F(13) + F(3.1) + F(3,3)] ~ 427 +4 414 +17) = 218

(©) fave = iy Sl [ (@, y) dA = 75(248) = 15.5

8. As in Example 9, we place the origin at the southwest corner of the state. Then R = [0, 388] x [0, 276] (in miles) is the
rectangle corresponding to Colorado and we define f(x, y) to be the temperature at the location (z,y). The average

temperature is given by

o= 175 [ Hen a2 = gz [[ @

To use the Midpoint Rule with m = n = 4, we divide R into 16 regions of equal size, as shown in the figure, with the center
of each subrectangle indicated.

y

276

8 . 276

The area of each subrectangle is AA = % = 6693, so using the contour map to estimate the function values at each

4

midpoint, we have

4

[fnf@wdd ~ 3 3 1(7.7,)

i=1j=1

g

A

~ AA[31+ 28+ 52 + 43 + 43 + 25 + 57 + 46 + 36 + 20 + 42 + 45 + 30 + 23 + 43 + 41]
= 6693(605)

6693 - 605
388 - 276

approximately 37.8°F.

Therefore, fave =~ = 37.8, so the average temperature in Colorado at 4:00 PM on February 26, 2007, was

9. z =+/2 > 0, so we can interpret the double integral as the volume of the solid S that lies below the plane z = /2 and above
the rectangle [2, 6] x [—1,5]. S is a rectangular solid, so [ [, V2dA =4-6-v/2 = 24V/2.
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526 [1 CHAPTER15 MULTIPLE INTEGRALS

10. z =2x+ 1 > 0for 0 < x < 2, so we can interpret the integral as the

(2,0,5)

volume of the solid S that lies below the plane z = 2x + 1 and above 2,4,5)
the rectangle [0, 2] x [0, 4]. We can picture S as a rectangular solid

(with height 1) surmounted by a triangular cylinder; thus 0.4, 1)

[[r2z+1)dA = (2)(4)(1) + 5(2)(4)(4) =24 0,0,1)

N[

1. 2=4—-2y >0for 0 <y <1, so we can interpret the integral as the
volume of the solid S that lies below the plane z = 4 — 2y and above
the square [0, 1] x [0, 1]. We can picture S as a rectangular solid (with

height 2) surmounted by a triangular cylinder; thus

JI(4 = 2y)dA = (1)(1)(2) + 5(D)(1)(2) =3

12. Here z = /9 — y2, 50 22 + y> = 9, z > 0. Thus the integral
represents the volume of the top half of the part of the circular cylinder

2% +y? = 9 that lies above the rectangle [0, 4] x [0, 2].

2 3 _r=2
13, [2(2 + 32%y?) do = {x_ +3% yZ] =[5+ %) 20 = 327+ ()

z=0
2 =0

37y=3
[2(x + 32%y?) dy = [my + 322 y_} =[xy + x2y3]zzg = [2(3) + 2°(3)%] — [(0) + 2°(0)*] = 3z + 2727

31,0
x=2
.y y/aF2de = [y- 3@ +2)"2] = 3y@)¥? - y)"7 = ¥y - 42y = 44— VD),
3 y2 =2
[y T By = {3 m} 132VEFI- L(0)PVE T = 8VETD
y=0

15. [} [2(62%y — 2z) dydx = [ [322y* — 2ay] Zii de = [ [(122® — 42) — (0 - 0)] dz
= [}(12¢% — dz) do = [42® — 22%]} = (256 — 32) — (4 — 2) = 222
16 Jo o (ot u)*dudy = fo Jy (4 2ey 4y dody = J) 50 oy 4 007]
= flG+y+y)dy=[dy+ i+ 3] =t +iri-0=1
17. fol flz(:ere*y)d;pdy = fol [$2° +;pe*y}zj dy = fol [(2+2e7%) — (2 +e¥)] dy
=[G redy=[y—e V=G -e")-(0-n=5-c"
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SECTION 15.1  DOUBLE INTEGRALS OVER RECTANGLES U

fow/ﬁ Oﬂ/2(81nm+s1ny)dydx—f0 lysinz — cosy|)—§ ™2 gy = W/G [(3sinz—0) —(0—1)]dz

%smx—l—l)dw-[——cosx—&— ]3/6
=22 +5) - (3+0)|=(5-F)7
[( i) - (5r0)=(3-4)

f_ 77/2 y+y2cosm)dmdy:f [my+y sln:L'rC =n/2 dy—ff3 (%y—l—yz)dy

— [0+ 3 = [+ 9) — (- 9)) =18

.//lnyd dx /—d / lnyd [by Equation 11]
1 J1

=[In |a:\]:;’ [%(lny)z]f [substitute u =Iny = du=(1/y)dy]

= (In3-0)-%[(In5)> — 0] = 2(In3)(In5)>
4 2 4 y=2 4
/ / 4y dydx:/ xln|y|+l-ly2 dx:/ :1:1n2+i dx:[%x2ln2+%ln\x|]4
1 )1 Yy 1 x 2 y=1 1 2x 1
= (8In2+2mn4) — (In2+0) =222+ 2Ind or £In2+3In(4"/?) =2 2

f01f02 ye* YVdxdy = f01f02 yee Vdrdy = f02 e’ dr fol ye Y dy [by Equation 11]
= [e"]5 [(—y — l)e_y](l) [by integrating by parts]
=(e?—e”)[-2e = (")) =(e"—1)(1—2¢"") or e® —2e+2¢ " —1

J22 2 sindpdedt = [T/*sin’pde [P 2 dt [by Equation 11] = [7/*(1 — cos¢) sinpde [ 12 dt
= [Lcos’p —cosg]n/* [3°]2 = [(0—-0) — (3 —1)]- 1 (27— 0) = 2(9) =6

fo fo Ty /m2+y dy dz _fo [% z +y2)3/2} _ 3fo (% + 1) 3/2 2% dz = %fol[x(m2+1)3/2—x4

y=0

:%[g(ﬁﬂ)m—%zf’]::%[(25/2—1)—(1— )| =&eva-1)

fol fol v(u + 112)4 dudv = fol [%U(u + 1}2)5]223 dv = % fol v [(1 + v2)5 —(0 —1—112)5] dv
=1 [ o +0?)° o] do = L[L- L1 +07)° — Ho?])

[substitute t = 1 +v> = dt = 2vdv in the first term]

=2 -1)-1-0]=%63-1)=%

s=1 1
Jofy Vs FTdsdt = [y [2s+ 2] dt =2 [0+ 02 -2 de =3 [20+ 0% - 2677

0

= A2 -(1-0) = £ (22 -2) or $(2V2-1)

2 /4
: 2ydA = [7 [ wsec? ydydo = [ wdo [ sec? ydy = [3a?] [tany]
J[rzsec’y Jo Joxsec® ydyde = [ xdr [ sec® ydy 27| |tany|

=(2—-0)(tan§ —tan0) =2(1 —0) =2
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528 [1 CHAPTER15 MULTIPLE INTEGRALS

28. ffR(y + xyfz) dA = f12 foz(y + xy*2) dr dy = ff [xy + %a:zy*ﬂzz?) dy = ff (2y + 2y72) dy

=P-2w=4-1)-(1-2)=4

3 1 3
_ z 2 _ ]2 2 1,3
//x2+1 //3m2+1dyd"” /0 2+1d”/_3y dy*[2ln(” “)]o [3y]73

=2(In2—1Inl) - $(27+27) =9In2

2

©

3

e

= (sirf1 =

%—sinfl() ln{sec | 1n|sec()\ (%—0)(ln2—ln1)—%ln2

3. foﬂ/ﬁ 0,,/3 zsin(z +y) dy dx

= 0”/ [— xcos(ater)]y_g/S dr = OW/G [#cosz — wcos(z + F)] do

w/6 /6

1/2 /3 1/2 1/2 w/3
// tan 0 dA = / tan d@dt / tan 0 df = [Sln71 ] [ln\sec@|]
Vi—t2 0 V1 0 0

=z[sinz —sin(z+ §)|;"" — [; [sinz —sin(z + §)] de  [by integrating by parts separately for each term]

x\17/ s — s
[5-1] ~ [eosatoos(e + D5 =~ - [-F +0- (14 1) =2 - 5

32, // oy // 1+mydydm—/01 [In(1+2y)]"2, da::/ol [In(1+z) —In1] dz

= fol In(l1+z)de = [(1+z)In(l +z) — a:](l)

ol

[by integrating by parts]
=(2In2—1)—(In1—0)=2In2—1

33.

w

ffR ye " dA = f03 foz ye " drdy = fos [ ﬂcy] d = fo e 1) dy = [%67% + y]g

=143 (340)=12c°%+2

34,

b

1 3 1 3 =2 3

=[((z+3)In(z+3) — (z+3)) - (= +2)In(z +2) — (z +2)) ]}
[by integrating by parts separately for each term]
=(6ln6—6—5In5+5)— (4ln4—4—-3In3+3)=6In6—5In5—4In4+31n3

3. 2= f(z,y) =4—x—2y >0for0 <z <1land0 < y < 1. So the solid y
is the region in the first octant which lies below the plane z = 4 — x — 2y

and above [0, 1] x [0, 1].
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SECTION 15.1 DOUBLE INTEGRALS OVER RECTANGLES I 529

N

z=2—22—9y>>0for0 <z <1land0 <y < 1. So the solid is the

region in the first octant which lies below the circular paraboloid

z =2 — 2% — y? and above [0, 1] x [0, 1].

The solid lies under the plane 4z + 6y — 22+ 15 =0 or z = 2x + 3y + % S0

V = [[,(2z + 3y + 1—25)dA = fjl ffl(2x+3y+ 1—25)dxdy = fil [m2 + 3zy + 1—25:1:]30:2 dy

rz=—1

= [1[(19+6y) — (=L —3y)]dy = [* (%+9y)dy=[5—;y+gy2}11=30—(—21):51

V = ffR(3y2 — 2?4+ 2)dA = fil f12(3y2 — 2%+ 2)dydz = fil [y3 — 2%y + 2y]Zi? dx

= fjl [(12 —22%) — (3 — $2)] dr = fil (9 —xde) = [Q.T — %x?’]l_l = % + 2—36 = 53—2

V=205 (- 52% = gy?) dedy =4 [y (1= 32 = §y°) dady

2 1.3 1,2 1 1 83 166
=4[5 [z — 132" — 5y _Ody 4]0 (3 —5v")dy = 4[123/727y} =45 =97
The solid lies under the surface z = 2 + xy? and above the rectangle R = [0, 5] x [—2, 2], so its volume is

V = [[(a® +2y®) dA = fof z? 4y )dydx—fo [z%y + xy]Ziiz dx

— f05 [(2:)32 + %x) — (72:1:2 — %x)] dx = f05(4x2 + %x) dx

_ 4.3 , 8,215 _ 500 200 _  _ 700
—[3x+3x]0—3+3 0=

The solid lies under the surface z = 1 + z*ye¥ and above the rectangle R = [—1, 1] x [0, 1], so its volume is

V = ffR 1+x yeV)dA = fo f7 1+z yey) dxdy = fo [ x yey]zzil dy

= fol 2+ 2ye)dy=[2y+ 2 (y—1) ey](l) [by integrating by parts in the second term]
— (40— (0-3) =243 -3
The cylinder intersects the zy-plane along the line z = 4, so in the first octant, the solid lies below the surface z = 16 — x>
and above the rectangle R = [0, 4] x [0, 5] in the zy-plane.
V= f05f;(16 — ) drdy = f04(16 —2?) dx f05dy

= [160 - 32°]; [y]g = (64— & — 0)(5— 0) = &40

The solid lies below the surface z = 2 + z2 + (y — 2)2 and above the plane z = 1 for —1 < x < 1,0 < y < 4. The volume

of the solid is the difference in volumes between the solid that lies under z = 2 + x + (y — 2)? over the rectangle
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R =[-1,1] x [0,4] and the solid that lies under z = 1 over R.
V= o2+ + (v = 2P dedy — [ 2, (1) dudy
= i e+ 3 +ay -2 dy— [1 do fidy
=L le+i+-2) - (23— (-2 dy—[«]', [y
= Jo (% T2 -2 dy— 1~ (-D]4~ 0] = [Fy + 3~ 2], — (2(4)
=[(F+3)-0-)]-8=%F-8=%
The solid lies below the plane z = x + 2y and above the surface

z = 2ry for0 <z < 2,0 <y < 4. The volume of the solid is

2 +1

the difference in volumes between the solid that lies under

z = x + 2y over the rectangle R = [0, 2] x [0, 4] and the solid that

2xy
22 +1

y
2 4 2 4 2 2 4
2xy 2 y=4 2x
= 2y)dy dx — dy dx = dx — d. d
\% /0 /0(56—1- y)dy dx /o /0962+1 y dx /0 [xy—l—y]y:() T /0$2+1 x/oyy

= [ [(4z +16) — (0 +0)] dz — [In|2? + 1| ]2 [$4?]; = [22® +162]] — (In5 —In1) (8 — 0)

over R.

2 g lies under z =

= (8+32—0)—8In5=40—8In5

In Maple, we can calculate the integral by defining the integrand as £
and then using the command int (int (£,x=0..1),y=0..1) ;.
In Mathematica, we can use the command

Integratel[f, {x,0,1},{y,0,1}]

We find that [ [}, 2°y’e™ dA = 21e — 57 ~ 0.0839. We can use plot3d

(in Maple) or P1ot 3D (in Mathematica) to graph the function.

In Maple, we can calculate the integral by defining
fi=exp(-x"2)*cos (x"2+y"2); andg:=2-x"2-y"2;
and then [since 2 — % — y2 > e’zfzcos(:c2 + y?) for

-1 <2z <1, -1 <y < 1] using the command

evalf (Int (Int(g-f,x=-1..1),y=-1..1));.

Using Int rather than int forces Maple to use purely
numerical techniques in evaluating the integral.

In Mathematica, we can use the command NIntegrate [g-f, {x,-1,1},{y,-1,1}]. We find that
// [(2 —2® =P — (eﬂzgcos(gc2 + y2))] dA = 3.0271. We can use the plot3d command (in Maple) or P1ot3D
R

(in Mathematica) to graph both functions on the same screen.
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SECTION 151 DOUBLE INTEGRALS OVER RECTANGLES LI 531
47. R is the rectangle [—1,1] x [0,5]. Thus, A(R) = 2-5 = 10 and

r=1 5
foe = 3y T S @) dA = & o [ Pydedy = 35 [ [32%] 020 dy =15 [5 Bydy = %5 [30%], = 3.

48. A(R)=4-1=4,s0

o=t [ seman=1 [ [ e vimaama =1 [ [terer ) w

y=0

AT

2 @+ e)*? = (z+ 1)*?)de = %[%(x +e)3? — (x4 1)5/2}:

2[(4+e)*? =572 — "2 4 1] = L[4 +e)*/? — /2 — 572 4 1] & 3.327

1 1
zy - x . _x
49, // 1+m4d / / Tra 4dy x = / r 4da:/0 ydy [by Equation 11] but f(z) = T2 is an odd

1 1
function so / f(x) dz = 0 (by Theorem 4.5.6 [ET 5.5.7]). Thus / / - jym4 dA=0. / ydy = 0.
—1 R 0

o=

50. [[.(1+a*siny +y*sina)dA = [[, 1dA+ [[,2%sinydA+ [[, y*sinadA
R)+ [" 7 a’sinydyde+ [T [T y?sinzdyde
= (2m)(2m) + [ _adx [T _sinydy + ["_sinzdz [T_y*dy
But sinz is an odd function, so [* sinzdx = [ sinydy = 0 (by Theorem 4.5.6 [ET 5.5.7]) and

[[(1+ 2% siny + y® sinz) dA = 47> + 0 + 0 = 4n>.

51. Let f(z,y) = . Then a CAS gives folfol f(z,y)dydx = § and folfol f(z,y) dody = —3.

-y
(z+y)?
To explain the seeming violation of Fubini’s Theorem, note that f has an infinite discontinuity at (0, 0) and thus does not

satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which diverge at their

lower limits of integration.

52. (a) Loosely speaking, Fubini’s Theorem says that the order of integration of a function of two variables does not affect the
value of the double integral, while Clairaut’s Theorem says that the order of differentiation of such a function does not
affect the value of the second-order derivative. Also, both theorems require continuity (though Fubini’s allows a finite

number of smooth curves to contain discontinuities).

(b) To find gy, we first hold y constant and use the single-variable Fundamental Theorem of Calculus, Part 1:

gz = d g(m y) = dd / ( / f(s,t) dt) ds = / f(z,t) dt. Now we use the Fundamental Theorem again:

d v
=4 [ F@tdt= fa)
To find gy, we first use Fubini’s Theorem to find that [* [V f(s,t)dtds = [” [ f(s,t) dt ds, and then use the

Fundamental Theorem twice, as above, to get gyz = f(x, y). SO gay = gye = f(z,y).
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532 [ CHAPTER15 MULTIPLE INTEGRALS

15.2 Double Integrals over General Regions

1. f1 fo 8x — 2y)dydx = fl [8my y ] dm = f15[8m(93) — (x)2 — 8z(0) + (0)2}dm

5 5
= [0 70 do = La®]] = (125 — 1) = &8

2 -
2 [y fy #Pydady :f02 [32°0]52 dy=J5 39 [W*)° - (0)°] dy
2
sV dy =3 [50°],=332-0)=%
y3 37*=Y 3
3 f1 Y aer dedy = [} [%xZey |y =y 4o [0 - 2] dy
3 371
=thvetdy=33e"] =3 5 =) =31

4, fw/zfo xsiny dy dx —fO —cosy)]yZ xdx—fo (—zcosx +z)dr = "/2(m—xcosx)d;r

= [32® — (zsinz + cos z)] g/ 2 (by integrating by parts in the second term)

2

772 ™ ™ ™
:(%-77570)7(07071):?75+1

5. fo fo cos( dtds—fo [t cos( 3)] 2d5=f01 s cos(s%) ds = %sin(s?’)];:%(sinl—sinO)z%sinl
6. fol foev \/H—é’dwdv:fol [w\/l—i——e“]zzgv dv = 1 e’ V1+tevdv= 2(1—&—6“)3/2]
=2(14+e)®?-21+1)*2=2(1+e)*? - 4,2
4 vz 4 27Y=VT 4
7. // 2y :// L dydx:/ LR dmzl/ L _dr
pr2+1 o Jo x241 o ZP+1 2] 2 Jo z2+1
4 4
:%[%ln’szrl”O:%[ln(szrl)}O:%(ln17fln1):iln17
8. ffD(2x+y)dA :flzfyl_l(Q:c—i—y)datdy:fl [ —&-my]z ; 1dy:f12 [1—|—y—(y—1)2—y(y—1)] dy
= F2w +ayydy =[50 + 20 = (- F +8) - (-3 +2) =4
9% [/, e V' dA :fo JJe -y d:):dy:f03 [me‘yz}x:y dy = 03 (ye_y2 70) dy:fo?’ye_y2 dy
=0
—]? 1(,-9_ 0 1 -9
= —3€ ]02—5(6 —e’)=3(1-¢7)
y=zx
10. [[, y/22 —y?dA = fo I yv/x? — dydx—fo [f% )3/2] _ dx:f02 [0+%(m2)3/2} dx
21

=lJo 32° dz = %-%xﬂiz 5(16-0)=3
11. (a) At the right we sketch an example of a region D that can be described as lying
between the graphs of two continuous functions of x (a type I region) but not as

lying between graphs of two continuous functions of y (a type II region). The

regions shown in Figures 6 and 8 in the text are additional examples.
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(b) Now we sketch an example of a region D that can be described as lying between
the graphs of two continuous functions of y but not as lying between graphs of two

continuous functions of =. The first region shown in Figure 7 is another example.

12. (a) At the right we sketch an example of a region D that can be described as lying
between the graphs of two continuous functions of z (a type I region) and also as
lying between graphs of two continuous functions of y (a type Il region). For

additional examples see Figures 9, 11, 12, and 1416 in the text.

(b) Now we sketch an example of a region D that can’t be described as lying between
the graphs of two continuous functions of = or between graphs of two continuous

functions of y. The region shown in Figure 18 is another example.

13. 4 As a type I region, D lies between the lower boundary y = 0 and the upper
boundaryy =z for0 <z <1,s0 D ={(z,y) |0<2<1,0<y <z} Ifwe
y=x describe D as a type I region, D lies between the left boundary = = y and the

p right boundary z = 1for0 <y < 1,s0 D ={(z,y) |0 <y <1,y <z <1}.

0 y=0 (1,0) X

Thus [, zdA :folfozmdydx = fol [xy]zzgdm = folde:c = %13}(1) =1(1-0)=3 or

Jpwdd=[5 [ ededy = [§ [32°];2 dy =5 [ (1 -y dy =3[y —30°], = 5[(1-5) - 0] = 5.

14. Y The curves y = x2 and y = 3z intersect at points (0,0), (3,9). As a type I region,
5.0, D is enclosed by the lower boundary 3y = 2% and the upper boundary iy = 3 for
yz:X 0<z<3,50D={(z,y) |0 <z <3,2°> <y< 3z} If wedescribe D asa
o y/j) y zrﬁ type Il region, D is enclosed by the left boundary = = y/3 and the right boundary
x=y z=Ffor0<y<95s0D={(z,y)|0<y<9y/3<z <./} Thus
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dA = (3 [* eydyde = [P [z 242V " de = L [P 2(922 — 2%)dz = L [3(92° — 2°)d
[lpzydA = [§[2aydyde = [ [z 39°]) 5 de = 5 [§ 2(92° —a%)dz = 3 [[(92° — 2°) dz

— 30 gt~ 4Ty = (381§ 720) 0] = 22

or [fpmydA = [ [Mizydudy = [} [3a?y])" " V0dy =14 [J (v — $v*)ydy = 3 5 (v* — 3v°) dy

39 =5 3y'lo = 3[(5- 729 — 55 - 6561) — 0] = %2

15. Y Thecurvesy = x — 2orz =y + 2 and = = ° intersect wheny + 2 = > &
x=y?
)fi‘w e ¥—y—2=0 & (y—-2)(y+1)=0 & y=—1,y=2,s0 thepoints of
D intersection are (1, —1) and (4, 2). If we describe D as a type I region, the upper
y=x—2
0 °r+ , boundary curve is y = /7 but the lower boundary curve consists of two parts,
x=y

y=—yx for0<z<landy=z-—2forl <z <4

Thus D = {(z,y) | 0<z <1, -z <y<z}U{(z,y) | 1<z <4,z—-2<y<./z}and

[[pydA= fol I _‘/55 ydydz + f14 fxg y dy dz. If we describe D as a type Il region, D is enclosed by the left boundary
@ = y” and the right boundary z = y 4+ 2 for -1 <y < 2,50 D = {(z,y) | -1 <y <2,y’ <z <y+2} and
[[pydA=[ 31 f;;” y dx dy. In either case, the resulting iterated integrals are not difficult to evaluate but the region D is

more simply described as a type II region, giving one iterated integral rather than a sum of two, so we evaluate the latter

integral:
r=y+2
JfpydA=[2 [BPydedy = [?) [zy] 20 dy = [2 (y+2—¢P)ydy = [°,(v" + 2y —¢°) dy
1,3 2 _ 1,472 8 1 1 9
=By -l =G +a-4) - (5 +1-9) = 1§
16. Y —a Asatype Iregion, D = {(z,y) |0 <z <4,z <y <4} and
0.4) 1 (4.4)
[, ye™ dA = f(;‘f; y2e®¥ dy dx. As a type Il region,
_ D @ 4 @
x=0 . D={(z,y) |0<y<4,0<z<y}and [[, v’V dA = [ [}y’e™ dudy.
Evaluating [ y2e® dy requires integration by parts whereas [ y?e®¥ dx does not, so
0 x the iterated integral corresponding to D as a type II region appears easier to evaluate.
P 2

[pPeda = [} [yPe dedy = [ [ue )7 dy = i (ve” ) dy

71y212471168 1) = 116 17

=|2¢ —3¥ 0—(56 —8)—(3-0)=3e" - %

) \ -2 *12 .
17. Y (O folfol rcosydydr = fol [x siny]z;o dr = fol xsinz? dx
=—1 cost]é = —2(cos1 —cos0) = 2(1 —cos 1)
}:xz x=1
D
0 (to) X
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8. 7 JIp @ +2y)dA = [§ [ +2y) dydo = [§ [y + 9], do
1,1
y _ e e ) e = [t 3 Bt - T

4 v —i4+i-1-i=2
:
RO P [l A = 2 [T P vy = 7 [w0?) 2370 dy
=y LT = [217=3y) = (y = D]y dy = [F(8y" — 4y°) dy
0(0’1) 0 : =B -y =% -16-5+1=%

20. Y

Il
S
=
—
N
@
Il
-
|
8
M
&
8
I
=
—
PN
[
8
[ V)
-
U
8

; —1(-4-0)=1
21. 4— 12
y ‘ / / (22 —y)dydx
y=\/4 X -2 4—22
2 —/a_22
KN _/ [Q:L‘ _%yQ}y vV de
) y= 4—22
-2 0 2 x 5
=f72 [2rx/4—m2—%(4—m2)+2r\/4—x2+%(4—m2)] dx
y=—4—x? 2
= 324m\/4—m2daz: —%(4—1’2)3/2} =0
—2
[Or, note that 4z v/4 — 22 is an odd function, so fi dx /4 —x2dr =0.]
1 4-3
22 ffD ydA:fO fy Yy de dy
= fo lwyliZy ¥ dy = [y (4y —3y° — ) dy
= fo 4y — 4y’ dy = [29° — 3y°] =2 -4 —0 =2
0‘ (4,0) X
23, Y V= fol fm‘;{E(Sx—l—Qy) dy dx :fol [Bzy + y° ]z ;/2_ dx
x=7y?or
y=1x 1,1 :f01[3x\/_+ x) — (32° + 2%) ]da?:fol(3:c3/2+:c—3:c3—14)dx
1
o /. e e N o B Bt
0 X
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24, Y
2 ey
xX=y 4,2)
D
0 X
4,-2)
25. y
(1,2)
x+3y=7
(1,1) 4,1
O| x
26. 4
X
27.
(0, 4)
2x+y=4
or
y=4-—2x
D
0 (2,0) x
28. y

29. \ y /

V: ffz f,:2(1 + I2y2

- I+ 3

) dx dy

b dy = [0 S0~ b)) dy

= [y + Gy’ — SE 8+ AR - 52 =21

912 _ 488 _
27y }72_84_ 9 27 27 27

3y dy

V= f12f17_
sy

1 2 3 9,412 _ 31
324 147 + 3] = %

3ywydmdy: ff [%m2y]m:77

r=1

[(7—3y)? — 1] dy = L [2(48y — 42y> + 9y°) dy

V=22 +y? + ) dyde = [ [2%y + y+y}§§zdx
= 2?2 -2)+ 12 -2+ (2-2)— 0] do
= [7 (—44° + 42? 5$+1?4)d$:[*%$4+§$3f%x2+%x]i
=043 10428 _o=U

V:fo A2 9y — )dydx—fo [4y72xyf§y]y =42

= [2[4(4 - 22) — 22(4 — 22) — 3 (4 — 22)® — 0] da

= JZ(22® — 8z +8) dv = [22® —42® +82]2 =18 16+ 16 — 0 =

V= fol fjfz zdydx

=Jo o] ="

= fol(Zx — 227 dx

:ffz [ac2 ]y z2
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y 2 (2 2 17 =2v
0,2 (4,2) V= [olo" VA-yrdudy =[] [I 4—y2} 0 dy
0,2) r=
D 2
2 3/2
=2y =y VAP dy = [3(4- )] =0 =g
0 X
y
1 py/1—22 Ly21Y = 1—a2
0,1 V= dydx = = d
L . I A A S
2 '1-a? 1 1,311 _ 1
:/ 5—dr =3[z —32°]; =3
0
0 (1,0) X
y By symmetry, the desired volume V' is 8 times the volume V; in the first octant.
0, 7) Pyt Now
T m r x=1/172 —y?
D Vlz// \/r27y2dxdy:/ [:1: TnyQ} dy
o Jo 0 z=0
0 C T
0 (50) X :fO(TnyQ)dy:[Tny%yS];:%TS
Thus V = 873,
3 From the graph, it appears that the two curves intersect at = 0 and
at x /= 1.213. Thus the desired integral is
_ 22 y:31712
ffD rdA= 01'213 jf rdydr = 01‘213 [my} . dx
Yy=x
-0.1 13 = 01'213(3:102 —2® —2%)de = [2° — J2* — émﬁ}é‘zm
-02
~0.713
_ 1
%
y 00 x : 0 1

The desired solid is shown in the first graph. From the second graph, we estimate that y = cos x intersects y = x at

x ~ 0.7391. Therefore the volume of the solid is

~ [0.7391 pcosz _ r0.7391 Yy=cosxT
V[ [ wdyde = [ [xy]y:x dx

_ 0.7391
—Jo

0.7391
0

(zcosz — x%) dw = [cosz + zsinz — $2°]

3 ~ 0.1024

537

Note: There is a different solid which can also be construed to satisfy the conditions stated in the exercise. This is the solid

bounded by all of the given surfaces, as well as the plane y = 0. In case you calculated the volume of this solid and want to

check your work, its volume is V' ~ 00‘7391foz xdydzr + fOTz;Ql o dy dr &~ 0.4684.
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35. The region of integration is bounded by the curves y = 1 — 2 and y = 2> — 1 which intersect at (1, 0) with

36.

37.

1 — 2% > 2® — 1 on [—1, 1]. Within this region, the plane z = 2x 4 2y + 10 is above the plane z = 2 — x — ¥, so

2 2
V= fil f;;fl (22 + 2y + 10) dy dz — fi1 1121931 (2—z—y)dydz

_f f (2x+2y+10—( —x—vy))dydx

1— Jc
= NS (Ba 4 By + 8) dyda = [ [3:Ey+ +8y]y da:

—22-1

=1 Br(l—2?) + 2(1 - 2?)2 + 8(1 — 2?) — 3z(a? — 1) — $(2? — 1)? — 8(a® — 1)] dx

= [1, (=62 — 162° + 6 + 16) dx = [—%x“ — 1843 4 322 1 162]"

1

=-3-L434+16+3-L-3+16=2

The two planes intersect in the line y = 1, z = 3, so the region of y

integration is the plane region enclosed by the parabola y = 2 and the 1,1

liney = 1. We have 2 4+ y > 3y for 0 < y < 1, so the solid region is

bounded above by z = 2 + y and bounded below by z = 3y.

1opl 1ol 11
V:/ / (2+y)dydxf/ / (3y)dyda::/ / (2+y—3y)dydx
—1Ja2 —1Ja2 —1Jz2
11 -1
:/ / (2—2y) dydm:f_ll [Qy—yﬂy dx
—1Jz2 y=2?2

= [ (1 —22 42ty de = x—%xg’—i—%xs’]iI =12

The region of integration is bounded by the curves y = 2 and
y = 1 — z? which intersect at (:t%, %)

The solid lies under the graph of z = 3 and above the graph of z = y,

so its volume is

V2 —z? V2 —z? V2 —a2
V= fli/\/- ;2 dedx—fi{/jﬁ :2 ydydm:fii/ji 112 3—y)dydx

y:lfz2
= [ [3y %f]y:zz do = [172[(3(1 = 2%) — 1(1 = 2%)?) — (3% — £(2*)?)] da

_ [/v2 (5 2 _I5 5.311/v2 (5 5 5 5
= [ (G -5a%) do= (32— 3% s = (355 - o%%) - (5 + 55)
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38. The region of integration is the portion of the first quadrant bounded by the axes and the curve y = /4 — x2. The solid lies

under the graph of z = x + y and above the graph of z = xy, so its volume is

V:fo i ($+?J)dydﬂf—f0 fo e xydydm_f f‘4 @ (z+y—ay)dyde

= f02 [mer 1y° — say® dx = f02 [2vV4— a2 + (4 —2°) — J2(4 — 2°) — 0] da
2

= f02 (evVA—22+2— 32° — 2z + 32°) do = [—%(4 —2?)%% £ 21 — 2% —a® + éxﬂ
0

—(--av2) - (3 aP) =345 -4

39. The solid lies below the plane z =1 —x — y

y
or z + y + z = 1 and above the region ol
O.1)
D={(zy) | 0<2<1,0<y<1—a} R
in the xy-plane. The solid is a tetrahedron. D
0 (1,0) x
40. The solid lies below the plane z =1 — Y

and above the region
D={(z,y)|0<2<1,0<y<1-2}

in the xy-plane.

3

41, The two bounding curves y = z° — x and y = x° 4 x intersect at the origin and at z = 2, with 2> + = > 2% — z on (0, 2).

Using a CAS, we find that the volume of the solid is

13,984,735,616
// . @’y +oy”) dyde = T 14,549,535

42. For |z| < land |y| <1, 22% + 4% < 8 — 22 — 2y2. Also, the cylinder is described by the inequalities —1 < 2 < 1,

—v1—122 <y <+/1—22. So the volume is given by
V= / / e — 2 —2y°) — (22° +y°)] dy dx = B [using a CAS]
'\/17302 2

43. The two surfaces intersect in the circle z° + y® = 1, z = 0 and the region of integration is the disk D: 2 +y2 < 1.

1 1—z2
T
Using a CAS, the volume is // 1—2°— y2 dA = / / 1—2°— y2 dydr = =
D( ) ] —l—xQ( ) 5
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44. The projection onto the xy-plane of the intersection of the two surfaces is the circle 2° + y*> = 2y =
2?2 +y* —2y=0 = 2?4 (y—1)% = 1, so the region of integration is given by —1 < z < 1,

— V1 =22 <y <1+ +/1— 22 Inthis region, 2y > z2 + 3 so, using a CAS, the volume is

/ /1“/— — (@ ") dyde = 3

45. J 0.1 Because the region of integration is
] Ly D={(@y)|0<e<y0<y<1}={@y|z<y<1,0<z<1}
y=x wehavef0 fo z,y)dedy = [[, f( ,y)dAzfolle f(z,y) dy dx.
0 X
46. J 2.4 Because the region of integration is
(074) 1 ‘
D={(z,y)|2* <y<4,0<z<2}
, ={(z,y) |0<z < F,0<y<4}
y=x
x;)r\/y we have f02 f:z f(z,y)dydz = ffD fz,y)dA = f04 foﬂ f(z,y) dzdy.
0 X
41. y

Because the region of integration is
D={(z,y9) | 0<y<cosz,0 <z <m/2}
={(z,y) [0<w<cosy,0<y <1}

we have

T COS T COS -1
J2 e f(a,y)dyde = ([, fle,y)dA= [} [V f(z,y) dedy.

48. Because the region of integration is
D={@y|0<e<i-y -2<y<2}
={(z,y) | Vi-2?<y<Vi-a220<2 <2}
we have
RVa Va—z2
P2 I f@y) dedy = [f, fa,y)dA = f3 [ fa,y) dy da.
Vi—a?
49. M y=Inx or x=¢” Because the region of integration is
In2 D={(z,y)|0<y<Inz,1<z<2}={(z,y) e’ <z <2,0<y<In2}
we have
2 rlnzx In2 p2
0 / f(ﬂ:,y)dydﬂ::/ f(x,y)dA=/ / fz,y) dzdy
1 Jo D 0 ey
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50. Because the region of integration is
y
x D= {(z,y) |arctanz <y < §,0 <z < 1}
2
= (z 0<z<tany, 0<y< =%
T y = arctan x {@y)l0<se< y.0<y<3}
or x=tany

we have

1 pm/4 /4 rtany
[ [ tewiie= [[ femaa= [ [ swpdedy
0 arctan D 0 0
1 r3 3 rx/3 3 2 qy=x/3
// e’ dmdy:// e’ dydx:/ [em y} dx
0 J3y o Jo 0 y=0

3,1 3 T\ 2 2273 69—1
:/0 (5)6 do=75e ]0: 6

51.

<

52,

// \/g_/smydydat—// \/g_/smydmdy—/ VY siny [z \/_dy

/Owgsmy)(f O)dy:/o y siny dy

0, 1)

=
—_

~

|
=
|

= —ycosyls + fol cosy dy
x=vly [by integrating by parts with u = y, dv = siny dy]

0 x :[fycosersiny](l):fcosl+sin170:sinlfcosl

1 p1 1 py? 1
53. y // \/y3+1dydx:// \/y3+1d$dy=/ Vyr+1 [z)2
0o Jvz o Jo 0

0,1 1 1

o0 , /yQ\/mdy=§(y3+l)3/2}o
0

Y= 3 (22 -1R) =3 (Vi)

or
x=y?
0 X
2 p1
54, y // ycos(z® —1)dzdy = // ycos(z® — 1) dy dx
1,2) o Sy
x=y/2
or =2z
y=2x / cos(z® — 1) [3y 2]3:0 dx
x=1
D :/ 2z° cos(x® — 1) de = 2 sin(rg—l)](l)
= 2[0—sin(—1)] = —2 sin(—1) = Zsin1
0 1 x
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1 pw/2
55. Y y=sinx or / / cosz \/1+ cos? x dx dy
0 a

Xx=arcsiny resiny

i .
) = [T/? S cos V1 + cos? wdy dx

—Jo

_ /2 \/72 y=sinz

*fo cosx v/1 4 cos x[y}yzo dx

_ /2 \/72 . Letu = cosz,du = —sinz dzx,
*fo cosx /1 + cos? z sinx dx { dar — du/(— sinz)

= flo *U\/H—UZdu: ,%(1+u2)3/2}0
=3(vV8-1)=3(2v2-1)

56. (2,8) /8/2 e /g/z o
—3/y e’ drdy = e’ dydx
x=Vy o Jyy o Jo

[}
SE]
=

1

5. D={(z,y) [0<2 <1 —2+1<y<1}U{(z,y) | -1<2<0,z+1<y <1}
U{(z,y) |0<2<1, —1<y<z—-1}U{(z,y) | -1 <2<0, -1 <y<—z—1}, alltypel

11 0 1 1 pr—1 0 p-z—1
// m2dA:// x2dydx+/ / x2dydx+// a:Zdyda:—i—/ / 22 dy dz
D 0Ji-a —1Ja41 0o J-1 -1J-1

1 1
=4 / / z* dy da [by symmetry of the regions and because f(x,y) = z* > 0]
0 Jl—-=z

:4f01 dex:4Ex4]; =1

8. D= {(z,y) | -1<y<0, —1<z<y—-¢’}U{(z,9) |0<y <1, /H— 1<z <y—y*}, both type IL.

0 ry—y® 1 ry—y® 0 o=y 1 pey—y3
// ydA:/ / ydmdy—i—// ydacdy:/ [wy]”_") dy+/ [my}zi\/_ildy
D —1J-1 0o Jyg-1 —1 - 0 vy
=[O -yt Y dy+ [y -yt -y +y)dy
0 1
= 39" 30+ 30700+ (30— 37 - B
—0-H)+(GH-0=-3
59, Since 22 +y? <lonS,wemusthave 0 < 2?2 <land0<y? <1,500< 2?2 <1 = 3<4—-2%?<4 =
V3 < /4 —22y? < 2. Here we have A(S) = 17(1)* = Z, so by Property 11,
V3A(S) < 4 —x2y2dA < 2A(S) = ﬁwg 4 — 22y?2 dA < 7 or we can say
s 2 s
2.720 < [, s V4 —x%y? dA < 3.142. (We have rounded the lower bound down and the upper bound up to preserve the
inequalities.)
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60. 7" is the triangle with vertices (0, 0), (1,0), and (1,2) so A(T) = 3(1)(2) = 1. We have 0 < sin*(z +y) < 1 forall z, y,

and Property 11 gives 0 A(T) < [, sin*(z +y)dA<1-A(T) = 0< [[,sin*(z+y)dA < 1.

61. The average value of a function f of two variables defined on a rectangle R was Y
defined in Section 15.1 as fae = ﬁ [ [ f(x,y)dA. Extending this definition N (1,3)
to general regions D, we have fae = ﬁ I f(z,y)dA. o
Here D = {(z,y) | 0 <2 < 1,0 <y < 3z},s0 A(D) = 3(1)(3) = £ and b
fove = =57 [ F@,y)dA = 555 [§ [37 2y dy do
= 2 ) e = d [ 00 de = 30ty = 3 I
62. Here D = {(z,y) |0 <2 <1,0 <y <2”},s0 Y

A(D) = [} a?dz = %x?’]; = ¢ and

fave =

(z,y)dA = 1/3 fo fo zsiny dy dx

2

f [ zcosy] ™ dx
=3[} [t —zcos(x )]dm—S[ z® — Lsin(z 2)};

[un

=3(3—4sin1-0) =32(1—sinl)

63. Since m < f(z,y) < M, [, mdA < [[, f(z,y)dA < [[, MdAby (8) =
m [[ 1dA < [[, f(z,y)dA < M [[,1dAby(7) = mA(D) < [[, f(z,y)dA < MA(D) by (10).

64.

1 2y 3 pr3—y

[ t@waa= [ [T rewdeags [ [ f@g)drdy
D o Jo 1 Jo
2 3—x
:// f(z,y)dydx
= 0 Jz/2
0 2 X

65. Y First we can write [ (x4 2)dA = [[,xdA+ [[,,2dA. But f(z,y) =z is

an odd function with respect to z [that is, f(—z,y) = —f(z,y)] and D is

symmetric with respect to . Consequently, the volume above D and below the

graph of f is the same as the volume below D and above the graph of f, so

[f,zdA=0.Also, [[,2dA=2-A(D) =2 +m(3)* = 9 since D is a half
disk of radius 3. Thus [, (x +2)dA =0+ 97 = 9x.
66. The graph of f(x,y) = /R2 — 22 — 42 is the top half of the sphere x* + 3? 4 2% = R?, centered at the origin with radius

R, and D is the disk in the zy-plane also centered at the origin with radius R. Thus [, \/R? — 22 — y? d A represents the

volume of a half ball of radius R which is % . %’/TRS = §NR3.
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67. We can write [, (22 + 3y) dA = [[, 2z dA + [[,, 3ydA. [[, 2x dA represents the volume of the solid lying under the

plane z = 2z and above the rectangle D. This solid region is a triangular cylinder with length b and whose cross-section is a

triangle with width a and height 2a. (See the first figure.)

z

(@, 0, 2a) z (0, b, 3b)
(a, b, 2a)
g
1
1
:
< 1
x 37 0
(@, b,0)

Thus its volume is % -a-2a-b=a?b. Similarly, IS p 3y dA represents the volume of a triangular cylinder with length a,

triangular cross-section with width b and height 3b, and volume % -b-3b-a= %abQ. (See the second figure.) Thus
[f, 2z + 3y) dA = a®b + 3ab®

68. Y In the first quadrant, x and y are positive and the boundary of D isx +y = 1. But D is
symmetric with respect to both axes because of the absolute values, so the region of

integration is the square shown at the left. To evaluate the double integral, we first write

D
. 0 T x [[,@2+4 2%y —y?sinz)dA = [[,2dA+ [[,2°y*dA — [[, y*sinz dA.
Now f(x,y) = x*y> is odd with respect to y [that is, f(x, —y) = —f(x, )]
-1 and D is symmetric with respect to y, so [, 2%y dA = 0.

Similarly, g(z,y) = ¥ sin  is odd with respect to « [since g(—x, y) = —g(z,y)] and D is symmetric with respect to x,
so [[,y*sinzdA = 0. D is a square with side length v/2, so [, 2dA =2 A(D) = 2(\/5)2 = 4, and

[[,2+ 2% —y?sinz)dA=4+0+0=4.

69. [, (az® +by® + Va2 —a2)dA = [[,ax®dA+ [[, by® dA+ [[, Va®> — 22 dA. Now az® is odd with respect
to = and by is odd with respect to y, and the region of integration is symmetric with respect to both = and ,
so [[,az®dA = [[,by*dA =0.
I IS Va2 — 22 d A represents the volume of the solid region under the

graph of z = v/a? — x? and above the rectangle D, namely a half circular
cylinder with radius a and length 2b (see the figure) whose volume is

1. 7r’h = 17a®(2b) = ma®b. Thus

ffD (ax3+by3+\/a2 —r2)dA=O+0+7ra2b=7ra2b.
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70. To find the equations of the boundary curves, we require that the
z-values of the two surfaces be the same. In Maple, we use the command
solve (4-x"2-y"2=1-x-y,y) ; and in Mathematica, we use

Solve[4-x"2-y " 2==1-x-y, y]. We find that the curves have

1++/13 + 42 — 422
2

equations y = . To find the two points of intersection

of these curves, we use the CAS to solve 13 + 4z — 4z% = 0, finding that

NAONN

..’s

\
0 >

T = L;/ﬁ. So, using the CAS to evaluate the integral, the volume of intersection is

(1+v1d)/2 (1+\/13+4z7412 )/2
4
/(1@)/2 /(l'\/l3+4z41'2)/2

15.3 Double Integrals in Polar Coordinates

777777

S e

)

J

N,
W2
>
v

i
i

4 ":

",
ZN
)
0
J

545

1. The region R is more easily described by polar coordinates: R = {(r,0) |2 <r < 5,0 < 0 < 27}.

Thus [, f(z,y) dA = fO%f; f(rcos®,rsinb)rdrdb.

»

Thus [ f(z,y)dA = f_ll f_lx f(z,y) dy dx.

3. The region R is more easily described by polar coordinates: R = {(r,0) |0 <r < 1,7 < < 2r}.

Thus [[, f(x,y) dA = fi” fol f(rcos@,rsind)rdrdf.

4. The region R is more easily described by polar coordinates: R = {(7’, 0)|0<r<3, —

Thus [[, f(x,y)dA = ff:ﬁ f03 f(rcos@,rsinb)rdrdb.

5. The integral | :;4/ *

J; 12 r dr df represents the area of the region
R={(r,0)|1<r<2,m/4 <6< 3r/4}, the top quarter portion of a

ring (annulus).

S e rdrdo = (7] a0) (7 rar)

[ = (-9 b =53 =3

/4 1

2sin 6
2Jo

6. The integral f:/
r=2sinf = r?=2rsinf & 2*+y*=2%y <
22 + (y — 1) = 1, R is the portion in the second quadrant of a disk of

radius 1 with center (0, 1).

frr 2sin 6 rdrdo= T [%TQ}TZQSH’IQ do — ™

7/2J0 w/2 r=0 /2 2Sin29d0

_7"2.

= Jr (1—c0529)d0:[9—%sin29]:/2

1
2

=m—-0-3+0=3%

The region R is more easily described by rectangular coordinates: R = {(z,y) | -1 <z <1, —z <y <1}.

y

r dr df represents the area of the region R = {(r,6) | 0 < r < 2sinf, 7/2 < 6 < 7}. Since
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7. The half disk D can be described in polar coordinates as D = {(r,0) | 0 < r < 5,0 < 6 < 7}. Then

[f, *ydA :foﬂfos’ (rcos0)?(rsin@) rdrdd = ([ cos 9Sln9d9)(f0 r dr)

= [~dcos® 0] [2r°]0 = —3(~1 1) 625 = 1280

8. The region R is % of a disk, as shown in the figure, and can be described by R = {(r,60) | 0 <r < 2,7/4 < 6 < 7/2}. Thus

/2 2 . y
[Je2z —y) fw/4 Jo (2rcosf —rsin@)rdrdf ] P4yied
fﬂ/Q (2cosf — sin ) df f02r2dr
R
[281n9+cos0]77/2 [%rg’]i y=x
— @0 Vi B(5) = -4v3 ; :

9. [[,sin(a® +y?)dA = f’r/Zfl sin(r 1"drcl9—f7r/2 de rsin(r?) dr = [Q}SN [f%cos(ﬁ)ﬁ

= (%) [~3(cos9 — cos1)] = Z(cos1 — cos9)

27 b 27 b
10, // / / Tsme drde_/ sm20d9/ Tdr:/ l(1—cos29)de/ rdr
2+y a 0 2 a

—%[9—%sin249](2)7T [%rz]a:Z(Qw—O 0)-3 (b*—a®) =3(b*—a?)

N [y e ™V dA = [, [2 e rdrdg = [T/

w2 do fo re="" dr

= (0], [ ] =m0 = 51—

12. [f, cos /a2 +y2dA = f027r f02 cosVr2 rdrdf = 02” de f02 r cosr dr. For the second integral, integrate by parts with

u=r,dv = cosrdr. Then [[, cos/z?+y?dA = [9]? [rsinr + cosr]’ = 2m(2sin2 + cos 2 — 1).

13. R is the region shown in the figure, and can be described Y y=x

by R={(r,0) |0 <0 < /4,1 <r <2} Thus

i , 1+ X2 +y2: 4

[ arctan(y/z) dA = f"/4 [ arctan(tan 0)  dr df since y/z = tan. X4y =17 R

Also, arctan(tan §) = 6 for 0 < 6 < 7/4, so the integral becomes 1 2 «x

ST erdrdg = [7/40do [Prdr = [16°]0" [3r%)) = 5 - & = En
14. » //di: // zdA — // xdA

D 22 2 o —1)2 2
x2+y2=4 x2+0,yy§§ ( 1)y>+0y =t
D A yr=2x = Oﬁ/z 0r2c039drd6’ fﬁ/z 205012 cos 0 dr df

zfﬁ/Q (8 cos ) df — fw/Q 1(8cos* ) df

0 (2,0 X
/2

=2 2 [cos®sin6 + 2 (0+sm€cos9)]

- 530+ 4(3)] - 5

-
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15. One loop is given by the region
D ={(r,0)|-7/6 <0 <7/6,0 <r < cos30},so the area is g
-’76
/6 cos 36 /6 1 r=cos 30 /,/
/ / dA = / / rdrdf = / {—r“'} do
/6 /6 2 r=0
/6 71'/6 \\\
= / L cos?30d0 = 2/ (HC—OSGQ) d . .
/6 2 . 2 2 o=-Z
/6
1 1. o
5 {9—1— Esm60]o =13

16. By symmetry, the area of the region is 4 times the area of the region D in the first quadrant enclosed by the cardiod

r =1 — cos 0 (see the figure). Here D = {(r,0) | 0 <r <1 —cosh,0 < 0§ < 7/2}, so the total area is

4A(D) :4ffD dA:4f7r/2 fl cos 6 drd9_4f7r/2 [% }T:lfcosede

r=0 r=1-—cos 6 r=1+cos 6

—2fﬂ/2 (1 —cos®) d9—2fﬁ/2 1*2COS€+C0529)d0

= 2f"/2 [1—2cosf + 3(1+ cos20)] df

:2[972sm€+ 19+—sm29]w/2

—2(5-2+5) = % -4

17. In polar coordinates the circle (z — 1)> + 3> =1 & 2> +y?>=2r is r’=2rcosf = r=2cosb,
and the circle % + y? =1 is 7 = 1. The curves intersect in the first quadrant when

2cosf =1 = cosf = % = 0 = 7/3, so the portion of the region in the first quadrant is given by

D={(r0)|1<r<2cos6,0 <6< m/3} Bysymmetry, the total area 0=m/3
=1 4 r=2cosf

~

is twice the area of D:
D)=2[[,dA=2 [ [2°rdrdo =2 [T/* [Lr?]" 22" g /
= I (deost 0 — 1) do = [7/° [4- §(1 +cos20) ~ 1] db \\\§<i//

_ rm/3 o . /3 _ w
=/ (1+2c0520)d9—[9+sm20}0/ —5—1—@

18. The region lies between the two polar curves in quadrants I and IV, but in
quadrants II and III the region is enclosed by the cardioid. In the first
r=1+cosé
quadrant, 1 + cos § = 3 cos  when cos 0 = % = 0= %,sothearea
of the region inside the cardioid and outside the circle is
7/2 pl4cosb /2 11 r=1+cos 0 —
A1 _frr/3 scoso T AT d9_f (57 L:%ose do r=3cosf

fﬂ/z 14 2cosf —8cos®0)df = 1 [0+ 2sinf — 8 (% 9+451n29)]ﬂ/2

1
‘rr/3 2

:[7—9+sm€fsm26’r/2 (,%+1,0),(,%+§,§):1,

el

[continued]
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The area of the region in the second quadrant is

A2 _ f:—/z f1+cos9 dr do = f;r/2 [%T2]T:1+0039d6:% :/2(1+2COSG+COSZ e)de

r=0

3 [0+2sin0+ 30+ §sin20]” =3 (F -2)=F -1

By symmetry, the total area is A = 2(A; + A2) =2 (1 —Z4+iZ_1)==I
0.V = [0y o (67 57) A = 2730 e d = 27 d [0 dr = [0]27 [41)] = 2n(2) = o

0.V =[fi o, ,2ca V2TV dA= [T [IViZrdrdo = [77d0 [Fr2dr=[0])7 [3r°]) =27 (8 - 1) = Ln
2.2z +y+2=4 & z=4—2x—y,so the volume of the solid is
1% sz12+y2<1 (4—2w—y)dA=fOZWfol(Zl—2rcos€—rsin9)rdrd0

= ()27rfo1 [4r — % (2cos 6 + sin6)] dr df = 27r [2r* — 37° (2cos 6 + sin 9)]:;1) df
_ 02‘"'[27%(2COS0+Sin6)} do = [26 — —(231n97cos6’)] =4r+3-0—1=dn

22. The sphere x° + y? + 2> = 16 intersects the xy-plane in the circle 22 + y* = 16, so

27 4 2m 4
V=2 // 16 — 22 — y2dA [by symmetry] :2/ / V16 — r2 rdrd9:2/ d9/ r(16—r2)1/2dr
0o J2 0 2

4<2?4y2<16

=2[0]" [—%(16 - 7«"’)3/2}4

0 2

=—2(2m)(0—12%?) =4 (12/12) = 3237
23. By symmetry,

27 pra 27T a
V=2 // \/azfxznydA:2/ / \/a27r2rdrd9:2/ d9/ rva? —r2dr
o Jo 0 0

22 +y2 < a2

=2[0]7" [-3(a* — 2] =

2(2m) (04 3a%) = gma®
0

3

24. The paraboloid z = 1 + 2z + 2y intersects the plane z = 7 when 7 = 1 + 222 + 2y or 2% + 3*> = 3 and we are restricted

/2
// [7- 1+2x +2y JdA = / / 1+27“)}7"de9

to the first octant, so

a2 4y? <3,
z>0,y>0
= Jo/% a0 J37 Gr — o) dr = (0157 3% 3] = 5§ =4

25. The cone z = 1/x2 + y2 intersects the sphere ° + y* + 2% = 1 when 22 + /> —&—(\/ 2) —lormz—l—yQ:%.So

2 1/\/_
// (VI—Z =2~ VaP + 4 ) dA = // VI~ r)rdrdg

22 +y2<1/2

f%d@ fl/\/_( 1—1r2 —rz)dr: [0]? [—%(I—TZ)S/Z —%rﬂwﬁz%(— )(% —l) = %(2—\/5)

0

Wl
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26. The two paraboloids intersect when 6 — 22 — 3? = 222 + 2y? or 2 + y? = 2. For 2° + 3> < 2, the paraboloid
z=6—a% —y? is above z = 2% + 2y% so
27
V= // (6 — 2 —y®) — (22% + 24°)]d // [6 — 3(z* +y°)]dA = / / (6 — 3r%) r dr df
2 +y2 <2 2 +y2 <2

= Ozﬁ do foﬂ((ir —3r%)dr = [9}(2; [3r® — %7"4](\)/5 =27 (6—3) =6m

27. The given solid is the region inside the cylinder 2% + y? = 4 between the surfaces z = /64 — 4a2 — 4y2

and z = —/64 — 422 — 4y2. So
V= // [ 64—4:1;2—42_(_ 64—4$2—4y2)}dA: // 2-24/16 — 22 —y2dA

z2 +y2 <4 x24+y2 <4

2
— 4T [2I6 =12 rdrdf =4 [27d6 [P r\/T6—r2dr =40 ]”[—%(16—r2)3/2]0

=8m(—3)(12%/% — 16*/%) = 22 (64 — 24/3)

549

28. (a) Here the region in the zy-plane is the annular region 77 < x? 4+ y? < 72 and the desired volume is twice that above the

zy-plane. Hence

27 27
V=2 // (/72 fofysz—Q/ / \/T3 fr2rdrd0f2/ d9/ \/r2 =12 rdr

2<1 +y2<r2

T2
= 2(2m)[-308 — )2 " = (3 - D)2

T1

(b) A cross-sectional cut is shown in the figure. So r3 = (%h)2 +r% or

%hQ =722 &
Thus the volume in terms of his V = 4?”6,12)3/2 = %h3. i r

i 2 py/4—z2 5 o /2 2 5
29, Y / / e " Vidydr = / e " rdrdf
0 0

) y=\4-x? 0 0
01‘7 2 /2 272
tyr=4 szW/QdQ [Zre " dr = [0]0/ [—%e_T }0
D
= I BT
0 2 x

30. Y // 2x+y)dwdy:/ /’(2rcos(9+rsin0)rdrd9
a x2+y2=a2 \a2—y2 0 0
= [ (2cosf +sind)df [ r*dr

° = [2sin 0 — cosd]; [17’3]0

3

N “ [0+ 1)~ (0~ 1)]- }(a" ~0) = 3a
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31. The region D of integration is shown in the figure. In polar coordinates the line z = v/3y is § = 7/6, so

32.

33.

34.

35.

1/2 pa/1-y2 7/6 prl
Y 5o / / xyzda:dyz/ /(Tcos@)(rsin@)zrdrde
(7,5) 0 V3y 0 0
x=\3y VY = [/®sin20cos0.do [ v dr
D 2 2 -
MR = [5sin® 0]/ (3]
0 1 X
1/1\3 1 1
=@’ -0 [t-0 =%
2o = 777 (]2 o = [ (5 cost )
2 2
y =2x—x s pm/2 L
b orr=2cos 0 =3 J, ' (1 —sin" ) cos 0 do
, ‘ zg[siHQf%siﬁe]g/Z:%
0 1 2 X

D={(r0)|0<r<1,0<0<2r}, s0
I @)% g A = fOZ” fol e rdr df = 02” do fol re dr = 27rf01 re" dr. Using a calculator, we estimate

o [} re’ dr ~ 4.5951.

D={(r6)|0<r<1,0<6<7/2},s0

[ ey 1+ a2+ y2dA = fow/z fol (rcosf)(rsinf)v/1+r2 rdrdf
:f”/QsinGCOSQdG fol rV1+r2dr = [% sin? 9]3/2 fol r3V1+r2dr

0

1[I+ 12 dr ~ 0.1609

The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at
the center of D and define f(x,y) to be the depth of the water at (x, y), then the volume of water in the pool is the volume of
the solid that lies above D = {(x, y) |2+ 9% < 400} and below the graph of f(z,y). We can associate north with the
positive y-direction, so we are given that the depth is constant in the z-direction and the depth increases linearly in the
y-direction from f(0, —20) = 2 to f(0,20) = 7. The trace in the yz-plane is a line segment from (0, —20, 2) to (0, 20, 7).
The slope of this line is ﬁ = £, soan equation of the line is 2 — 7 = $(y — 20) = =z = 2y + 3. Since f(z,y) is
independent of z, f(x,y) = gy + 2. Thus the volume is given by [[,, f(x,y) dA, which is most conveniently evaluated
using polar coordinates. Then D = {(r,0) | 0 < r < 20,0 < 6 < 27} and substituting x = r cos 6, y = r sin 6 the integral

becomes

r =20

27 20(1rsin9+%)rdrd9: 0277 [LT?’sin@-i-%ﬂL:O

o Jo (8 24 9 = [ (1% sin 6 + 900) df

= [-190 cos 0 + 9006]." = 1800

Thus the pool contains 18007 ~ 5655 ft> of water.
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36. (a) If R < 100, the total amount of water supplied each hour to the region within R feet of the sprinkler is

2“ do fOR re " dr = [0]? [77,64 — e”]f

R) ft3

f% Re=Trdrdf =
=21[-Re ®—e "+ 041 =201 —Re % —e~

(b) The average amount of water per hour per square foot supplied to the region within R feet of the sprinkler is

551

v _ Vv _20-Re "ol ft3 (per h foot). See the definition of th Iue of
arca ofregion 7('R2 = R2 per hour per square 1oot). See the aennition o € average value or a

function on page 1037 [ET 997].

37. As in Exercise 15.2.61, fue = 575 [, f(x,y)dA. Here D = {(r,60) | a <r < b,0 < 0 < 27},

D)
so A(D) = wb? — ma® = 7(b? — a?) and
1 1 1 A 1 2 b
T vt e A A e ey S A
_ 1 2m b _ 1 Vb — a) — 2(b—a) 2
_7r(b2—a2) [}0 []“_ﬂ'(b2—a2) (2m)(b )= (b+a)(b—a) T a+b

38. The distance from a point (z, y) to the origin is f(z,y) =

faVC:A(D JIp Vo + 92 dA_mz? 0 fo

=z Jo do Jir*dr = 2 07 [37°]g = w27 30’ = Fa

T 71‘2
39. / / mydydm—i—/ / a:ydydx+/ / zy dy dz y
12 17932

/4 /4[4 = '
/ / r c05951n9drd0—/ {Zcosé’sm@} do ( r=2
r=1 H |

sin (9]”/4_2

2 0 16 0 1 fz 2 X

2 rdrdf

_Z ; sm&cos@d@- 45[

40. (a) [[, e~ @A = fOZWan re="" drdf = 2 [—%e_ﬂ} —_
a 0

a— 0o

. a2 2.2
since e™* — 0 as a — oo. Hence [*°_ [ e~ (*"T¥) dA = r.
— 00 — 00

®) [fs, e~ @) g4 = A e eV drdy = (ffa e~ dx) (f_aa e v’ dy) for each a.

Then, from (a), 7 = [[5. —

7= lim ff

a— 0o

(2 4+ y*) dA, so

(1 a) (17 ) = (1%,

e ) dA = lim e dw) (fffx, eV’ dy) .

a— 0o

To evaluate lim ( e
a— o0

on[—1,1,0 < e~ < 1 while on (—00,—1),0 < e < ¢” and on (1,00),0 < e~ < e . Hence

0 S ffooo 6*1-2 dx S f:olo e* dl‘+f711 dm—"_floo e~ dr = 2(671 + 1)
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\/x2 4+ 42, so the average distance from points in D to the origin is

(1 — e_az) for each a. Then lim 7T(1 — e_az) =T

—=* dx) ( S fa e v dy), we are using the fact that these integrals are bounded. This is true since
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2
(c) Since (f:x;o e dx) (ffooo e dy) =  and y can be replaced by z, (ffo e dm) =  implies that

oo

I e do = +./7. But e=" > 0forall 2, so I e do = V.

(d) Letting t = 3, [ e do = [7 & ( - 2) dt.so that /7 = L [ e~ dtor [%_ e /2 dt = /2.

41. (a) We integrate by parts with v = x and dv = ze~" dz. Then du = dz and v = —%e’””z, SO

t
fooo 22e=*" dr = lim f 22e=*" dr = lim (—%meiﬁ} -l-f(f %eﬂg? dx)
0

t—oo t—oo
= tlim (—%te’tz) +3 7 e dz =041 e -2 gy [by I’Hospital’s Rule]

_z2

22 . . .
= % f fooo e " dx [since e is an even function]

iy/m [by Exercise 40(c)]

(b) Letu = y/z. Thenu? =z = dr=2udu =

IS VTe Tde = tlim fot Vre Tdr = tlim I Ve e u du = 2 [ uZe™" du = 2 (3/7) [by part(a)] = 3+/7.

15.4 Applications of Double Integrals

1.Q = ffD o(z,y)dA = f05 f25 (2z + 4y) dy dx = f05 [Q:L'y + 2y2}zj dx

= [7(10z + 50 — 4o — 8) dx = [ (6x + 42) do = [32® + 42z]) = 75+ 210 = 285 C

2.Q=[[, ol@y)dA = [[,\/a? +y2dA= [T [[ v rdrdo

= OQWde r2dr = 1[0 ”[%ﬁ’]é:%-%:%ﬂc

3m=[[, pz,y)dA = fls f14 ky? dy doe = kff dx 14y2 dy = k2] [%y?’]i = k(2)(21) = 42k,

= 5 Jfp wple,y) dA = g 7 [ Ry dyde = 5 [P de [Py dy = 35 [32%]) [30°]) = H(@)@1) =2,

y= i JIp yp(z,y) dA = 42k f1 fl ky?® dy dv = rol f1 dz [}y dy = [x]? [%yﬂ? = 4_12(2) (%) = %

Hence m = 42k, (Z,7) = (2,53).

? 28

Sl

4 m = [[, p(m,y)dA:foaf(f(lereryz)dydx:foa [y+m2y+§y3]y b doe = [} (b+ba® + 3b°) da

= [bx + 2ba® + %bgr]g =ab+ 2a’b+ 2ab® = Lab(3 + a® +b7),

My = [[, zp(z,y)dA = [} fob(m + 2 4+ zy?) dy dr = Iy [a:y + 23y + %mys}zzg de = [} (bz + b + %bsx) dx

= [$b2® + $ba” + §0%2%). = a°b+ fa’b + §a’b® = 15a%b(6 + 3a® 4 2b7), and

M = [y, wple,y) dA =[5 [3(+ 2%y + %) dyde = [ [59° + 32y + 0]y do = [ (507 + 30%° + 36*) do

= [z + 202 + %b‘lx}; = 2ab® + £a®b® + Lab* = Sab®(6 + 2a® + 3b7).
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[ £9%6(6 + 3a® +2b°) F5ab”(6 + 2a® + 3b°)
N lab(3+a2+b2) T lab(3+a2+b2)

M,
m

3|5

Hence, (Z,7) = (

)

a(6 + 3a® + 2b%) b(6 + 24> + 3b?)
43+ a2 +b2) 7 4(3+a?+b?)

m= SN @y dyde = [F ey + 397070 ) de = 3 [2(3 - 0) + 33— 2)° — 52® — 4a’] da
= f02 (—22% + &) do = [-2(32°) + 32]; =6,
fsz/Q € +£L’y)dydx—f0 [33 y+3 lry ]y x;; d$2f02 (%aj—%xS) dx:%,
M, = [3[2.0 @y +y?) dyde =[] [3oy® + 3°)/ 0 7 de = [ (9 — §2) dw = 9.

y=z/2
Hencem =6, (Z,7) = %7%) = <%7g>

.Here D = {(z,9) |0<y <2, y/2<ax<1-2y}.

0 y/2 0 z=y/2 2 0

mo= [y [ wdndy = [3° (32?00 dy = £ [ (1= 29) = ($9)*|ay

=3 (B )y =33 -2 o] =3[R - %+ =

2/5 fl 2 . vdvdy = [ 2/5 [3x3]iz;;22y dy:% 02/5 [(17221)3 B (%y)s} dy
_1 2/5( 653+12 —6 +1)d:l[——4+4 32+ ]2/5 ll:———l-————'-g]:ﬂ
3 Jo Y Y Y=73 Y Y R 317250 T 125 5 750°
2/5 (1-2 2/5 1-2 2/5
Mo = [ [,y wdedy = [(7y [32°]02 5 dy = 5 [y (B9 — 4y + 1) dy
=3[ (B - ) =3[Ry 3+ 37 = - R E =

2/25 ° 2/25 60° 60

Hence m = %, (T,7) = (31/750 7/750 750) = (&, 5).

My = P ke dyda = k[, (303?12 do = 3 1y (1 - 22 do = 3 0 — 208+ a%) do
1
R PR E LR YOI S
M, zfllfol “ ky® dydx—kf [3y ]yzlimg dxz%kfi1(1—$2)3d1’=%kfi1(1—3x2+3x4—x6)dx

=ikfe—a®+ 2325 -1 =3k (1142141142 -1)=22%

Hence m = 2k, (T,7) = (O M) =(0,%).

15 ' 8k/15 7

2 2

. The boundary curves intersect whenx +2 =2 & z°—2—-2=0 <& = —1,2 = 2. Thus here

D={(z,y) | -1<z<2 2" <y<az+2}.

m = f fac+2 ka? dydx = kffl 22 I:y]inJrQ de — kffl(xs + 9222 —x4) dr

y=x?
=k [3at +32° - 327 =k (8 + 50) = Bk,
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2

M, = f fm+2 ka3 dydx = k]‘fl 23 [y]zzvaZ do — kffl(mzl + 223 — 1‘5) dx

= £[ta® + 3ot - 1"

1, =k (5 - ) = B,

15 15

M, = f fx+2 kx?ydy dx = k’ffl x> [%yz]y:erz doe = 3k ffl 2? (2 +4x +4—2*)da

y=x2

= 35 L0+ 0 4 0® — 2 do = R[4 4ot 4 da® — baT]?, = 4k (SR 4 ) = Sk

Hence m — g_gk) (7,7) = ( 18k /5 531k{70) _ (% M).

63k,/20° 63k/20 )

9. m = fol fofm zydydxr = fol T [%yz}Zigiw dr = % fol T (671)2 dr = % fol we " da uin:it?t;?}:fi‘zi?m

=3 [-3@e+ e =

M, = fol foe_w 22y dydr = fol z? [%yz]y:eim de =1 [l 227" dz [integrate by parts twice]

-l 22 4+1)e ] =L (5 —1) =1 - 2c2,
My = [o fs ay? dyde = [ [3y°]00 dov =4 [} ae T do
=3 [-3@z+ 1)67395](1) =L (et o) =& — A

27 (1 5¢2) 2%(1_4@3)):(22_5 8(63—4)))

(1-3e2)" £(1—-3e2) —3727(e® —

Hencem = (1 —3e7?), (T,9) = (

oo|=|ool—

10. Note that cosz > 0 for —7/2 < z < /2.

fwﬂm fcomydydx = f /2 [%yz]zzgosxdx = %ff{jzcoszxdx = % [%x—l— isian]i/:/z =z,

T/ cos x w2 =cos<zT /2 int te b rts with
f /2 f 2y dy dr = ffT/r/Z z [%yz] z:O dr = % fff/r/Z ‘rcoszwd'r |:u”;eir,adij 1p:0552wzl dx :|
=1 [x(%x—i—isin%c)[m fwﬂ/Z (37 + 3 sin2z) d;z’}

/2
= 3(Ar 1~ [30 — Leos2a] ™) =30~ [fn 4 1 - A~ 1)) =0,

/2 cosT 2 /2 1 3 y:cosz /2 /2 .2
M, = —7r/2f y dyde = ["], [Ey]y:o —wa/Qcos xdx—gfﬂ/Z (1 — sin’z) cos z dz
[substitute w = sinz = du = cosz dz]
. 1 /2 __ 1 1 1\ _ 4
fg[sm:): gsmx] W/2,§(17§+17§),§,

Hencem = 7, (Z,7) = (0 4—/9) (0,4%).

' ow/4 ’ 97

M. p(z,y) =ky, m = [[,kydA= fﬂ/zfo (rsin@) rdrd@-kfﬂmsmede folrzdr
= k [eos]7"? [3r°], = k(1)(3) = §h.

M, = [[,z-kydA= f’r/ZfO (rcos®) rsm0)rdrd6’—kfﬁ/QstcosG’dQ f01r3dr

=k [5sin®0]0"" [3r'], =k (3) (3) = &k,
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M, = [[,y kydA= fﬂ/ZfO (rsinf) TdeH—kf"/251n 0d9flr3dr

=k[36— 1sin20]7"% [1r1]) =k (%) (3) = k.

0

Hence (Z,7) = (ﬁ—ji, k:;;ﬁ) =3 %)

12 p(a,y) = k(a® + 1) = kr>, m = [7/? [ kr® drdo = Zk,

M, = [T [ krt cosOdrdd = L1k [7/* cosd0 = Lk[sing]]/* = 1k

M, = [7?[F krtsin@drdo = Lk [7/* sin0df = Lk[—cosd]}/* = 1k.

Hence (7,7) = (&, = )-
plx,y) =k /a2 +y? =kr,

m= [[, plz,y)dA = foﬂflz kr-rdrdf

=k [y do [Pr*dr = k(n) [4r°]2 = Ink,

13.

My = [[,zp(z,y)dA = foﬁff(r cos ) (kr)rdrdf =k [ cost do ff 3 dr

. 2 [this is to be expected as the region and density
=k [sin 9]3 [%Tﬂ L = k(0) (%) =0

function are symmetric about the y-axis]

Mo = [, yp(x,y)dA = [T [Z(rsin®)(kr)rdrdd =k [ sin0do [ dr

=k [~cost]] [1r']] = k(1 +1) () = ¥k

Hence (7,7) = (0, 252 = (0, £%).

14. Now p(z,y) = k /\/22 + 42 = k/r, 50
m = [[, pla,y)dA = [T [2(k/r)rdrd) =k [ d0 [?dr=k(r)(1) =Tk,
My = [[,zp(z,y)dA = [T [2(rcos®)(k/r)rdrd) =k [ cos0dd [rdr
= k[sind]7 [37°]] = K(0) (§) =0,
M, = [[,yp(z,y)dA = [T [} (rsin®)(k/r)rdrdd =k [ singd [Zrdr
= k[~ cos]] [4r%]7 = k(1 +1) (2) = 3k.

Hence (z,7) = (0, 2£) = (0, 2).

'

15. Placing the vertex opposite the hypotenuse at (0,0), p(z, y) = k(z* + y*). Then

1 3 1,.4 1

m=[fo " "k(@®+y®)dyde =k [ [az® — 2® + § (a — 2)*] dz = k[1az® — 1z fﬁ(afx)él];: ka*.

D=

[continued]
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By symmetry, My =M, = [ [ “ky(@@® +y*) dyde =k [ [3(a — 2)°2” + (a — x)*] dx
= k[ta’2® ia:): +—x57%(a7:p)5}3:1—15ka5

Hence (T,7) = (24, 2a).

16. p(z,y) = k/\/x? +y2 =k/r. y
r=2sin 6

57/6 251110 5m/6 D
/ / —Tdrd@-k/ [(2sinf) — 1] d6 |

:k:[ 2cosl — 0]57r/6 —2]6(\/3— 1)

e

=
=

x (

0 1
By symmetry of D and f(z) = =, M, = 0, and \‘/

MZ—ISW/G 250 L sin 6 dr df = 1kf5ﬂ/6(4sin30—sin0)d9

:5143[ 3cost9+—cos 9]577/6 V3k

Hence (Z,7) = (0, 2(33T\3/§—7r)>

17. I = [[, v’ p(z,y)dA = f13 2 ky?dydx = kfl de [Fy*dy = k(2] [3y ]4 = k(2)(¥2) = 409.2k,

1

L, =[[, 2?p(x,y) dA = ff’ 14 z? - ky?dyde = kff z2dx f14 Y dy =k [%mg‘]? [%y‘q‘]‘; =k (%) (21) = 182k,

and Io = I, + I, = 409.2k + 182k = 591.2k.

18. I, = [[, v’ p(z,y)dA = f2/5f;/22y xdedy = 2/sy2 [32%]Z z/;yd 2f02/5y2(15 2 —dy+1)dy

_ 2/5 3 2 _ 372/5
=3 7By -t ) dy =5 [30° - v+ 50 = ms

yfffDxpmy )dA = f2/5fy1/22y 2 ~xdrdy = [ 2/5 [32*]7Z 12 gy y =3 2/5 [(1—-2y)* — Ly*]dy

z=y/2 0

2/5
=57yt 32y 24y 8y + 1) dy = § [$y° - &yt 80—y + ] = s

2

19. As in Exercise 15, we place the vertex opposite the hypotenuse at (0, 0) and the equal sides along the positive axes.

L= [ [ vk + ) dyde =k [ [} xy2+y)dydx—kf0[1x2y3+5y]yaxdm

=k [y [32%(a—2)° + $(a—2)°] de = k [ (30°2° — 3a®2* + 2az® — $2°) — 35(a — 2)°];, = 5 ka®,
L= [y k(z® +y*)dyde =k [ [" (2" + 2°y?) dy do = k [ [2* y+1x2y3]y O da
—kf0[4(a—x )+ 32” (a— )]dw—k[5a9&5—gﬂc + 3 (3a%2® — 3a%2" 4+ axs—%xfs)}gzrgokafs,

and o =1, + I, = 9—7016(16.
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20. If we find the moments of inertia about the - and y-axes, we can determine in which direction rotation will be more difficult.
(See the explanation following Example 4.) The moment of inertia about the z-axis is given by
L= [[p (e, y)dA = [0 [2y2(1+0.12) dy da = [ 1+01x)[y]zj§dx
=8 [2(1+01z)de = §[z +0.1-12?])) = §(2.2) ~5.87

Similarly, the moment of inertia about the y-axis is given by

y*ffpl'f)l?ydA fo 1+01$)dyd$_f0 (1+0.12)[y ]yiidij
=2 [7 (e +012%) do = 2[32° + 0.1+ §a*] g = 2(§ + 0.4) ~ 6.13

Since I, > I, more force is required to rotate the fan blade about the y-axis.

2. L= [f,vp(x,9)dA = [)' ) py* dedy = p [y dw [} y? dy = p[z] [3y°]g = pb(3h%) = L pbh,
I, = ffDa: p(z,y)dA = fo fo pT drdy—pfo 22 dx fo y—p[% 3]b [y}g = %pbsh,

1,33 2

. . = spb°h b

and m = p (area of rectangle) = pbh since the lamina is homogeneous. Hence Fl=t= % =3 =
p

sl
Il

~
Sl

_ L1obh®  p2 h
and§2=$=L=— = %

m  pbh 3
22. Here we assume b > 0, h > 0 but note that we arrive at the same results if b < 0 or h < 0. We have

<l

D:{(Way)‘OSISb,OSySh—%x},so

L= [y fo " yPpdyde = p [ [3y°)/ 20" do = 4p [ (h— %2)’ da

= o[£ () (h— 50)"] = ko0~ 1) = b,

y—fo h— hr/bIdeydx:pfobxz (h— %x) dx:pf(f(hxz — Zx3) dx

hb3 hb3

b
s2° = qp2']y = p(f5- = 4) = 3p0°h,

=pl5e’ - g

— I Lob’h B2
d hrel pdyde = p [ (h - 2a) de = p [he — £2?]) = Lpbh. Hence T~ = £ = 12— — 2
andm = [ pdyde =p [ (h— %) de = p[ha — £2?] = $p ence T = — s 5

B A
V6 m 3 pbh 6

&Il

<|
I
e

23. In polar coordinates, the regionis D = {(r,0) |0 <r <a,0<0 < Z},s0
Iz:fnyZpdA fﬂ/zfo rsm@)%‘drd@*pfﬂ/zsm do far3dr
— p[h0— 2] (1] = p(5) (ha') = o'
L= [[,2°pdA = fﬁ/zfo (rcos @) rdrdG—pfﬂ/Qcos do [r

= p[36+ 1 sin20]7"" [3r1]0 = p (5) (30") = fspa'm,

andm=p-AD)=p- %7‘(‘(12 since the lamina is homogeneous. Hence T

N
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24. m= fo smxpdydmzpfoﬂsinxdmz [ Cosav} = 2p,

fo sinx oy dydm—gpf() sin Id‘r—3pf0 (1

I, = fo Smmpx2 dydr = pfoﬁaj sin z dx :p[—x2 cos:L’—&—21’sinac—i—2c0sx]z)T

= p(n? —4).

27
ﬁand§2zl—y:7r 4

S0ZT =
m 2

soy =

Nej il )

25. The right loop of the curve is given by D = {(r,0) | 0 < r < cos 26,

cos® z) sinz dx = $p[—

s
cos T + %cos3x]0 = %p,

[by integrating by parts twice]

w2 —4

2

—m/4 <60 < 7/4}. Using a CAS, we

findm = [f, p(w,y)dA = [[,(2 +y?)dA = [0} [+ r2 rdrdo = a Then
/4 cos 20 /4 cos 20
Tzi// zp(z,y)d / / (rcos@)rzrdrde— / / T4C059drd9=M
m D x/aJo /4 J0 103957
1 /4 cos 20 /4 cos 20
g:_// yp(z,y)d / / (rsint?)r27’d7"d9— / / r*sinfdrdf =0, so
mJJp n/4J0 n/4J0

@.7) = 16384+/2 0
Y= 103957 )

The moments of inertia are

/4 cos 26 . 2 92 _rm/4 cos29 5 o 5T 4
x—fnypx y)dA= [T /o (rsin@)’r’rdrdd = [" /4 r°sin® @ dr df = 384~ 105’
I, = [[,2p(x,y)dA = fﬁ7/j4 06(3529(7'c0s6’)27“27“cl7’d€’:f:r:;4 Ocoszerscoszedrde— %Jr% and
5
Io=1.+1, = 193"

26. Using a CAS, we find m = [[,, p(z,y) dA = f02

T = m//xpa:y

<

@mz(

The moments of inertia are I, = ffD v2o(z,y)dA = f02

I, = ffD 2’p(z,y) dA = f02
Io=1I +1,=

2(5e5 — 1223) 729(45¢° — 42037¢?)
5e6 —899 ' 32768(5e6 — 899)

—x

sty dy de =

21. (a) f(x,y) is a joint density function, so we know [[., f

rectangle [0, 1] x [0, 2], we can say

JJe2 1

:Cfo
Then2C =1 = (C==2

Oxeﬁ :1:2y2 dydr =

3 2
8(5 — 899e6// xydydm:
—l// (@ )dA—L/Q/M%rZSd do =
T m ) ), YY) T 5580966 J, yoayar =

2yt dy da =

[y—l— éy2]y 2 d;z’—CfO 4xdx—C[2x2](l) =

=2-(5 — 899¢°). Then

2(5¢5 — 1223)

d
56 —g899 "

729(45€5 — 42037 2) “
32768(5eS — 899)

To0e5= (63 — 305593¢~17),

—%), and

= s (13809656 — 4103515625¢° — 668331891e ).

(z,y) dA = 1. Since f(z,y) = 0 outside the

z,y)dA= [%_ [% f(z,y)dyde = [ [ZCx(l+y)dydz

2C
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O PX<LY <) =["_[' fleydyde= [} [} $2(1+y)dyde
_ 11 1. 21y=1 _rl1_/3 _ 371,211 _ 3
= fo 32y +3v°],Z, dv =[5 52(3) dw = [32°], = § or 0.375

©) P(X+Y <1)=P((X,Y) € D) where D is the triangular region shown in Y
the figure. Thus

—~~
[a—

P(X+Y <1)=[[, fla,y)dA= [y [; "1 y) dy dz

Jo sely+ 3071y Z " do= [y qu(ze® ~ 20+ §) de

ifol ($3_4$2+3x)dx:%[%_4%+3%}

5 ~
£ ~0.1042

28. (a) f(x,y) > 0,s0 f is ajoint density function if [[., f(x,y) dA = 1. Here, f(x,y) = 0 outside the square [0, 1] x [0, 1],

) ffRQ flz,y)dA = folfol 4oy dyde = fol [2xy2]z;1) dx = fol 2z dx = mQ](l) =1.

Thus, f(x,y) is a joint density function.
(b) (i) No restriction is placed on Y, so
oo oo 1 1 1 21y =1 1 211
P(X2>3)= f1/2 J25 f,y) dy de = f1/2 Jo 4wy dyde = f1/2 22y };:0 dr = f1/2 2vdr = x ]1/2 =1
(i) P(X >3V <3)= fl/zfl/zf z,y) dy dz —f1/2 1/24mydydac
=1/2 1 1
—f1/2 [2zy ] —o m:fl/Q%xdx: %'%“2]1/2:1%
(c) The expected value of X is given by
2o fx,y)dA = z(4zy) dy dx = ! 2g? yildx:2 L2 dr = 2[4 =
R 0 0 0 y=0 0 3 Jo
The expected value of Y is

ffR2yf$ydA fofo 4:ry)dydx—f0 43:[ }Zi(l) dx:%folxdx:%[%xz]é=§

Wi

29. (a) f(x,y) > 0,50 f is a joint density function if [[., f(x,y) dA = 1. Here, f(x,y) = 0 outside the first quadrant, so
ff]RZ f(z,y)dA= fooo fooo 0.1~ (0-52+0.2y) dydr =0.1 fooofooo e 05702 gy de = 0.1 fooo e 057 dg f0°° e 0 dy
_ . t _—0.5z : t _—0.2 _ . —0.527t q: —0.2y7t
=0.1 tlirgo Joe dx tlirgo Joe "dy =01 tlirgo [—2e ]0 tlg{.lo [—5e J]O

=0.1 lim [-2(e” %% = 1)] lim [-5(e”**" —1)] = (0.1)- (-2)(0—1) - (=5)(0—-1) =1

t—oo t—oo
Thus f(x,y) is a joint density function.
(b) (i) No restriction is placed on X, so
Py>1)= ffooo ffo f(z,y) dydx = fooofloo 0.1¢~(0-52+0.2y) dy dx
=0.1 fooo e 05 dg floo e Oy =0.1 llirn fg e 057 gy tllrgo flt e 02 dy
=0.1 lim [—2670'51} lim [—5e~ 02y] =0.1 lim [— 2(e 05t — 1)] lim [—5(670'% —670'2)]

t—o0 0 too t—o0 t—oo

(0.1) - (=2)(0—1) - (=5)(0 — e7%?) = 702 x5 0.8187
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(i) P(X <2,V <4) = [?_[*_ fla,y)dyde = [} [ 0.1e”O"+02) gy dy
=0.1 f02 e 05 dg f; e O dy =0.1 [—26_0‘5’C]§ [—56_0‘%]3
=(0.1) - (=2)(e™" = 1) - (=5)(e™** 1)
= =1 -1 =1+e ¥ - 08 — ¢! ~0.3481

(c) The expected value of X is given by

= [fpe fx,y)dA = [° [ = [0.1ef(0<51+0-2y>} dy da

=0.1 fooo xze 95 dy f0°° e Oy =0.1 tlim fot ze=9-5¢ dp tlim fot e=02v gy

To evaluate the first integral, we integrate by parts with « = x and dv = e~ 5% dx (or we can use Formula 96
in the Table of Integrals): [ ze™*%" dz = —2ze™ %% — [ —2e7 05" dx = —22e7 77" — 47 0%" = —2(x + 2)e 0%,

Thus
py = 0.1 lim [=2(z +2)e” %] lim [~5e 2]

oo 0

=0.1 tlinc}o (_2) [(t + 2)670-515 _ 2} }HEO(_@ [670,2t _ 1]

—0.1(-2) ( fim L2

oo 0.5t

- 2) (=5)(-1) =2 [by I’Hospital’s Rule]

The expected value of Y is given by

1y = ffRz y f(z,y) dA = fOoofOOO y[().le’(o'f’ +042y)] dy dz
=01/~ e 957 dg I ye %2 dy =0.1 tlim fot e 057 dy tlim fot ye %2Y dy
To evaluate the second integral, we integrate by parts with © = y and dv = e~°2¥ dy (or again we can use Formula 96 in
the Table of Integrals) which gives [ye °%¥ dy = —5ye %% + [5e~9?¥ dy = —5(y + 5)e”?Y. Then
: —0.5z7t 1: —0.2y7¢
pp = 0.1 lim [—2e 1o Jim [—5(y +5)e” 2],
_ o [_o(,—0.5t _ - —0.2t _
=0.1 lim [—2(e D] Jim (=5[(t+5)e 5])

t—o0

=0.1(-2)(-1) - (-5) ( lim L5 5) =5 [by I’'Hospital’s Rule]

oo 0.2t

30. (a) The lifetime of each bulb has exponential density function

) 0 ift<0
t) =
10100677:/1000 if t Z 0

If X and Y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density function is the
product of the individual density functions:
1078~ (=F0)/1000 i 4 > 0,4 >0
flz,y) = ,
0 otherwise
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The probability that both of the bulbs fail within 1000 hours is

P (X <1000,Y <1000) = [°%° [19% f(z,y)dydz = [}°% [}°°° 1070~ (=+)/1000 gy gy

]076 1000 —g ) l 1000 — )0 l
‘]‘O /" j‘O v/ Y
1000

= 107 [~1000e /1] % [—1000ev/1000]
0 0

= (e — 1) ~ 0.3996

(b) Now we are asked for the probability that the combined lifetimes of both Y

bulbs is 1000 hours or less. Thus we want to find P(X + Y < 1000), or 1000

equivalently P((X,Y’) € D) where D is the triangular region shown in the x +y=1000

figure. Then D

P(X +Y <1000) = [, f (x,y) dA 0 1000 x
_ 01000 01000—96 10~ 6~ (z+y)/1000 dy dz
=10 1o [_100067(z+y)/1ooo} z:ooo’z dz = 103 [0 (671 _ 671/1000) d
= —107% [~z + 1000/ ;000 =1-2¢"! ~0.2642

31. (a) The random variables X and Y are normally distributed with p; = 45, 1y = 20, 01 = 0.5, and o2 = 0.1.

1
0.5V2m

e—($—45)2/045

The individual density functions for X and Y, then, are f1(z) = and

1

fa(y) = oLV e~ (=20%/0.02 Gjnce X and Y are independent, the joint density function is the product
. ™
1 2 1 2 2 2
_ _ —(2—45)2/0.5 —(y—20)2/0.02 _ 10 —2(z—45)%—50(y—20)
xz,y) = fi(x = ———e = e .
_ . 2_ _ 2
Then P(40 < X < 50,20 <Y < 25) = [ [ f(z,y) dyde = 10 [ [ ¢=2(2=40)"=50(=20)" gy, gy,

Using a CAS or calculator to evaluate the integral, we get P(40 < X < 50,20 <Y < 25) = 0.500.

™

(b) P(4(X —45)% +100(Y — 20)* < 2) = [, e 2@=45° 5020 g4 where D is the region enclosed by the ellipse

4(z — 45)® +100(y — 20)* = 2. Solving for y gives y = 20 + & /2 — 4(z — 45)2, the upper and lower halves of the
ellipse, and these two halves meet where y = 20 [since the ellipse is centered at (45,20)] = 4(x —45)> =2 =

x:45:|:%. Thus

L _ _ 2
// 177_06_2(36—45)2_50@_20)2 IA — 1?0/45“/\/5 /20+ 151/ 2 — 4(x—45) 6_2(“”_45)2_50(9_20)2 dy d.
D 45—-1/v/2  J20—151/2 — 4(2—45)2

Using a CAS or calculator to evaluate the integral, we get P(4(X — 45)% + 100(Y — 20)? < 2) ~ 0.632.
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32. Because X and Y are independent, the joint density function for Xavier’s and Yolanda’s arrival times is the product of the
individual density functions:

iefxy if 2>0,0<y<10

0 otherwise

f(@y) = fi(@) f2(y) = {

Since Xavier won’t wait for Yolanda, they won’t meet unless X > Y.
Additionally, Yolanda will wait up to half an hour but no longer, so they

won’t meet unless X — Y < 30. Thus the probability that they meet is

P((X,Y) € D) where D is the parallelogram shown in the figure. The

integral is simpler to evaluate if we consider D as a type II region, so

P((X,Y)e D)= ffD f(z,y)dedy = 010 yy+30 %efzydxdy

10 _g e =y+30 10 _ _
=gy yl-e ) dy=g5 fy w(—em TVt e dy

_ 10
5—10(1—6 So)fo ye Y dy

By integration by parts (or Formula 96 in the Table of Integrals), this is
1 —e ) [—(y+ 1)e*yL1)0 =& (1—e)(1—11e"'%) ~ 0.020. Thus there is only about a 2% chance they will meet.

Such is student life!

33. (a) If f(P, A) is the probability that an individual at A will be infected by an individual at P, and k d A is the number of
infected individuals in an element of area dA, then f (P, A)k dA is the number of infections that should result from
exposure of the individual at A to infected people in the element of area dA. Integration over D gives the number of
infections of the person at A due to all the infected people in D. In rectangular coordinates (with the origin at the city’s

center), the exposure of a person at A is

E://Dkf(P,A)dA:k://D%[20—d(P,A)] dA:k://D [1—2—10 (z—xo)2+(y—yo)z]dA

(b) If A = (0,0), then

E= k// 1— = Va2 +y?|dA
i >
27 10 10 6
—k/ / (1— &r) rdrdd = 2nk[ir® — &7°] u
= 27k(50 — 3) = 2rk ~ 209k

For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar equation for

r=20cos @

the circular boundary of the city becomes r» = 20 cos 6 instead of r = 10, and the distance from A to a point P in the city
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is again 7 (see the figure). So
/2 20 cos 6 /2 —20 cos
E= k/ / (1—2—10r)rdrd0=k/ [1r2 — &3] 7200 g
x/2Jo /2 =

_kfﬂ/z (200cos 0 — 490 g 9) 0*200kfﬁ/32 [%-‘r%COSQ@—%(l—SiHQ@)COS@] do

=200k[20 4+ 1sin20 — 2sinf + 2 - 15 ne]”“ =200k[2+0—-2+24+240—2+ 2]
=200k(% — 3) ~ 136k

Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at the edge.

15.5 Surface Area

1. Here z = f(x,y) = 5z + 3y + 6 and D is the rectangle [1, 4] x [2, 6], so by Formula 2 the area of the surface is

A(S) = [[p Ve (@, )P+ [fy (z, )P+ 1dA = [[, V5> +32+1dA = /35 [[, dA
= V35 A(D) = /35 (3)(4) = 1235

2. 2= f(z,y) = + — 3z — 2y and D is the disk x? 4 y* < 25, s0 by Formula 2

= [f, /B T (2P T 1dA = VIL [f,, dA = VI A(D) = VI (x - 5?) = 25 VTd~

3. The surface S is given by z = f(z,y) = 6 — 3z — 2y which intersects the zy-plane in the line 3x + 2y = 6, so D is the

triangular region given by {(x, Y) | 0<2z<2,0<y<3- %x} By Formula 2, the surface area of S is

= [J, VI (DP F1dA = VI [, dA = VTIA(D) = VT (3 -2-3) =3 VT

4. z = f(z,y) = 22° — Ly + 3, and D is the triangular region given by {(z,y) |0 < z <2, 0 < y < 2z}. By Formula 2,

= [Ip\/(32)" + (—3)° + 1A = 7 [ o2 + Fdydo = [7 35 [y]V" da
2
=3 J3 2V FBdr = §-3@” +5)"| =307 5% =0-3V5

5. The paraboloid intersects the plane z = —2when1 —2®> — > = -2 < 22 4+¢y>=3,50D = {(z,y) | 2?4 9% < 3}

Here z = f(x,y) =1—2> —y* = f,= -2z, f, = 2yand

= [f, V(222 + (=292 + 1dA = [[, /A& T 9?) + LdA = [> [V VIZ + 1rdrd6

e
mdo [P ryETE 1dr = [0]27 [1—12(4r2+1)3/2]03

—or- L (133/2 1) =2(13vi3-1)

6. 22 +2°=4 = z=+/4— 22 (sincez>0), so f, =—x(4—2?)"2 f, =0 and
A(S) —// \/ 4 — x2)-1/2)2 —|—02+1dydx—// 1/ —l—ldydm
1
/ \/__mzda:/ dyf 251n E}O[y]oz E-0)(1)=1%
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7. 2 = f(z,y) = v*> — 2® with 1 < 2> + y? < 4. Then
422 + Ay? + 1dA = [Z7 [P/ T2+ 1rdrdf = [27d0 [ r/ArZ + Ldr
ffD Y 1
= 0]y [da(ar® +1>3/2]1 = 3(17VIT - 55)
8. 2= f(z,y) = 2(z*? +¢*?*) and D = {(z,9) |0 < £ < 1,0 <y < 1} Then f» = z*/2, f, = y*/? and
YY) =3 Y Yy Y v=Y

//\/ A= //mdydﬂc—/ 2@ty da

y=0

:%/ [+ 2)" - ($+1)3/2]dw=%[%(:c+2)5/2—§(x+1)5/2]1

0 0

1i5(35/2 _ 25/2 _ 25/2 + 1) — 115(35/2 _ 27/2 _|_ 1)

9. 2= f(z,y) =xywitha’> +y* < Lsofu =u, fy =2 =

r=1
S) = [fp VWP + @7 ¥ TdA = [ [{ 7 F Trdrds = [77 (302 +1)72]_ b
=J"5(2v2-1)do=3(2v2-1)

10. Given the sphere 2° + y* + 2> = 4, when z = 1, we get 2> + 3> = 3s0 D = {(=,y) | 2° + y* < 3} and

z = f(z,y) = /4 — x? — y2. Thus
A®) = [[ Vicat—ar =) 72+ (o et =) 14

[ [

2r V3 o
= ——drdf

=3
— [ [—2(4—7’2)1/2]T:0 0 = [2"(~2+4)d6 = 20]" = 4

TR /7a2—x2—y 2y = — az—xz—y) 1/2,zy:—y(a2—x2—y2)71/2,

2
:// 1/ id +y ~+1dA
D
/2 acos 0 r=acos @
/ \/ —|—17"drdt9
/2J0 a
/2 acos 6 0
/ — 2 drde U
—=2Jo va? —r?
/2 r=a cos 0
[—a \ a? —r2} df
—7/2
/2 /2
—a(\/az—a2c0529—a)d9:2a2/ (1—\/1—cos29)d0
—7/2 0
/2 /2 /2
:2(12/ d0—2a2/ \/sin2t9dt9=a27r—2a2/ sinfdf = o’ (7 — 2)
0 0 0

I
\

Il
—

[ !
— —
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12. To find the region D: z = x? + y® implies z + 2> = 4z or 2% — 3z = 0. Thus z = 0 or z = 3 are the planes where the
surfaces intersect. But 22 4 4> + 2% = 4z implies 2> + y* + (z — 2)? = 4, so z = 3 intersects the upper hemisphere. Thus
(2 —2)2 =4—2% —y? orz = 2+ /4 — 2 — y2. Therefore D is the region inside the circle 22 + y* + (3 — 2)? = 4, that

is, D = {(x,y) | 2% + 9% < 3}.

S)z//\ﬂ«wx4fﬂAy%*ﬂP+ufwmgn@fy%*ﬂP+1¢4

2rdr o 2 2\1/2 r=v3
/ / \/ +1rdrd0—/ / == [—2(4—r) ]TZO df

= [2"(~2+4)do = 20])" = 4n

13. 2= f(z,9) = (L + 22 +4°)7 Y fo = —22(1 + 2% + v 72, fy = —2y(1 + 2% + y*) 2. Then

AS) = [ 120+ a® +92) 2 + [~29(1 + a2 +¢2) 2 + 1 dA

z24+y2<1

= [f \/4(x2+y2)(1+x2+y2)*4+1 dA
22 4y2<1

Converting to polar coordinates we have

fzﬂfo ar2(l+r2)~t 4+ 1rdrdf = Ozﬂdo folT 4r2(1+7r2)=* + 1dr
=27 fo rA/4r2(1 +12)=% + 1dr ~ 3.6258 using a calculator.

14. z = f(x,9) = cos(z® +v?), f» = —2xsin(z® + y?), fy, = —2ysin(z® + y?).

A(S)= [ +Az?sin?(22 +y2) +4y?sin?(22 + y2) + 1dA = [[ /422 + y2)sin?(22 + y2) + 1 dA.

z24y2<1 z24y2<1

Converting to polar coordinates gives

fo \V4r2sin?(r2) + 1rdrdf = 2Trd0 folrx/47'251n2(7"2)+1d7"

=21 [ r\/4r?sin?(r2) + 1dr ~ 4.1073  using a calculator.

15. (a) The midpoints of the four squares are (5, §), (

PN

), (2,3),and (£, 2). Here f(x,y) = 2° + y°, so the Midpoint Rule

)

=

gives

= [[o V=@ )P+ [fu(@, )2+ 1dA = [[, /(22)Z + (2y)2 + 1 dA

i(ﬂz@)w Ly R + O 1
AT+ () +1+¢ 21 + 2EOP+1)

i(\/§+2\/§+\/§)x1.8279

(b) A CAS estimates the integral to be A(S) = [[,,\/1+ (22)2 + (2y)2dA = [, [\ /1 + 42% + 442 dy dz ~ 1.8616.

This agrees with the Midpoint estimate only in the first decimal place.

%
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e

16. (a) With m = n = 2 we have four squares with midpoints (3,3), (3,%), (£,3).and (2,2). Since 2 = ay + 2° + ¢°, the

Midpoint Rule gives

A(S)—//D\/1+(%)2+(g—;)QdA—//D\/1+(y+2x)2+(x+2y)2dA

S (Vi T @ @ @ I @7 O 1 (7 )

=22 | VT8 | VT8 | VIR 17,619

(b) Using a CAS, we have
A(S) = [[p/1+ (y+22)2 + (v + 2y)2 dA = f02 f02 V14 (y+22)2 + (z + 2y)% dy dx ~ 17.7165. This is within

about 0.1 of the Midpoint Rule estimate.

17. z = 1+ 2z + 3y + 492, so

0z\> 0z\° 4ot 4ot

A(S):// 1+(—) + (= dA:/ / \/1+4+(3+8y)2dydm:/ / V14 + 48y + 64y? dy dz.
D Oz Ay 1 Jo 1 Jo

Using a CAS, we have [} [} /14 + 48y + 64y2 dy dow = 8 /T4 + B 1n(11v5 +3v14V5) — L In(3V5 + V14/5)

Or£1/14+ﬁlnw V70.
8 16 3\/5_'_\/%

8. flx,y)=1+z+y+2®> = fo=1+2z,f, =1 Weusea

CAS to calculate the integral \\\\\\\\\\\};\ ////////////IZ/I////I/
R W
_ [t p) p) , NN /4
AS) = [ [ VI + f7 + 1dy de AN
\ N :
= [ [ VA + 222+ 2dyde =2 [, VE2® + 4z + 3da RN

and find that A(S) = 3+/11 4 2sinh~! (37\/5) or

A(S)=3V11+1n(10+3V11).

19. f(z,y) =1+2%* = f.=2xy> f, = 20>y. We use a CAS (with precision reduced to five significant digits, to speed

up the calculation) to estimate the integral

1 py/1-22 1 py/1-22
A(S) = / / . A f2+f2+1dyde = / / . V4x2y* + daty? + 1 dy dz, and find that A(S) ~ 3.3213.
—1J—-y/1—2 —1J—4/1—x

1+ 22 22
20. Let f(x,y) = TyZ Then f;, = Tyz’
2y (1 + 22
fy=(1+1‘2)[_ - 2] - +x2),weuseaCAS
(149?) (1+y?)

to estimate fjl fia lf‘m) I+ f2 + 1dyde ~ 2.6959. In

order to graph only the part of the surface above the square, we use

— (1 —|z|]) €y <1 — |z| as the y-range in our plot command.
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21. Here z = f(z,y) = ax + by + ¢, fu(z,y) = a, fy(z,y) = b, s0
AS) = [[p Va2 + b2+ 1dA= Va2 + b2+ 1 [[, dA = Va® +b> +1A(D)

22, Let S be the upper hemisphere. Then z = f(z,y) = \/a? — 22 — y2, so

[—z(a® — 2% — y2) 22 + [—y(a® — 22 — y2) 22+ 1dA

=V
2 27 t 2
// - “’ ~+1dA= lim /,/%Hmme
t—a~ Jo 0 ac —7T

t
= lim drdf = 27 lim [—a a2—r2] =27 lim —a[ a2—t2—a}
0

ar
t—a— \/TTQ t—a— t—a—

= 27r(—a)( a) = 2ma®. Thus the surface area of the entire sphere is 47a>.

23. If we project the surface onto the zz-plane, then the surface lies “above” the disk 2 + 2z < 25 in the 2z-plane.

We have y = f(x, z) = 2 4 2* and, adapting Formula 2, the area of the surface is

AS)= [ \/[fz(m,z)]Q+[fz(r,z)}2+1dA: [ VAr®+422+1dA

12+z2§25 m2+z2§25

Converting to polar coordinates z = r cos 6, z = r sin § we have

AS) = [T [PV EZTF Irdrd) = [T7dO [ r(4r® +1)2dr = [0]27 [1—12(47’2 + 1)3/2] = Z(101/101 —1)

24. First we find the area of the face of the surface that intersects the positive y-axis. As in Exercise 23, we can project the face

onto the zz-plane, so the surface lies “above” the disk 2% 4+ 2% < 1. Then y = f(z,2) = v/1 — 22 and the area is

A(S) = // V@ 2) 2 + (2, 2)]2 + 1dA = // \/0+ 1_222) +1dA

22422<1 2 422<1
// \/ 5 +1dA = / / ——dzxdz

/ /1 _ 2

r2422<1 “

1 1
1
=4 ———dxdz by the symmetry of the surface
/O /O N [by the symmetry ]

This integral is improper (when z = 1), so

t /A _ 2 t
A(S =11m4// dxdzzlim4/ gdz: lirn4/ dz = lim 4t = 4.
t—1 V1 t—1—  Jo /1 — 22 t—1— Jo t—1—

Since the complete surface consists of four congruent faces, the total surface area is 4(4) = 16.

15.6 Triple Integrals

567

1 [ffpayz*dV = fofof Yz dydzdx—fofo [$2y’2 ]y 2 dzdx—fo 322 dzda

=Jo [322°] 25 do= [y Fwde = %a®], =

=[5
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2. There are six different possible orders of integration.

fffE (zy + 22) av = f02 fol f03 (wy + 22) dzdydx = f02 fol [myz + lZS]Zig dy dx = f02 fol (3zy +9) dy dx

_fo[xy +9y]y0d$—f0($—|—9)d1’—[i’x2—|—9$] 21

[y @y +22)dV = [} [2 [3 (xy +22) dzdady = [} [2 [zyz+ 32°] 720 dedy = [ [ (3zy +9) dz dy

= Jy [32%y +92]725 dy = [ (6y +18) dy = [3y” + 18y, = 21

JIs( xy + 22)dV = fo fo fo Ty + 2 )dydzdxffo fo [3zy +yz] dzdm—fo fo( l‘+2’)d2’dl’

—fo[xz+ z}zodx—fo(erQ)d [m2+9x}§:21

Iz ( (xy +22)dV = fo fo fo Ty + 2 )dydxdz—fo fo [ Ty —|—yz] dxdz—fo fo( T+ 2z )dxdz

—fo[ac —l—xz] dz:f03(1+2z2)dz:[z—l—%z?’]g:ﬂ

fffE (zy+2°)dV = fol f03 f02 (zy + 2*) dovdzdy = fol f03 [%ﬁy + sz]Zii dzdy = fol f03 (2y + 2Z2) dz dy

= Jy [2v2+32°] 150 dy = [ (6y +18)dy = [3y” + 18y, = 21

[ffg @y +2%)av = fo fo fo Ty + 2 )dmdydz—fo fo (3 :cherzLC Odydz—fo fo (2y +22°) dy d=

= fos [v* + 2y22]z:] dz = fOS (1+22%)dz = [z + %23]0 =21

3. fo fo y 2z — )dxdydz—fo fo [:c —:cyrC v Zdydz—fo fo [ z)z—(y—z)y] dy dz

= fo fo (2 —yz) dydz = fo [y2* — 3v°7] :; dz = f02 (z* = 12°) dz

_[1Z5 ¢Z6]2_£_6_4_ 16

5 12 — 15

4, fO f2yf“+y 695ydzdacdy:f0:l fy [6xyz] _; vty dmdy—fo f2y 6xy x—i—y)dmdy—fo ny(Gx y + 6xy?) dx dy

= Jy [22°y + 32270 dy = [} 23yt dy = Zy°]; = 2

5. lnz ze Vdydrdz = [ [* [—ze ¥ VIR e dz = [* (%7 (—ze ™" + 2¢°) do d2
1 1 Jo y=0 1 Jo
= [2[F (~1+a)dede = [7 [~o+ 32%]" " d2

= (22 de = A B = b=

Vi-z2 /T — 2
dac dzdy = dz dy = AV Rl dz dy
y+ =0 Tyl

=1

( )3/2 1/1 1 1
— - 7 dy = = dy = ln +1
/0[ S z:Oy 5/, yr1 = 3w )0

=3(n2—1Inl)=3In2

N
)
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7. fo fo fo zsma:dydzdm _fo fo [yzsmm] o dzdm—fo fo 2v/1 = 22 sinz dz dx

= [y sinz [—%(1 )3/2] dr = [ $sinzdr = —fcosz]) =—3(-1—-1)=13

8. fol fol 02712 v’ zye” dz dy dx —fo fo [mye ]Z 2-a?—y? dydx:fo1 fol(xyez*g”?ﬂ"’2 — zy) dy dx

-1

_rl 1. 22242 1 2]Y _rt 1122 1 1. 2-22

=/ |:721'6 —sxy o de = [; (—3ze —gx+ zze dz
11-22 1.2 1 2-22]" 1 1 1 1 1.2 1.2 1

= |36 " — 3T — g€ ,—1 11616t 0+ g€ =z —ze

9. fffE ydV = f03 fox fijyy ydzdydx = f03 fow [yz]i zﬂ; dy de = fos fox 2y2 dy dx

= ) e = [ 2o =

y=0

473 81 27
m]o*fs*z

1
6

10. fffE eV Vv = fol fyl fozy eV dz dx dy = fol fyl [yez/y} zz:y d dy
= Jo Jy we* —y)dudy = [ [ye” —ay] 2 dy = [ (ey —y —ye’ +y*) dy

ey2 — %yz —(y—1)e¥ + %yg']o [integrate by parts]

—
=

1=

=
=

+

[y o oy e R

= [} [} [tan™" (1) — tan™"(0)] dedy = [}’ [} (5 — 0)dzdy = § [ [2] 12} dy

=Zfla—ydy=2[ay—3y?]]=2(16-8-4+1)=2

Wl
N[
ol

= 5€ — e —

12. Here E = {(z,y,2) | 0 <z <7m,0<y <7 —2,0< 2z <z}, s0

fffE sinydV = fo fo smydzdydx—fo fo [zsmy] dydm—fo fo 7 xsinydydx
=[5 [~z cos y]zigiz dz = [ [~z cos(m — x) + z] dzx
[integrate by parts]

= [asin(r — ) — cos(m — z) + %xﬂg

=0-1+4+3m-0-1-0=37"—2
13. Here £ = {(2,9,2) | 0< 2 <1,0<y <+/7,0< 2< 1+ x+y},s0

fffE 6y dV = fol foﬁ fOHHy 6xy dz dydr = fol fo [6 yz]Z:HHyd dx

:fo f 6y ( 1+$+y)dydx_f0 [3ay? + 3222 + 2zy° ]y VE

= [ (32% + 32° + 22°/?) dz = [a:?’ + 3% + %17/2}0 =5
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Here B = {(z,y,2) | -1<2<1,0<y<2 2°-1<z2<1-2°}.
Thus,
[ffs(@—y)dV = [1 2 [ (x — y) dzdy da
—f fo (x—y)(1 —2® — (2* — 1)) dydx
= fi1f02 2z — 223 — 2y + 22%y) dy dx
= fi1 [ny — 223y — 9% + x2y2]zz§ dx
= [, (4o — 42® — 4+ 42?) da

= [2x2—x4—4$+§x3]i1:—%— U

Sl
w5

Here T = {(z,y,2) | 0<2 <2, 0<y<2—2,0<2<2—z—y}.
Thus,

fffT y?dV = foz 0271 027171/ y* dz dy de

:f02 2w y2(2—az—y)dyda’

= o Jo T2 -2)y’ — ¥l dyda

= [ [e-2)(y’) — '], 55 Tde

=2 [e-o)'-12-2)d= [ 52 -2)d
=[5 (-3 2- 0], =—50-3) =%

The projection of 7" onto the xz-plane is the triangle bounded by the lines
z=ux,x =0,and z = 1. Then

T={(z,y,2) |0<2<1,2<2<1,0<y<z—x} and

I a:de:folle I mzdydzdxzfolle zz(z —x)dzdx
—fof x2? —x z)dzd:c—fo[ 2 — 3272 d:v
S L

M2 1,3, 1.5 11,1 _ 1
_[6$ $+30m]_6 st =

The projection of E onto the yz-plane is the disk y? + 2% < 1. Using polar

coordinates y = r cos f and z = r sin 0, we get

HlpwdV = [Ty [[ie 1 0o wda] dA=§ [, [# — (49 +42%)] dA

= 8[027rf01(1 _ 7"4)7’de(9 _ 8f027r 4o fol(’l' _ 7”5)d7’

= 8(27r)[%r2 - 17'6]; = 16z
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18,
folf;; foﬂ zdzdydr = fol 331 29—y dydx
= fy [3y— %1025, do

=Jy 9= Fo+ 32" do

=[oo- ot 3= T

19. The plane 2x + y + z = 4 intersects the xy-plane when
2c+y+0=4 = y=4-2x50

E={(z,y,2) |0<2<20<y<4—-22,0<2z<4-2z—y}and

V= fOZ 04721 f0472zfy dzdy dr = f02 0472z (4-2(1}'—y) dy dx

= J3 [y =20y = §9°],2) " do

= [Z[4(4 - 22) — 22(4 — 22) — (4 — 22)*] da

= f02 (22° — 8z + 8) daw = [22® — 42 +8x](2) =5

20. The paraboloids intersect when z° + 22 =8 — z® — 22 & 2 4 2% = 4, thus the intersection is the circle 2> + 2 = 4,
y = 4. The projection of E onto the xz-plane is the disk 2 + 2% < 4, so
E={(z,y,2) | 2" +2° <y <8—2”—2°2° + 2* <4} Let

D = {(z,2) | #* 4+ 2* < 4}. Then using polar coordinates z = r cos 6

and z = rsin 6, we have
-
V= IV = ffy (37 dy) dA= [f,(8 22" —2:%) dA

= OQW f02 (8 —2r%) rdrdf = OZW de f02 (8 — 2r3) dr

=[0]27 [4r* — 1r])2 = 27m(16 — 8) = 167

21. The plane y + z = 1 intersects the xy-plane in the line y = 1, so

E:{(%?J:Z)|—1§$§17$2Sygl,oﬁzgl—y}and
V= fffE dv = fil le? foliy dzdydr = f,11 lez (1—-y)dydx
:fjl [y_%yz}zzig d;r:fjl (3 —a® + 3a%) do

L [ly 134 1510 _1_
*[zx 3x+10x]_1—2

Wi
Joo

1 1 1 _
+ 15+ 31T =

=
o
<
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22. Here E = {(w,y,2) | -1 <y <4 —z,2°+2° <4}, 50

4— x2 4— x2
/ / dydzdx—/ / (4—z+1)dzdx
—2 \/m -1 -2 \/m

2

4—22
= 527122} dl': 104 — 22 dx
/_2 [ —V/4 —2

_ z A2 s —1(z\12 using trigonometric substitution or
10 [ 2 4— 2% +2sin ( 2 )] -2 Formula 30 in the Table of Integrals

=10[2sin""(1) — 2sin"*(-1)] =20(% — (-%)) =20x

Alternatively, use polar coordinates to evaluate the double integral:

27 2
/ / —z)dzdac:/ / (5 —rsin®)rdrdb
Va—z? 0 0

_ (27 5,2 1,3 r=2
=/, [27’ 37 smﬂT=0 do

= f (10 —sm9) do

27
1060 + % cos 9} =207
0

23. (a) The wedge can be described as the region
D={(zy2) ]y’ +2°<1,0<z<1,0<y<uz}

~{@y.20<e<10<y<a0<2< T2}

So the integral expressing the volume of the wedge is z

IS pdV = [L2 VY dz dy da.

(b) A CAS gives folfox A L=y g, dy dx =

m _ 1
4 3

(Or use Formulas 30 and 87 from the Table of Integrals.)

24. (a) Divide B into 8 cubes of size AV = 8. With f(z,y,z) = y/22 + y? + 22, the Midpoint Rule gives

JIfs Va2 +y*+22dV =~ Z E Zf(:cz,yj,zk)Av

1=175=1k=1

=8[f(1,1,1) + f(1,1,3) + f(1,3,1) + f(1,3,3) + f(3,1,1)
+ f(3,1,3) 4+ f(3,3,1) + f(3,3,3)]

~ 239.64

(b) Using a CAS we have [[[, /a2 +y2 +22dV = f04 f04 f04 Va2 +y2 + 22 dz dy dx ~ 245.91. This differs from the

estimate in part (a) by about 2.5%.
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=;fGoD+f@oD+(E1D)+H(3 1))
HIEAD D G (G 19)]
:é[c036—14+cos%+cos%+cos%+cos6—i+cosﬁ—i+cos—+cos—]N0985

26. Here f(z,y,2) = V/ze™* and AV =2

N[

-1 =1, so the Midpoint Rule gives

[y fay2)dVa 35 S f(m,5,70) AV

i=1 j=1 k=1

V(L3 3) +f(L3,3) +F(L33) +F(1L 3, 3)
+f3,3.3) +(3,3,8) +(33,3) +7(3.3,3)]
— el/8 4 (B/8 L B/8 | 9/8 | [363/8 4 \[3:9/8 L \[3c9/8 4 \/3627/8 A 70.932
21. E={(z,y,2) |0<2<1,0<2<1—2,0<y<2—-2z},

the solid bounded by the three coordinate planes and the planes
z=1—z,y=2—2z

28 E={(z,9,2) | 0<y<20<2<2—y,0<z<4—y°},
the solid bounded by the three coordinate planes, the plane z = 2 — y,

and the cylindrical surface z = 4 — ¢

29. z

" y=4—47 1 xX2+42=4

[continued]
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If D1, D, D3 are the projections of E on the xy-, yz-, and xz-planes, then
Di={(z,y) | 2<2<20<y<4-2"} ={(z,9) |0<y<4 —VI-y<a<VI-y}
Dy={(y,2) [0Sy <4, —3v/T-y<2<3V/A-y} ={(y,2) | -1 <2< 10<y <4427}
Dy = {(z,2) | #* +42% < 4}

Therefore

E:{(az,y,z)|—2§x§2,0§y§4—x2,—%\/ 4—x2— <z< —a:Z—y}
:{(x,y72)|0§y§4, —Vi-y<z<Vi—y, —%\/4—wz—y§2§%\/4—m2—y}
:{(a:,y,z)|—l§z§l,0§y§4—422, —\/4—y—4z2§x§\/4—y—422}
={@y2)0<y<e — LIy <<iVI—y - VI—y- &2 <o < I-y— 47 |
:{(x,y,z)|—2§x§2, —%\/4—x2§z§é\/4—m2,0§y§4—x2—422}
:{(m,y,z)|71§z§1, f\/47422SxS\/4f4zQ,O§y§4f:B27422}

Then
IJp Fep2)dv = 2, [ Yy, ) dzdyde = i 7 Y Gy, 2) de dady
:f f4 4z* f‘%f z,Y, )dmdydszo fv\/_/ZfV\Zyy%f z,y,2)drdzdy
\a—=x —x2_452 \/ . _ 2242
_f f 4_4 acngf: " f(z,y, )dydzdx—f f 4—4442 f04 ¥ (@, y, 2) dy de dz
30. z y
3
D,
0 2 X
y
X
4 z
3 3
N >
0/3 | | -
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If D1, D2, D3 are the projections of E on the xy-, yz-, and xz-planes, then
Dy ={(y,2) | y* +2* <9}
Ds={(z,z)| 2<2<2, —-3<2<3}
Therefore
E={(zy2)|-2<2<2 -3<y<3, - A-pP<2<H-17 )
={@y)|-8<y<s —VA-pP <2< H- —2<a <2
:{(x,y,z)\—3§z§3, -9 —22 <y <922 —2§x§2}
:{(x,y,z)\—zgzgz —3<2<3, —\/9—22§y§\/9—z2}
and
fffEf(m,y, )dV = f f fvg v? T,Y, 2 dzdydx—f f fvg v? (z,y,2)dzdx dy
—f fvgy f f(z,y, )dxdzdyff fVQZQf f(z,y,2)dxdydz
2 3 9—22 \/9 22
:f72f—3f_\/;f( Y, 2 dydzda:—f f f (z,y,2)dydzdz
31.
D,
(=2,4,0, y=x*
-2 0 2 X
(2,4,0)
2
z=2—1,2
D,
Yy -2 0 2 X
If D1, Do, and D3 are the projections of E on the xy-, yz-, and xz-planes, then
Di={@y|-2<s<22?<y<a}={@y]0<y<4—vy<e< iy},
D2={(y,z)|OSy§470gzs2—éy}={(y,z)|0£zé270SyS4—2z},and
Dgz{(x,z)|72§x§2,0§z§27%x2}:{(x,z)|O§z§2,f\/4722§x§\/4722}
[continued]
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576 [ CHAPTER15 MULTIPLE INTEGRALS
Therefore E:{(;r,y,z)|—2§x§2,m2§y§4,0§z§2—%y}
—{@uy)0<y<a —Vy<a< Vi o<z<2- Lyl
={@y2)0<y<a0<z<2-4y —Vy<a< Vi)
—{@yl0<z<20<y<a-2 —\y<a< Vi)
:{(@y,z)|—2§x§2,0§z§2—%x2,x2§y§4—2z}

:{(x,y,z)|0§z§2, —\/4—2z§x§\/4—2z,m2§y§4—22}

Then [ffg f(x,y,2)dV = f f fz V2 (2, y, )dzdyda:—fo f 2 y/zf(r,y,z)dzdxdy

*fo 2y/2f o (@Y, 2 dxdzdy—fo 422[ o 1 (@, y, 2) dv dy dz

= [ 2T f(ayy, 2y dydzda = [ [V 57 ey, 2) dy de dz

32 Y
Z
2
x+ty—2z=2
2,2,1
y ( ) D,
2
0 (2,2,0 x+y=2
x=2
2
x 0 2 X
1 1
y=2z x=2z
D, D
0 2 y 0 2 X

If D1, D, and D3 are the projections of E on the zy-, yz-, and xz-planes, then
Di=A{(z,y) [0<2<2,2-20<y<2}={(z,y) | 0<y<2,2-y <z <2},
Do={(y,2)|0<y<2,0<2< 3y} ={(y,2) [ 0<2< 1,22 <y < 2},and

D3={(2,2) | 0<2<20<2< 22} ={(2,2) |[0<2<1,2z < <2}

Therefore E={(z,9,2)|0<2<22-2<y<20<z< 3(z+y—2)}
={(2,5,2) [0<y<2,2-y<2<20<z<3(x+y—2)}

={(z,9,2) |0<y<2,0<2< 3y,2—y+22<z<2}
={(7,9,2)|0<2<1,2:<y<2,2-y+2:<x< 2}
:{(m,y,z)|0§m§2,0§z§%I,Z—x+2z§y§2}
={(z,9,2) |0<2<1,22<2<2,2—2x+22<y <2}
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[ffg F@ oy, 2)dV = [ 2 [ fa,y, ) dedydo = [7 7 [T f(2,y, 2) dz dody

Then
2 (2 12 2
= fo v/ f2 y+2z f(z,y,2)dvdzdy = fo f22 f2_y+22 flz,y,2)dxdydz
x/2 (2 102 2
= fO f2 42z f(x,y,z) ddedm = fO f2z f27ac+2z f({l?,y,Z) dydxdz
33. Y z z
1 ! The diagrams show the projections
=1—y =1—-Jx
y=1x =1y j(: 1 _\/;)2 o of E onto the xy-, yz-, and xz-planes.
orx=y Therefore
0 1 x 0 1y 1 x
- 2 -
folf\lﬁ fol Y f(x,y,2)dzdyde = folfoy fol YV f(z,y,2)dzdxdy = fol fo (z,y,2)dzdy dz
_fofol yfo T,Y, 2 dxdzdy—fofol ‘/_f z,y,z)dydzdx
= folfo(lfz) f * flx,y,2) dydx dz
34. y R 2 z=2y—y%or
y=1-J1—-z o
1 1 1 j The projections of F onto the
y=1-x ka ay- and xz-planes are as in the
R, first two diagrams and so
0 1 x 0 0 1y
Jo by T f g ) dydzda = f) T 0 f (g, 2) dy dadz
1pl—y pl— 1pl—z pl—z?
:fo 0 ! 0 f(x,y,z)dzda:dy:fo 0 0 f(z,y,2)dzdy dx
Now the surface z = 1 — 2 intersects the plane y = 1 — x in a curve whose projection in the yz-plane is z = 1 — (1 — y)?
or z = 2y — y*. So we must split up the projection of £ on the yz-plane into two regions as in the third diagram. For (y, z)

inR;,0 <z <1-—yandfor (y,z)in R2,0 < x < +/1 — z, and so the given integral is also equal to

b ko

35.

Jo Iy 15 £

flz,y, 2 )d;tdydz—l—folfllimfolfy f(z,y,z)dxdydz

\/ﬁf\/ﬁ
2 — V1i—z
= oSV T fy, ) dudzdy + [ [y e JT f(@y, 2) dadz dy.

(1,1,0)

(z,y,2)dzdedy = [[[,; f(z,y,2)dV where E = {(z,y,2) |0 <z <y,y <z <1,0<y < 1}.

[continued]
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If D1, D5, and D3 are the projections of E onto the xy-, yz- and xz-planes then
Dy={(z,9) |0<y<Ly<az<l}={(zy |0<z<L0<y<a}
Dy ={(y,2) |0<y<1L0<z2<y}={(y,2) [0<2<1,z<y<1} and
Ds={(z,2) |0<2<1,0<2<z}={(2,2) | 0<2<1,2<x <1}
Thus we also have
E={(z,y,2)|0<2<1,0<y<2,0<z<y}={(z,9,2) [0<y<1,0<z2<yy<z<1}
={(z,y,2) |0<2<L,2<y<Ly<z<1}={(z,94,2) | 0<2<1,0<2<z,2<y <z}
={(z,9,2) [0<2<Lz<a<lz<y<a}.

Then
fo f IS f(x,y,2) dzde dy = folfomfoy flz,y,z)dzdydx = folfoyfl f(z,y,z)dedzdy
y

— follefyl flz,y,2)drdydz = folfozf: f(z,y,2)dydzdz

= follef: flz,y,z)dydzdz

36.
¥ z z

1 l/———— 1

fof fo z,y,z)drdzdy = fffEf(xyy,z)dehereE ={(z,9,2) |0<2<2y<2z<1,0<y<1}.
Notice that F is bounded below by two different surfaces, so we must split the projection of £ onto the zy-plane into two

regions as in the second diagram. If D1, D3, and D3 are the projections of E on the zy-, yz- and zz-planes then

Di=RiURy ={(2,9) |0<2<1,0<y<z}U{(z,y9) [0<2 <1z <y<1}
={(z,y) |0<y<Ly<z<1}U{(z,y) [0<y<10<z <y}

D2 ={(y,2) |0<y<1y<z<1}={(y,2) |[0<2<1,0<y <z} and
Ds={(z,2) |0<z<1,z<2<1} ={(2,2) | 0<2<1,0< 2z < z}.

Thus we also have

Then fo f fo z,y,2)drdzdy = folfozfxl f(z,y,2)dzdydx +f01fxlfyl f(z,y,2)dzdy dz
:folflflf (2,9, 2 dzdxdy—l—folfoyfyl f(z,y,2)dzdzdy
= fo fo fo z,y,z)dedydz = follefoz flz,y,z)dydzdz
_fofo fo z,y,2)dydx dz

© 2016 Cengage Learning“All'Rights Reserved. May not bé'scanned; copied; or duplicated; or posted'to a publiclyaccessible'website, in whele orin part:



SECTION 15.6 TRIPLE INTEGRALS U1 579

37. The region C is the solid bounded by a circular cylinder of radius 2 with axis the z-axis for —2 < z < 2. We can write
[[f (4 +52yz*)aV = [[[,4dV + [[[, 52’yz*dV, but f(x,y,z) = 5x’yz> is an odd function with
respect to y. Since C' is symmetrical about the zz-plane, we have [[ [, 52*y2* dV = 0. Thus

[ff(4+5a?yz*)dV = [[[,4dV =4-V(E) =4-m(2)*(4) = 64r.

38. We can write [[[,(z* +siny +3)dV = [[[,2*dV + [[[,sinydV + [[[,3dV. But z* is an odd function with respect
to z and the region B is symmetric about the zy-plane, so [, 2* dV = 0. Similarly, siny is an odd
function with respect to y and B is symmetric about the xz-plane, so [[[, sinydV = 0. Thus

[J[5(z* +siny+3)dV = [[[,3dV =3-V(B) =3 3n(1)> = 4r.
39. The projection of E onto the zy-plane is the disk D = {(x, y) |22 4+9% < 1}.

m = [[fp ple.y,2)dV = [f, ;777 3dz] dA = [[,3(1 - ® - y?) dA
_3f0 (l—r)rdrde_gf%d@f(T_T3)dr

=3[0]3" [37° - 1], =300 (5 - 1) =37

a2
My: = [[[g zp(e,y,2)dV = [[p, [fol ! 3 dZ} dA = [[,3x(1 -2 — y?) dA
=3[ [2"(rcos0)(1 —r?)rdrdd =3 [Z" cos0df [ (r* —r*)dr

=3 [sin0]5" [37° — 3r°], =3(0) (5 - 3) =0

—392— 2
Moz = [ff, wolw,y,2)dV = [[, [ fo~" " 3ydz] aa = [f, 3y(1 = o® —y?) dA
_3f0 fo (rsinf)(1—r )rdrd@-Sf sin 6 df fol(rz —rhydr

=3 [—cos0] [~ 1]y =3(0) (3 3) =0

Mey = [ffy pla.y.2)aV = [[ [37=" " 82dz] da = [, [3=2) 257" aa
:%IID(I_xZ_y2)2dA:%folfozﬂ(l—T2)2Tde0
:% OQWdG fol(r—27’3—|—r5)dr: % [9}2” [%72 o %T4+%r6];

—3Cn(G-4+1) =4

Thus the mass is 27 and the center of mass is (7,7, %) = (

40. m = fjl fol_y2 01_2 4drdzdy = 4f fl v z)dzdy = 4f [ %22]2217?;2 dy = 2fj1 (1—y*)dy =18

z2=0
My, = f_ll f017y2 Olfz4mdmdzdy: 2[_11 fo v’ (1—2)2dzdy = 2f [-3(1—2) ]zi:yz dy
=3[ 0= dy=(3)(3) =%
[continued]
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1 p1—y? fl—z 1 r1—y?
M, :f71 fo v o 4dydrdzdy= f71 fo Yoay(1 - 2)dzdy

f [4y 1 — ) — 2y(1 — y2)2] dy = ‘[;11 (2y — 2y5) dy = 0 [the integrand is odd]

M,y = fil f017y2 017z 4zdx dzdy = f f 4z —42%) dzdy = 2f [ —y*)? - %(1 — y2)3] dy

96 32

=2 [N -+ 2 dy=[Sy- 2+ 5], =% =&

)

Thus, (Z,7,%) = (&0,

i

“.om= [ (=x % + 92 +22)d$dydz—f0f0[ 23 4 zy? —I—xz]' dydz—fofo( a® 4+ ay® + az )dydz

= [ [3d’y + 3ay +ayz] dz—fo( a'* +a’2%) dz = [2 az+1a2z3]0f§a5+%a =a

M,. —fo fo fo [w + z(y? +z2)} da:dydz—fo fo [1a4+ 1a2(y +z2)} dy dz
15,15, 132 _ 1,6, 1.6 __ 7T 6 _ _
— 3 — To — Tz — Ty IR 2
fo ( a’ + ga’ + 3a°z )dz j0° +3a 50 M. M, by symmetry of F and p(z,y, z)

7 7
a, —2CL, Ea).

Sl

Hence (T,7,%) = (

Jun

42. m = fol Olfx Olfmfyydzdydmz fol 0171' [(l—as)y—yz} dy dx
= B0 - 30 -0 de =} - e =
M,. —fo 1 - yxydzdyda;zfol Olfx [(m—xz)y—xyﬂ dy dx
— e 3 e de = et e e = (514 E 1) =
1pl—z pl—z—y 2 1rl-zx 2 3
Moz =[5 fo " Jo y*dzdyde = [ [, [(1—2)y® —y°] dyda
=Jy [F0 -2 =30 —2)]de = % [-4(1 - 2)°], = &
fo 01 i 1 = yyzdzdydmzfo1 01793 [sy(1—z —y)*] dydz
= 2f0 [ 1—2)3%y —2(1—93)y2+y3] dy dx = %fol [%(1—x)4—§(1—az)4+%(1—az)4] dx
=51 Jo(1—2)' de=—3; [(1-2)°]; = 53
)

8. L= [ [ [Tk + 22 dedyde =k [ [ (Ly* + 3L%) dydae =k [ 2L* do = 2kL°

(S}
=

159

ut|=

Hence (Z,7,%) = (

By symmetry, [, =1, =1, = %IfL5.

c/2 b/2 a c/2 b/2
44, Iz=f7£/2f/b/2f a/zkz(y + 2% dxdydz = ka [° é/Zfé/2(y + 2% dydz

= ak [0, [30° + 2] de = ak [, (50 4+ 0%) de = ak [50° + 502°)70
= ak(Lb’c+ 5bc%) = Lkabe(b® + ¢?)

By symmetry, I, = $5kabc(a® + ¢*) and I, = L kabe(a® + b%).
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SECTION 15.6 TRIPLE INTEGRALS U 581
. L = [[[@®+ ) ploy,2)dV = [ [[y kG4 g dA =[] k@ +yPhdA
224y2<a? z24y2?<a?

=kh [T [ (r?) rdrdf = kh [77dO [y r® dr = kh(2r)[1r"] = 2nkh - 20" = Lnkha!

4. I. = [[[,(a® +y*)p(z,y,2)dV = [[ [f\h/mk(xz—l—gf)dz} dA

w2 +y2<h?

= Jf k@ +y?) (h= VAP H?) dA=k [} [ v (h =) rdrdf
22 4+y2<h?

=k [Z7dO [ (r*h— 1) dr = k(21) [1rih — Lr®]) = 2nk (115 — 1K) = Lrkh

41. (a)m:filfiz folfy Va2 +y2dzdyda
(b) (Z,7,z) where T = %fjl fxlz fol_y z\/22 + 2 dzdyde, T = L fil fxlz fol_y y /72 + 42 dz dy dz, and
Z= %fil f:z folfy 2 /2% + y? dz dy da.
© L= [' [5 [+ )V 2 dedyde = 1[5 [V (@ + )P 2 dzdy da

48. (aym = f f "1 22—y Va2 +y? 4 22dzdxdy

(b) (Z,7,z )Wherer—mflf f \/— 0"1 22—y /22 +y2? + 22 dzdz dy,
g=m Y e I VISR T T 2 dzdudy,
zZ= 71[_ f Vl 2t —y? 222 +y? + 22 dzdx dy

©L=[" V2 f“ PP ) (1 a oy +2) dzdedy

0
8. @m= [l [V [V 4z +y+z)dedyde =35 + 1

(b)(f,y,%):<m’lf0 vi- xfo (14+z+y+2)dzdyde,
mt [V Yy (4 a4y + 2) dz dy da,

m—lfo V1-z2? I Z(1+m+y+z)dzdydm>

B 28 307 + 128 457 + 208
T\ 97 + 44’ 457 + 220 1357 + 660

1 \/1—22 y
(C)Iz:// /(:L’2+y2)(1+m+y+z)dzdydm:m
o Jo ) 240
50. () m = [ [2 [V (22 4 y2) dedyde = 3 = 11.2
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582 O CHAPTER15 MULTIPLE INTEGRALS
(b) (,7,%) where T = m ™" [ [ fo 0V p(a? + y?) dz dy dz ~ 0.375,
g=m"! folf;z I Vo-y? y(2® +y*) dzdyde = 45“ ~ 2.209,
T=m L2 VO L (? 4 y?) dedyde = 12 = 0.9375.

c = m + z r = == & 59.79
(©) I = f0f31f0 y*)? dzdyd 10464

51. (a) f(z,y, z) is a joint density function, so we know [[[.s f(x,y,2) dV = 1. Here we have

[[fas flxyy,2)advV = [T [ [ f(=, y,z)dzdydx=f02f02f020xyzdzdydm
—C'fo rdx fo ydy fo zdz —0[1232]2 [lyﬂz [lzz]i =8C

0oL2 0oL2

Then we musthave 8C =1 = C =1 5
b P(X<1,Y<1,Z<1)= fioo fioo fioo f(z,y,2)dzdyde = fol fol Olémyzdzdydw
1 1 1 3
=1 fo zdx fo ydy fo zdz = [éxz]o [%yﬂo [%zz]o =13y =4

) P(X+Y +Z<1)=P((X,Y,Z) € E) where E is the solid region in the first octant bounded by the coordinate planes
and the plane z + y + z = 1. The plane = + y + z = 1 meets the xy-plane in the line  + y = 1, so we have

P(X+Y+Z§1):fffEf(x,y, )dV = fo 1 Y txyzdz dy de
:Sfo xy (3 2]27(1) o ydydle—lﬁfol Olfzxy(l—x—y)Qdydm
=1L fo o (2% = 222 + 2)y + (222 — 22)9° + 2] dy da
:%fol (2% = 22° + 2)3y” + (207 — 22) 31" + 2 (3" )]y o da
=1k fol(x—4x2 +62° — 42t + 2°) do = 15 (55) = =5
52. (a) f(x,y, z) is a joint density function, so we know [[[-, f(x,y,z) dV = 1. Here we have
ffng flz,y,z)dV = ffooo ffooo ffooo flz,y,2)dzdyde = fooofooofooo Ol (0:5240.2y+0.12) 4, dy dx
=C fooo e 05 dg f0°° e 02 dy f0°° e 012 gz
— C’tllnolo fot e 0% dy tliglo fot e 02 dy tliglo fot e %1% dz

=C lim [-2¢7"%]" lim [~5e "]’ lim [~10e~*'%]

t—o00 t—oo t—o0
=C lim [-2(e”®* —1)] lim [-5(e”** —1)] lim [-10(e """ —1)]

=C-(-2)(0—1)-(-5)(0—1)-(=10)(0 — 1) = 100C
So we must have 100C =1 = (C = 100

(b) We have no restriction on Z, so
LS [ fayy, ) dedyde = [ [ [0 hsem O540200-12) g gy gy

:%f OSIdl,f602ydyf00 7OIZdZ

P(X<1,Y<1)

%[ e 0 Sx] [_56—0.2;/}; lim [_106—0.1z]g [by part ()]

t—oo

=105 (2—2e79%)(5 = 5e7%?)(10) = (1 — e *®)(1 — e *?) ~ 0.07132
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©P(X<1,Y<1,2<1)= [ [1 [l f,y,2)dzdyde = [ [] [y mge” OO0 dzdy de

_ 1 1 —0.5x 1 _—0.2y 1 0.1z
=15 Jo € d;z’f e dy fo e dz

_ 1_(1)0[_26—0‘&]; [_5 —0. 2y] [ 10e~% 1z]0

=(1—-e "1 -e"?)(1—e %) ~0.006787

5. V(E)=L° = faVC:L3/// xyzdxdydz—— xdx/ ydy/ zdz

O 7 o S O o v vy o)
E o L2102

T I8 2 22 "8

54. The height of each point is given by its z-coordinate, so the average height of the points in

v /)

Here V(E) = 3 - 3m(1)® = 2r  [half the volume of a sphere], so

Ez{(x7y,z)|m2+y2+22§1, z>0}is

ﬁfff}a zdV = zw/gf fmfo Zdzdydx_ f f [_ rimdydx

1962

27

—x2 ks
=2 A Y- a? - Py dyde = £ [T ) (1= ) rdrdf

=2 [27d0 [y (r—rP)dr=E@m)[5r? —4r'] = 3(3) =2

55. (a) The triple integral will attain its maximum when the integrand 1 — 2> — 2y* — 32 is positive in the region E and negative
everywhere else. For if F contains some region F' where the integrand is negative, the integral could be increased by

excluding F' from E, and if F fails to contain some part G of the region where the integrand is positive, the integral could
be increased by including G in E. So we require that 22 + 2y + 32% < 1. This describes the region bounded by the
ellipsoid 2 4 2y + 322 = 1.

(b) The maximum value of [, (1 —2? — 2y® — 32*) dV occurs when E is the solid region bounded by the ellipsoid

22 4 2y? 4 32% = 1. The projection of E on the zy-plane is the planar region bounded by the ellipse 2> + 23> = 1, so

E={@uy2)|-1<e<1,—/31-a) <y< JF0-2?), - [E0 -2 -2 <2 < [T -2 —2) |

and
1 z2— 2y
/// (1—a? -2y —32%)dV = / / / 1—$2—2y2—3z)dzdyda:—4—\/67r
\/ \/ 1—x2— 2y 45
using a CAS.
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DISCOVERY PROJECT Volumes of Hyperspheres

In this project we use V/,, to denote the n-dimensional volume of an n-dimensional hypersphere.

1. The interior of the circle is the set of points {(x, Y| —r<y<r, —yr2—y2 <z < /r2—y? } So, substituting

y = rsin 0 and then using Formula 64 to evaluate the integral, we get
rop/r2—y?
‘/'2:/ / drdy:/ 2412 —y dy_fTr ,2r\/1—sin® 6 (rcosf df)
—rJ—4/r2 —y2 -r ~/

/2
= 2r? / P cos® 0 dO = 2r* [30+ % sin29]i/:/2 = 27‘2(§) = 72

2. The region of integration is
{(:@y,z) | —r<2<r—Vr2—22<y<Vr2—22 —\/r2—22 -2 <z < \/r2 — 22 — 42 } Substituting

y = v/r2 — 22 sin § and using Formula 64 to integrate cos” , we get

\/T2_22 \/T2_Z2_y T2_22
/ / / dxdydz—/ / 2+/r2 =22 —y2dydz
—r \/7‘2—22 —\/T2—z2—y —r \r2—2z2

/2
/ / 2\/7,2_22 \/1—sin20(\/r2—z20089d9) dz
—r /2

) U_;(r? 722)(12] [/:/22 cos26’d0:| - 2(%) (5)= 47;3

3. Here we substitute y = v/r2 — w? — 22 sin § and, later, w = r sin ¢. Because f:/r 32 cos? 0 df seems to occur frequently in

these calculations, it is useful to find a general formula for that integral. From Exercises 7.1.49-50, we have

/2 1-3-5--.-- (2k—1) 7 /2 2.4.6-----2%
.2k o 2k+1
dx = - d dr =
/0 ST ar 2-4-6----- 2% 2 an /0 st TOr =937 ..., (2k + 1)
and from the symmetry of the sine and cosine functions, we can conclude that
/2 /2 1-3-5..... 2% — 1

/7W/2cos2kxdx:2/0 sin®* ¢ dz = 32~54~6-~F--2k ) (1)

/2 /2 2.2.4.6----- 2k

2k+1 - 2k4+1

de =2 dx = D)
/_W/Z(:os xdx /0 sin wdr =T o @ET D) )

\/Tz,wz \/rz,wz,zz \/Tz,wz,zz,yz
Thus Vi = / / / / dx dy dz dw
_r \/T2,w2 ,\/T2,w2,zz ,\/rz,wz,zz,yz

r \/rQ,wQ \/TQ,wQ,zQ
:2/ / / V2 —w? — 22 —y?2dydzdw
—r _\/TQ_wQ _\/T2_1U2_22

VrE—w?
—2/ / 7:/32(7“ —w? — 2?) cos® 0df dz dw
S w2

r27w2 /2
/ / (r? —w® — 2% dzdw / cos® 0 df
—rJ—/r2—w? —m/2
1

. /2 47 -3 w2y
—2(3)| [ 407wty ] = w(3) [0 st oo = Gt LT T
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4. By using the substitutions z; = /72 — 2% — 22 _, —--- — 22 | cosf; and then applying Formulas 1 and 2 from

Problem 3, we can write

Y R e B e e e R
V, = - drydrs - den—1dey,
_r

_ 2 _p2 — 2_ .2 _ 2 2 ) 2_ 2 _ 2 2 _ 2
\/T Th \/7" Tp—%h 1 T3 \/1" T =% 1 T3—x5

/2 /2 /2 /2
=2 / cos? 05 dfs / cos® 05 dOs | --- / cos" 1 0,_1dOn_1 / cos” 0, dO, | r"
—7/2 —7/2 —7/2 —7/2

585

[2 E} 2-2 1-3n|[|2-2-4 1-3-5m 2.0 (n—2) 1----. (n—1)=m o n even
2111-3 2-4 1-3-5 2-4-6 1 (n—1) 2. n
21_2 1-3r 2-2-4] [1l-----(n—2)7 2----- (n—1) o n odd
2 1-3|12-4 1-3-5 2..... (n—1) 1-----m
By canceling within each set of brackets, we find that
Im 2m 2m 2—”7"” = (2m)" /2 rt = w2 r’ n even
. 2 4 6 n 246 no (in)!
o (n—1)/2 on Tl (p — 1)1 £(n=1)/2
2. 2m 2m 21 2_7TT" = 2(2m) rt = [3(n— D]t rrt n odd
3 5 7 n 3:5-7----- n n!
15.7 Triple Integrals in Cylindrical Coordinates
1. (a) : FromEquationsl,m:rcos0:4cosg =4-1=2,
Ofs y:rsin@:élsin%:4-@:2\/§,z:—2,sothepointis
A
s N4
3 T Y 2,2v/3, —2) in rectangular coordinates.
U
_2i
X 1
‘(452)
(b) z zz?cos(—%) :O,y:2sin(—§) = -2,
e.-5.)
17 and z = 1, so the point is (0, —2, 1) in rectangular coordinates.
2
_% 0
3
.
3m
2. (a) z (ﬁ%—z) r:\/icoszzx/i(—g) = -1,
' y:ﬁsin%:ﬁ(@):l,andz:l
12
i so the point is (—1, 1, 2) in rectangular coordinates.
0

2T
p
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586 L[] CHAPTER15 MULTIPLE INTEGRALS

(b) rz=1cosl =cosl,y=1sinl =sinl,and z =1,
so the point is (cos 1,sin 1, 1) &~ (0.54,0.84, 1) in rectangular

coordinates.

3. (a) From Equations 2 we have > = (—1)? + 1% = 2507 = /2; tanf = - = —1 and the point (—1,1) is in the second

quadrant of the zy-plane, so 6 = 3% + 2n7; z = 1. Thus, one set of cylindrical coordinates is (v/2, 2%, 1).

(b) 72 = (-2)> + (2\/3)2 =16sor =4; tanf = 2—‘/25 = —+/3 and the point (—2,2y/3) is in the second quadrant of the

ay-plane, so @ = 2F + 2nm; z = 3. Thus, one set of cylindrical coordinates is (4, 2T, 3).

4. (a)r’ = (—\/5)2 + (\/5)2 =4sor=2; tanf = % = —1 and the point (—\/5, \/5) is in the second quadrant of the
zy-plane, so § = 37” + 2nm; z = 1. Thus, one set of cylindrical coordinates is (2, %’, 1).

(b)r? =22 +22 =8s07 =8 =2V2; tand = % = 1 and the point (2, 2) is in the first quadrant of the zy-plane, so

0 = Z + 2nm; z = 2. Thus, one set of cylindrical coordinates is (2v/2, Z,2).

5. Since r = 2, the distance from any point to the z-axis is 2. Because § and z may vary, the surface is a circular cylinder with
radius 2 and axis the z-axis. (See Figure 4.)
Also, z° + y? = r? = 4, which we recognize as an equation of this cylinder.

6. Since § = % but r and z may vary, the surface is a vertical plane including the z-axis and intersecting the zy-plane in the line

y= %x (Here we are assuming that r can be negative; if we restrict » > 0, then we get a half-plane.)

7. Since 72 4 2% = 4 and r? = 2% + y2, we have 2% + y? + 2% = 4, a sphere centered at the origin with radius 2.

8. r=2sinf = r?’=2rsind = 2?+y*=2y & 224 (y—1)> = 1. zdoesn’t appear in the equation, so any
horizontal trace in z = k is the circle 2 + (y — 1)® = 1, z = k, which has center (0, 1, k) and radius 1. Thus the surface is a

circular cylinder with radius 1 and axis the vertical linexz = 0, y = 1.
9. (a) Substituting 2> + 3> = r? and = = r cos 6, the equation z? — x 4+ y* + 2% = 1 becomes 72 — rcos@ + 22 = 1 or
22 =1+rcosf —r2.
(b) Substituting z = r cos§ and y = rsin @, the equation z = x* — y* becomes
z = (rcosf)® — (rsin)® = r?(cos® 6 — sin® ) or z = r* cos 20.
10. (a) The equation 2z + 2y* — 2 = 4 can be written as 2(2® + y?) — 2* = 4 which becomes 21> — 2> =4 or 2% = 2r* — 4
in cylindrical coordinates.

(b) Substituting x = r cos 6 and y = 7 sin 6, the equation 2z — y 4+ z = 1 becomes 2r cos — rsinf + z = 1 or
z=1+4r(sinf — 2cos0h).
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z=1? & z=21a?+4? acircular paraboloid opening upward with vertex the origin,

andz=8—-r> & z=8— (x?+1y?), acircular paraboloid opening downward with
vertex (0, 0, 8). The paraboloids intersect when r? = 8 — r? < 12 = 4. Thus
r? < z < 8 — r? describes the solid above the paraboloid z = z2 + 3% and below the

paraboloid z = 8 — z? — g for 2% + 9% < 4.

z =1r = y/x? 4 y? is a cone that opens upward. Thus r < z < 2 is the region above
this cone and beneath the horizontal plane z = 2. 0 < 6 < 7 restricts the solid to that

part of this region in the first octant.

13. We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the xy-plane. If we
use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shellas 6 < r < 7,

0<6<2m0<z<20.

14, In cylindrical coordinates, the equations are z = r2 and z = 5 — r?. The

curve of intersection is 72 = 5 — 2 or r = 1/5/2. So we graph the surfaces 41

in cylindrical coordinates, with 0 < r < 1/5/2. In Maple, we can use the

coords=cylindrical option in a regular plot3d command. In o =
Mathematica, we can use RevolutionPlot3D or
04
ParametricPlot3D. 0T 70!
15. z The region of integration is given in cylindrical coordinates by

E={(r0,2)| -m/2<60<7/2,0<r <2,0<z<r’} This
represents the solid region above quadrants I and IV of the xy-plane enclosed

by the circular cylinder » = 2, bounded above by the circular paraboloid

z =12 (z = 22 4+ y?), and bounded below by the zy-plane (z = 0).

f:ﬁ% fo2 for2 rdzdrdf = fj7'/32 f02 [TZ] 2282 drdf = fjr/jz 02 r® drdf

= [T do fyrdr=[0]77, [3r*];

=7(4-0)=4n
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16. z The region of integration is given in cylindrical coordinates by

E={(r0,2)]0<60<2m,0<r<2,0< z<r}. This represents the

solid region enclosed by the circular cylinder » = 2, bounded above by the

cone z = r, and bounded below by the xy-plane.

f02 02Tr for rdzdfdr = f02 027r [rz] iig df dr = fo f% r2.df dr

=/ 2r2 dr j“d@: [%rﬂg [9}?:%.27‘-:%”

17. In cylindrical coordinates, £ is given by {(r, 6, z) [0<0<2m,0<r<4,-5<z<4}. So
[f[ Va2 +y2adv = [27 [ (' Vr2rdzdrdd = [77d0 [ rdr [1dz
= [9]5” [37°] []%5 = (2m) (%) (9) = 384r
18. The paraboloid z = 2® + y* = r? intersects the plane z = 4 in the circle 2> +y®> =4orr’ =4 = r=2,s0in
cylindrical coordinates, E is given by {(r,0,2) |0 < 6 < 27,0 <r < 2,7? <z <4}. Thus
[[[g zdV = fozﬂ f02 fr42(z) rdzdrdf = 0277 f02 [%mg]zi: dr df
= Ozﬂ f02 (8r — %rs) drdf = 0277 do f02 (87“ — %7"5) dr =27 [47"2 — %rﬁ]i
=2m (16 — &) = &x
19. The paraboloid z = 4 — 2% — y? = 4 — r? intersects the zy-plane in the circle 22 + y> = 4orr? =4 = r =2 soin
cylindrical coordinates, E is given by {(r, 6, z) ’ 0<6<m/2,0<r<20<z<4—7r"} Thus
[y @+y+2)dV = f’r/2f0 - (rcos® +rsinf + 2) rdz dr df
”/2 J2 [r*(cos 6 + sin0)z + 3r2?] Zé*r? dr df
= 7r/2 fo [(4r® — 7*)(cos 0 + sin6) + (4 —r*)?] dr df
= 0"/2 [(37° — 27°) (cos O + sin ) — (4 — r2)3]:iz do
= foﬂ/2 [$2(cos B +sinf) + 2] df = [$2(sin 6 — cos6) + 169]”2
=801-0)+8.2-80-1)-0=5r+128

20. In cylindrical coordinates E is bounded by the planes z = 0, z = rsin § 4 4 and the cylinders r = 1 and r = 4, so E is given
by {(r,0,2) | 0<0 <2m, 1 <r<4,0<z<rsinb+4}. Thus
x—y)dV = ”m0+4 (rcos@ —rsinf)rdzdrdd = 27 (4 (12 cos @ — r? sin 0)[ 2]7=5 50 dr df
E 1 0 1 z=0
= 02” f14 (r? cos 0 — 12 sin 0)(r sin 6 + 4) dr d6
= [27 [ [r*(sinf cos @ — sin? @) + 47> (cos O — sin )] dr dO
= OZﬂ [37*(sinf cos 6 — sin® §) + 37°(cos 0 — sin 6)] :jll de

27

= [;7 [(64— %) (sinfcosf — sin® ) + (228 — 3) (cos O — sin )] df
= 37 [252(sin 0 cos ¢ — sin? 0) + 84(cos 0 — sin )] do

= [255 (Lsin?0 — (40 — Lsin20)) + 84 (sin 0 + cos )] = L5 (—m) +84(1) — 0 — 84(1) = — L7
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In cylindrical coordinates, F is bounded by the cylinder » = 1, the plane z = 0, and the cone z = 2r. So

E={(r0,z)|0<0<2m,0<r<1,0<z<2r}and

22

23.

I/ 22dV = f02ﬂf01 02T r?cos?Ordzdrdd = o%fol [r3 cos? Hz]ziir drdf = Ozﬂfol 2r* cos? 0 dr df
_ 27

= 027r [27° cos® 0]::) o = % 0% cos”0df = 2 Ozﬂ 3 (1+cos20)df = £[0+ 3 sin?@]i7r =2

In cylindrical coordinates F is the solid region within the cylinder » = 1 bounded above and below by the sphere 2 + 2% = 4,

so B ={(r,0,2) |0<60<2m,0<r<1,—v4—7r?<z<+4—r2}. Thus the volume is

[ffwdv =77 5 Y % rdzdrdd = [27 [} 2r /=12 drdf

1
= 0277 do fol 2rv/4 —r2dr =2 [,%(4 - 7“2)3/2}0 =3m(8— 33/2)

In cylindrical coordinates, E is bounded below by the cone z = r and above by the sphere 2 + 22 = 2 or z = /2 — r2. The
r=1s0F = {(r,@,z) [0<0<27m,0<r<1,r<z< \/2—7"2}

cone and the sphere intersect when 2r° =2 =

and the volume is

[ff, dv =2 [V 2= L dzdr df = J2 [ e Y drdo = [P (/2= 12 — 12 drdf

— 02“ do fol (rm— 1"2) dr =27 [—%(2 — r2)3/2 — %rﬂo
~ (Vi

=21 (-1 (1+1-2%?) =27 (2-2V2) =

24. In cylindrical coordinates, E is bounded below by the paraboloid z = 7 and above by the sphere r> + 22 = 2 or

2 = /2 — r2. The paraboloid and the sphere intersect when r? +-7r* =2 = (P2 +2)(r?—=1)=0 = r=1,50
E={(r0,2)]0<6<2r, 0<r <1, r* <z<+2—r2} and the volume is

[ff dV = fOZWfolfT; 2772 dzdrdf = OZWfol [rz}i;g%ﬂ drdf = 027rf01 (rv2 =72 —7r%) drdf
= 0% do fol (rv2—=r2— 1"3) dr =27 [—%(2 —r?)3/2 _ %rﬂ

— o (% +3VE) = (-3 + $VD)

1
0

S RERT IR

25, (a) In cylindrical coordinates, E is bounded above by the paraboloid z = 24 — 2 and below by

the cone z = 2v/r2 or z = 2r (r > 0). The surfaces intersect when

24—7>=2r = rr?4+2r—24=0 = (r+6)(r—-4)=0 = r=450

E= {(r,@,z)|2r§z§24—r2,0§7’§4,0§6§27r} and the volume is

fffE dV = f027rf04 22T47T2 rdzdrdf = 027rf04 r (24 —r?— 2r) drdf = 0277 df f04 (24r —r3 = 27"2) dr
=2r [12r% — 1r* — 2/%)" = 27 (192 — 64 — 128) = 521
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(b) For constant density K, m = KV = 5127TK from part (a). Since the region is homogeneous and symmetric,

My, = M. = 0and
Myy = fo 22T47T (zK)rdzdrdf = Kf027r f04 r[%zﬂiiiiﬂz dr do

K2 [rl(24 —r?)? — 4r?drdo = £ [27d6 [} (576r — 52r° + %) dr

= & (2)[288r2 — 131" + 17°]) = K (4608 — 3328 + 2948 = 3888, p¢

Thus (7,7,%) = (Myz’ Ma;z7 sz) (0 0 588871-K/3) _ (0’07 @)

m m m ) B12nK/3 2

2. (@) V = [T/, [eesf |V &% rdz dr df (b)

,4f7r/2 acosefvaz_ﬂrdzdrdé’ !
74‘[‘#/2 acos9 /—a27r2 dr db

r=a cos 0
_ 4 [m/2 2 2\3/2 2 0
__5 0 [(a _T)/:|r:0 de
=-3 077/2 [(a2 —a?cos? 9)%/% — aﬂ de

_% 077/2 [(aQ sin? 9)3/2 — aS} do ,1\

=1
/

-
///// 7 77/ 71777777777

=-3 Oﬁ/z(a sin® 0 — a®) df 1
3 /2

_ Ao [sinf (1 — cos® 0) — 1] do
3 Jo
3 3

= —4%[ cosf + 1 cos® 6 — Qr/z —%(—g +2)=2a°(3r—4)

To plot the cylinder and the sphere on the same screen in Maple, we can use the sequence of commands

sphere:=plot3d(l,theta=0..2*Pi,phi=0..Pi, coords=spherical):

cylinder:=plot3d(cos (theta),theta=-Pi/2..Pi/2,z=-1..1,coords=cylindrical):

with (plots):

display3d ({sphere,cylinder}) ;

In Mathematica, we can use

sphere=SphericalPlot3D[1, {phi, 0, Pi}, {theta, 0,2Pi}]

cylinder=ParametricPlot3D[{ (Cos[theta]) "2,Cos[thetal*Sin[theta]l, z},
{theta,-Pi/2,Pi/2},{z,-1,1}]

Show [sphere, cylinder]

27. The paraboloid z = 42 + 4y intersects the plane z = a when @ = 4z 4 43 or z® + 3 = ia. So, in cylindrical

coordinates, E = {(7’, 0,2) |0<r< %\/E,O <O<2mArt<z< a}, Thus

27 r/a/2 pra 27 ry/a/2
m:/ / Krdzdrd@zK/ / (ar — 4r°) dr df
0 472 o Jo

27 27
= [ B )T =k [ g o = Jatnic
0 0
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Since the region is homogeneous and symmetric, M,. = M,. = 0 and

Va/2 \/_/2
zy—/ / KrzdzdrdG—K/ / a 2y —8r )drd@
4r2

_K/ 4,0]" ‘/_/QdH_K/ Lado = LaPnK
Hence (Z,7,%) = (0,0, 2a).
28. Since density is proportional to the distance from the z-axis, we can say p(z,y, z) = K \/x? + y2. Then

m:2f A Var=r? g2 clzdrd0*2Kf27r or?Va2 —r2drdf
= 2Kf [3r(2r® — a®) Va2 — 1% + 2a* sinfl(r/a)]:ig de = 2Kf027r [(3a*)(5)] db = 3a'n°K

29. The region of integration is the region above the cone z = /x? + y2, or z = r, and below the plane z = 2. Also, we have

—2 <y <2with —y/4 — y2 < x < /4 — y? which describes a circle of radius 2 in the zy-plane centered at (0, 0). Thus,

4— y2 27 27
/ / ;rzdzdxdy—/ // (rcosf) zrdzdrd@-/ // r (cos9 ) zdzdr df
Va=y? Jyfa?ty?
2

=/ 027‘2 (cos9) [%zﬂiir drdf = 3 027rf02 r? (cos0) (4 —r?) drdf
:é o " cosBdo fo ( r —r)dr:%[sinﬂ}?r [%r3—lr5]§20
30. The region of integration is the region above the plane z = 0 and below the paraboloid z = 9 — 2> — y?. Also, we have

—3 <z < 3with0 <y < +/9 — 22 which describes the upper half of a circle of radius 3 in the zy-plane centered at (0, 0).

Thus,
3 \/9—x2 971277;2 T 3 p9—r? T 3 p9—r?
/ / / \/x2+y2dzdydx=/ / \/7"2rdzdrd9=/ // r?dzdrdf
—3Jo 0 o Jo Jo o Jo Jo

= [T 32 (9—r2)drdo = [T df [ (9r® —r*)dr

= [0]; [3° ~ 1] = m (81 - 22) = 202

31. (a) The mountain comprises a solid conical region C'. The work done in lifting a small volume of material AV with density

g(P) to a height h(P) above sea level is h(P)g(P) AV. Summing over the whole mountain we get
W= [ff,. h(P)g(P)dV.
(b) Here C'is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft,

and density g(P) = 200 Ib/ft* at all points P in C. We use cylindrical coordinates:

—R(1—2 H—z
W= [ [ R(1-z/H) 2+ 200r dr dzdf = 2 [ 200z[1r }:;(1)%(1 /H) 4.
-
H 2 H 3
R z\? 2 222 z
=4 —(1——) dz =2 _Z2 L% V4 B
0071'/0 z2 I z 007rR/0 (z i +H2) > i
2 3 4 H 2 2 2
—o00rR? |2 2y E 1 _ggoppz (D 20 AT r_H-z_ | =z
2 3H  4H? |, 9 3 4 = i .

= 27rR°H? = 327 (62,000)*(12,400) ~ 3.1 x 10" fi-Ib
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DISCOVERY PROJECT The Intersection of Three Cylinders

1.

. To find the volume, we split the solid into sixteen congruent

The three cylinders in the illustration in the text can be
visualized as representing the surfaces z2 + ¢y = 1,

x? 4+ 2% =1, and y* + 2% = 1. Then we sketch the solid

of intersection with the coordinate axes and equations

indicated. To be more precise, we start by finding the

bounding curves of the solid (shown in the first graph

below) enclosed by the two cylinders 22 + 22 = 1 and

y? 4+ 2% = 1:z = +y = ++/1 — 22 are the symmetric
equations, and these can be expressed parametrically as x = s,y = +s, 2 = +v/1 — s2, —1 < s < 1. Now the cylinder

22 4 y* = 1 intersects these curves at the eight points (:I:%, :I:%, :I:%) The resulting solid has twelve curved faces

bounded by “edges” which are arcs of circles, as shown in the third diagram. Each cylinder defines four of the twelve faces.

AN <

Il

pieces, one of which lies in the part of the first octant with
0 < 0 < 4. (Naturally, we use cylindrical coordinates!)
This piece is described by
{(r0,2)]0<r<1,0<0<3,0<z<VT-a%},
and so, substituting x = r cos 6, the volume of the entire

solid is

V=16 7 [N dz dr de

=16 [7/* [ r /T — 12 cos? 8 dr df

=16 — 82 ~ 4.6863
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curves similar to those found in Problem 1 for the

intersection of two cylinders. We must restrict the
parameter intervals so that each arc extends exactly to
the desired vertex. One possible set of parametric

equations (with all sign choices allowed) is

—r2, —L 1.

z=r,y=xr,z=+y/1-r \/— TS 5

/T 52 L L
r=%ds,y=xV/1-5%2=s, \/— <ﬁ 1
x—i\/lfto—tzfit*% <% - 0 [t i

. Let the three cylinders be 22 + y> = a?, 2> + 2> = 1,and y*> + 2% = 1.

If a < 1, then the four faces defined by the cylinder 2? 4 4> = 1 in Problem 1 collapse into a single face, as in the first
graph. If 1 < a < /2, then each pair of vertically opposed faces, defined by one of the other two cylinders, collapse into a
single face, as in the second graph. If ¢ > /2, then the vertical cylinder encloses the solid of intersection of the other two
cylinders completely, so the solid of intersection coincides with the solid of intersection of the two cylinders 22 4+ 2% = 1 and

y? + 22 =1, as illustrated in Problem 1.

If we were to vary b or c instead of a, we would get solids with the same shape, but differently oriented.

/N

a=095b=c=1 a=11,b=c=1

. If a < 1, the solid looks similar to the first graph in Problem 4. As in Problem 2, we split the solid into sixteen congruent

pieces, one of which can be described as the solid above the polar region {(r7 0)]0<r<a,0<0< %} in the zy-plane

and below the surface z = /1 — 22 = /1 — r2 cos2 6. Thus, the total volume is V = 16 f”/4 Jo VI —r2cos?frdrde.

Ifa > 1and a < v/2, we have a solid similar to y

the second graph in Problem 4. Its intersection

with the zy-plane is graphed at the right. Again we - R, (1da’—1)
3 0 I|ia x — ’
5 H 4. a

split the solid into sixteen congruent pieces, one of ! / . R,

which is the solid above the region showninthe === 0 I x

second figure and below the surface z = /1 — 22 = /1 — r2 cos2 §.
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We split the region of integration where the outside boundary changes from the vertical line z = 1 to the circle

2”4+ y* = a® orr = a. Ry is aright triangle, so cos§ = L. Thus, the boundary between R1 and Rz is § = cos™ " (1) in

polar coordinates, or y = v/a? — 1z in rectangular coordinates. Using rectangular coordinates for the region R; and polar

coordinates for R2, we find the total volume of the solid to be

1 VaZ-1z
/ / \/1fx2dyd:1:+/
0o Jo

cos—1(1/a)

V =16

/ vV1—17r2cos20rdrdb

If a > /2, the cylinder 2% + y? = 1 completely encloses the intersection of the other two cylinders, so the solid of

intersection of the three cylinders coincides with the intersection of 2% + 22 = 1 and y* + 2% = 1 as illustrated in

Exercise 15.5.24. Its volume is V = 16 fol IV — a2 dyda.

15.8 Triple Integrals in Spherical Coordinates

1. (a) : (6,’—37 7_67) From Equations 1, z = psin¢cos = 6sin g cos § = 6 - % . % = %,
:'? yzpsingﬁsin@stin%sin%:6-%-§:3‘/_ and
i
i z=pcosp=6cos T =6-%2 *3\/_ 3, so the point is (3,3‘/_ 3\/_)
i rectangular coordinates.
x
(b) : x:3sin%”cos2:3'§-0:0,
0 % y—3sm sm—:3~72-1:3‘/_ and
/§< b “ : 3 2z =3cos 3 —3(—‘/_) 3‘/_ , so the point is (0 %,—37‘/5) in
' ’ \\\\\ E rectangular coordinates.
N 61
2. (a) x=2sinfcosg =2-1-0=0,y=2singsing =2-1-1=2,
z=2cos % =2-0 = 0so the point is (0, 2, 0) in rectangular coordinates.
(b) x:4sin%cos(—§):4-§ %Z\/é,
y=4sinZsin (—F) =4 (@) (— 22) S
z=4cosE =43 =2sothe point is (v6, —/6,2) in rectangular

coordinates.
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3. (a) FromEquationslandZ,p:\/r2+y2+22:\/02+(—2)2+02=2,c0s¢:%=g:0 = qb:g,and
cosf = —=— = 0 =0 = 0= 3m [since y < 0]. Thus spherical coordinates are | 2 T
T psing  2sin(n/2) ~ 2 y="k P 202 )
(b)p:\/1+1+2=2,cos¢=i:_T\/§ = ¢=?%,ad

-1 -1 1 . . .
i = =—— = 0= %T [since y > 0]. Thus spherical coordinates

psing 2sin(37/4)  2(v/2/2) V2

3r 3w
2, —,— |.
are(,4,4)

cosf =

z \/g s x 1
4. — 2 2 2 —./1 =2 =2 == = — = = =1
@p=+yvr2+y>+22=V/1+0+3=2cos¢ b2 = ¢ 6,andc056 psing  2sin(r/6) -
. . s
0 = 0. Thus spherical coordinates are (2, 0, E)
z 23 V3 T x V3 V3
(b)p7\/3+1+1274,cos¢>f;f—4 =5 = ¢7€’andcoseipsin¢74sin(7r/6)7_2 =

11 . . . 11
0= Tﬁ [since y < 0]. Thus spherical coordinates are (4, TW’ %)

5. Since ¢ = % but p and 6 can vary, the surface is the top half of a right circular cone with vertex at the origin and axis the
positive z-axis. (See Figure 4.)

6. p°—3p+2=0 = (p—1)(p—2)=0 = p=1 or p= 2. Thus the equation represents two surfaces. In the case
p = 1, the distance from any point to the origin is 1. Because 6 and ¢ can vary, the surface is a sphere centered at the origin
with radius 1. (See Figure 2.) Similarly, p = 2 is a sphere centered at the origin with radius 2.

Also,p=1 = p>*=1 = 2%+ y?+ 2% = 1 which we recognize as the equation of the unit sphere, and similarly,
p=2 = p’=4 = +4P+22=4

7. From Equations 1 we have z = pcos¢,so pcos¢ =1 <z =1, and the surface is the horizontal plane z = 1.

8.p=cos¢p = p’=pcos¢p & P4+yi+=2 & 2P+y¥+-z2z+1=1 & P+ +(=z-1)=1.
Therefore, the surface is a sphere of radius % centered at (0, 0, %)

9. (a) From Equation 2 we have p? = 2® +y? + 2%, 5022 + 94> +22 =9 & p?=9 = p=3 (since p > 0).

(b) From Equations 1 we have x = psin ¢ cos, y = psin ¢siné, and z = pcos ¢, so the equation 22 — 3% — 22 =1
becomes (psin ¢ cos§)> — (psinpsinf)® — (pcosp)®> =1 < (p®sin? ¢)(cos?§ —sin? ) — p*cos’p =1 &

p*(sin? ¢ cos 20 — cos? ¢) = 1.
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10. (a) z = psinpcosfh, y = psin¢sinb, and z = pcos ¢, so the equation z = =2 + y* becomes
pcos¢ = (psingcos)? + (psin psinf)® or pcosd = p?sin’ ¢. If p # 0, this becomes cos ¢ = psin? ¢
or p=cospcsc® ¢ or p = cotpescp. (p =0 corresponds to the origin which is included in the surface.)
(b) The equation z = 2 — y? becomes pcos ¢ = (psin ¢ cosf)® — (psin $sin 6)?
or pcos¢ = p>(sin® ¢)(cos? § —sin® ) < pcosd = p®sin® G cos 20. If p # 0, this becomes

cos ¢ = psin? ¢ cos 2. (p = 0 corresponds to the origin which is included in the surface.)

1. p < 1 represents the (solid) unit ball. 0 < ¢ < £ restricts the solid to that
portion on or above the cone ¢ = %, and 0 < 6 < « further restricts the

solid to that portion on or to the right of the xz-plane.

12. 1 < p < 2 represents the solid region between and including the spheres of
radii 1 and 2, centered at the origin. 3 < ¢ < 7 restricts the solid to that

portion on or below the zy-plane.

13. 2 < p < 4 represents the solid region between and including the spheres of z
radii 2 and 4, centered at the origin. 0 < ¢ < Z restricts the solid to that
portion on or above the cone ¢ = %, and 0 < 6 < 7 further restricts the

solid to that portion on or to the right of the xz-plane.

14. p < 2 represents the solid sphere of radius 2 centered at the origin. Notice

that 2% 4+ 32 = (psin ¢ cos 0)° + (psin ¢sin §)? = p? sin? ¢. Then

p=csc¢ = psing=1 = p’sin®¢p=2a?4+19%>=1,s50p <csce

restricts the solid to that portion on or inside the circular cylinder

x/

2+ =1.
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15. z > \/m because the solid lies above the cone. Squaring both sides of this inequality gives 2* > z2 +4*> =
222> +y?+27=p° = 2" =p’cos’¢>1p® = cos’¢ > 3. The cone opens upward so that the inequality is
cos ¢ > %, or equivalently 0 < ¢ < 7. In spherical coordinates the sphere 2 = 2? +y? +22ispcosp =p® =
p =cos¢. 0 < p < cos ¢ because the solid lies below the sphere. The solid can therefore be described as the region in
spherical coordinates satisfying 0 < p < cos¢,0 < ¢ < 7.
16. (a) The hollow ball is a spherical shell with outer radius 15 cm and inner radius 14.5 cm. If we center the ball at the origin of
the coordinate system and use centimeters as the unit of measurement, then spherical coordinates conveniently describe the
hollow ballas 14.5 < p < 15,0<0 <2m,0< ¢ < 7.
(b) If we position the ball as in part (a), one possibility is to take the half of the ball that is above the xy-plane which is
described by 14.5 < p < 15,0 < 0 < 27,0 < ¢ < 7/2.
17. z The region of integration is given in spherical coordinates by
E={(p,0,0) | 0<p<3,0<60<7/2 0<¢<m/6}. Thisrepresents the solid
region in the first octant bounded above by the sphere p = 3 and below by the cone
¢ =m/6.

SO [T E 2 singdpddde = [T singde [T d6 [P p*dp

ENE]

= [coso]g”® [6157 [3°];

- (1- ﬁ) (Do =T@-va)

2

18. The region of integration is given in spherical coordinates by
E={(p,0,0)|0<p<secp, 0<0<2m, 0<¢<m/4}.
p=sec¢p << pcos¢p=1 <& 2z=1,s0F isthe solid region above

the cone ¢ = /4 and below the plane z = 1.

ST et prsingdpdode = [ [T [5p°sing] 5 o do

= fow/4 fO% 1sec® psingpdfdp = & fow/4 sec® ¢ sin ¢ do f027r do
™ T /4 2w
=4 ;" tangsec® pdg [37do = § [§ tan 9] [6];
—1(-0)Cn =3
19. The solid E is most conveniently described if we use cylindrical coordinates:

E={(r0,2)]0<0<%,0<7r<3,0<z<2}. Then

Iffg f(x,y,2)dV = O’r/zfo?’f; f(rcos,rsinb, z) rdzdrdb.
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20. The solid FE is most conveniently described if we use spherical coordinates
2<60<2m, 0<¢ <%} Then

E={(p0,9)|1<p<2,
(psin ¢ cos 0, psin ¢ sin 6, p cos ¢) p* sin ¢ dp d dg.

[ [ f@y,2)av = 72 [2, [2 f
21. In spherical coordinates, B is represented by {(p, 0, ¢) |0 < p < 5,0 <0 < 27,0 < ¢ < 7 }. Thus
[f[5(@® +y*+22)2dV = [T [27 [2(p*)2p*sing dpdf dp = [ singde [2™dO [ p®dp
[—cosg]g [0]77 [367]5 = (2)(2m) (22422)

0

= &;50071 ~ 140,249.7

22. In spherical coordinates, E is represented by {(p, 6, ¢) { 0<p<1,0<60<2m 0< ¢ <3} Thus

I = fﬂ/g Trfol (psin ¢sin 0)2(pcos ¢)? p* sin ¢ dp df de

= Oﬁ/g sin® ¢ cos? ¢ do fO% sin? 6 df fol 8 dp
7r/3(17cos @) cos® ¢sin ¢ dep f27r L(1 - cos26) d9f

=W@taatéﬁhwm@—®=%w¢=%m

23. In spherical coordinates, F is represented by {(p,6,¢) |2 < p<3,0< 60 <2m,0< ¢ <7} and
2® + y* = p?sin® ¢ cos® 0 + p? sin® ¢ sin® § = p” sin® ¢ (cos” 0 + sin? §) = p* sin® ¢. Thus
I (z? +9*)dV = Iy 0% f23 (p*sin’ ¢) p* sin pdp df do = Iy sin® ¢ do fzw do f;’ ptdp

= [; (1 —cos 2 $) sin ¢ do [0 ] 2 [1p5]z = [—cos¢p+ %cos3 (;5]3 (2m) - £(243 — 32)

__ 1688~

=([1-3+1-3)@mn(H) =5

24. In spherical coordinates, E is represented by {(p,0,¢) |0 < p <3,0<6 < 7,0 < ¢ < 7 }. Thus

e y2dV = o Iy fos(/)sin(zﬁsin@)2 p>singpdpdd dp = I sin® ¢ do N sin? 6 df Jo p*dp

= [57(1 —cos® ¢) sinpde [ 3(1— cos26) d@f ptdp
— [cosi+ oos*g]g [3(0— 3sin20)]] [2°);
= (33 () (2088) = () (5) () = =
Z.0<¢<Z} Thus

25. In spherical coordinates, E is represented by {(p, 0, ) { 0<p<1,0<6<
fﬁ/2 sin? ¢ d¢p fw/Q cos 6 df fol p3e"2 dp

I ze” TV gy = fﬂ/z /2 fo (psin ¢ cos 9)6" pZsingdpdd dp =

1
™2 1(1 — cos 2¢) do foﬁ/z cos 0 df (%erPQ} - fol pe”2 dp)
0

~Jo 2
[integrate by parts with u = p?, dv = ,oep2 dp]

1 p2 1_ ™ 1\ _ =«

} =(5-00-00+3)=%

. /2 . 2
= [%qbf ism2¢]0/ [sm&]g/2 [%pzep — 5e
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26. In spherical coordinates, the cone z = /22 + y? is equivalent to ¢ = 7 /4 (as in Example 4) and E is represented by
{(p,0,0)|1<p<2,0<0<2m 0<p<7/4}. Also v/ + y% + 22 = \/p? = p, s0

[ffa Va2 22av = [T 27 [2 p- p*singdpdodp = [T *singde [Z7df [ p®dp

= [—cos ]}/ [6]27 [26%] = (—@ +1) (27)- 116 — 1) = Ly (1 - ﬁ)

27. The solid region is given by E = {(p,0,¢) | 0< p < a,0 <6 <27, % < ¢ < T} and its volume is

V=[[[,dV = f://; “p?sin g dpdf d = f”/(f singdg [27d6 [ p* dp

™

=[=cosgl7J5 0157 [36°)5 = (=3 + ) (2m) (30°) = Ltma’

28. If we center the ball at the origin, then the ball is given by
B={(p,0,0) |0< p<a,0<6<2m0< ¢ <} and the distance from any point (x, y, z) in the ball to the

center (0,0,0) is y/z2 + y2 + 22 = p. Thus the average distance is

ﬁ///ﬁdv‘ 37ra3/ /%/ p-p'singdpdddp = = /Oﬁsinasdas/ozﬂde /Oap?’dp

:W[ COS¢] [0 ]iﬁ [ip4]o=4: (2)(27) (La*) = 3a

29. (a) Since p = 4cos ¢ implies p*> = 4pcos¢p < 2>+ y? +22 =42 & 22 +y*+ (2 —2)? = 4, the equation is that of

a sphere of radius 2 with center at (0, 0, 2). Thus

= JoT TR P sing dpddd = [ [T [36°)725 7 singdgdo = [77 [ (% cos®) sin o de

p=0 0

= 2 [~ 28 cos*¢) =1 do = 2”7§(1—1671)d9:50]z7r:107r

(b) By the symmetry of the problem M,. = M,. = 0. Then
Myy = 0% OW/S (;lcow p3 cos psin g dp dep df = . "/3 COos ¢ sin ¢ (64cos qﬁ) deo db
= Ji764 [~ L coso] S db = [T L df = 21x

Hence (,7,%) = (0,0, 217 /(107)) = (0,0, 2.1).

30. In spherical coordinates, the sphere 2 + 3% + 2% = 4 is equivalent to p = 2 and the cone z = \/x2 + y2 is represented

by ¢ = % (as in Example 4). Thus, the solid is given by {(p,6,¢) [0 < p <2,0< <27, T < ¢ < 5} and
f:/j o PP singdpdddp = [T/Zsingdg [77dO [7 p*dp

= [~eosd) 5 (0157 [30°)5 = (F) @m)(§) = 2=
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31. (a) By the symmetry of the region, M,. = 0 and M,. = 0. Assuming constant density K,
m= [[[, KdV =K [[[, dV = Z K (from Example 4). Then
My = [[[, zKdV = Kf02 /4 focow(pcosqb)p singpdp de df = Kf 77/4 sin ¢ cos ¢ [%p‘l]tzggw de db

= 1K [27 [/ *sin¢cos ¢ (cos* ¢) dpdd = LK [27dO [T/ cos® psin g dop
(O] (oot o]} = ) (<3) | (8) -1 = —aK (D) - B

Thus the centroid is (%, 7, Z) = (%, %, %) = (070, %) = (0,0, 3).

(b) As in Exercise 23, z? + y? = p®sin® ¢ and
L= [[[y@+y>)KdV = K [T [T/* [<%(p%sin? ¢) p* sinpdpdpdd = K [7 [/ *sin® ¢ [1 P10 °°S¢d¢d9
= 1Kf ”/4 sin® ¢ cos® ¢ dep df = 1Kf27r do fw/4 cos” ¢ (1 — cos® ¢) sin p dop
= %K [9]? [f%cosﬁ¢+ cos ¢]W/4
6 8
—xn) -4 (4) + 4 ()" +4- 4] - 2K G - K
32. (a) Placing the center of the base at (0,0,0), p(x,y, z) = K v/22 4+ y? + 22 is the density function. So
m= [T [T KpPsingdpdedd = K [T d6 [T singde [ pdp
27 /2 a
- KMO [ cosd]s"” [36"]; = K(2m)(1) (ja*) = 3nKa’
(b) By the symmetry of the problem My, = M,. = 0. Then
Mgy = 2 ﬂ/zfo Kp*sin¢cos pdpdp df = Kfz7r do f’r/z sin ¢ cos ¢ do foa ptdp
/2
= K[G]o [3sin® ] 57 [30°]5 = K(2m)(3) (50°) = 37K’
Hence (T,7,%2) = (0,0, %a).
(© L = [Z7[T/2 [*(Kp®sin ¢)(p* sin® ¢) dpdp df = K [ dO [T/*sin® pd¢ [ p°dp
= K[@]i [—cos ¢ + 3 cos ¢:|7r/2 [§p°]y = K(27)(3) (3a°) = 37Ka®
33. (a) The density function is p(z, y, z) = K, a constant, and by the symmetry of the problem M., = M,. = 0. Then
My, = [T 77/2f0 Kp’sing cospdpdpdd = 3wKa* |, 2 sin ¢ cos pde = i7Ka*. But the mass is K (volume of
the hemisphere) = §7rKa , so the centroid is (O7 0, ga).

(b) Place the center of the base at (0, 0, 0); the density function is p(z, y, z) = K. By symmetry, the moments of inertia about

any two such diameters will be equal, so we just need to find I,.:
L= [*" Tr/zfo (K p? sin ¢) p? (sin? ¢ sin? 0 + cos? ¢) dp do db
=K fj” [7/2(sin® ¢ sin® 6 + sin ¢ cos® ¢) (La®) dop df
= 1Kd® O " [sin? 6 (— cos ¢ + % cos® @) + (—3 cos® qﬁ)]d) ™2 40 = iKa® 2” [2sin” 0+ 1] do
= 1Ka® [2(30 — $sin20) + 19}(2)" =1Ka® [2(m —0) + (27 — 0)] = £ Ka’w
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34. Place the center of the base at (0, 0, 0), then the density is p(z,y, 2) = Kz, K a constant. Then

m= [Z7 [T [ (Kpeos¢) pPsingdpdpdd = 2nK [7/* cos psing - ta'dg = $rKat[~4 cos2¢]0/* = TKa'.
By the symmetry of the problem M,. = M,. = 0, and
My = 2m 77/2[0 Kp*cos® ¢psinpdpde df = —7rKa5fﬁ/2cos ¢sinpdp = —7TKa [ 3 COS 9]3/ —7TKa .

Hence (Z,7,%) = (0,0, ta).
35. In spherical coordinates z = /x? + y? becomes ¢ = 7 (as in Example 4). Then
= [ I3 fy o singdpdedd = 77 d [ singds [, p*dp = 2m (-2 +1)(3) = 4n(2 - V2),

27 pm /4 T
My = |, /4 o ! 3 sindcos pdpde di = 27 [ cos 26| / () = % and by symmetry M,. = M,. = 0.

3
Hence (Z,7,%Z) = <0,0, m)

36. Place the center of the sphere at (0, 0,0), let the diameter of intersection be along the z-axis, one of the planes be the xz-plane

and the other be the plane whose angle with the zz-plane is @ = . Then in spherical coordinates the volume is given by
= [0 pPsingdpddd = [0 d0 [Tsingde [ p®dp = E(2)(%a®) = $ma’.

37. (a) If we orient the cylinder so that its axis is the z-axis and its base lies in the xy-plane, then the cylinder is described, in
cylindrical coordinates, by E = {(r,0,2) |0 <r <a, 0 <6 <27, 0 <z < h}. Assuming constant density K, the

moment of inertia about its axis (the z-axis) is
L= [[[,*+y?) pla,y,2)dV = [Z7 [ [P K(r?) rdzdrdd = K [27d0 [ r®dr [ dz
~ K W“ [%r“}é (2] = K (27) (3a") (h) = %mf*h
(b) By symmetry, the moments of inertia about any two diameters of the base will be equal, and one of the diameters lies on
the z-axis, so we compute:
L= [[[,(y> + 2°) p(z,y,2) dV = f "y fo (r?sin® 0 + 2%) r dz dr df
=K f027rf0a Oh r3sin® 0 dzdrdf + K fozﬁfoafoh rz? dz dr df
= Kf27r51n 0do far3d7" fohdz—i—Kfzwd@ foardr fohzzdz
K (560 - §sin20]57 [30]5 [=]g + K [0]57 [37°]5 [32°],
= K (r) (3a*) (h) + K (27) (30%) (31%) = H57Ka’h(3a® + 4R7)
38. Orient the cone so that its axis is the z-axis and its base lies in the xy-plane, as shown
in the figure. (Then the z-axis is the axis of the cone and the x-axis contains a diameter

of the base.) A right circular cone with axis the z-axis and vertex at the origin has
equation 2% = ¢?(x? 4 y). Here we have the bottom frustum, shifted upward h units,
and with ¢> = h?/a? so that the cone includes the point (a, 0, 0). Thus an equation of

the cone in rectangular coordinates is z = h — %\ /x? + 32,0 < z < h. In cylindrical
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coordinates, the cone is described by

E={(r0,2)|]0<r<a,0<60<2m,0<2z<h(l1-4%r)}

(a) Assuming constant density K, the moment of inertia about its axis (the z-axis) is
L= [[[y@® +v*) plz,y, 2) dV = [ [ [ K (r?) r dz dr df

=K [T [0 [P Y drdg = K [77 S % (1— L) drdd

= Kn 2 db J (0~ 1) dr = Kn 013 b - L0
= Kh(2n) (3a* - %a4) = LtrKa'h
(b) By symmetry, the moments of intertia about any two diameters of the base will be equal, and one of the diameters lies on

the z-axis, so we compute:

L= [[[o(? +22) pla,y, 2) dV = [27 [ [ O K (r? sin® 0 + 22) v dz dr df

z=h(l—7/a)
z=0

= K [y 5 [07sin0) (h (1= 20)) + 37 (h (1 = £1))*] drao

= th()%foa (r®sin®0) (1 — Lr) drdf + Kh® [; 2 oar(1— %T)Sdrdé’

:Kf fo[r sin? )z + 1 rzﬂ dr df

:tho sin®0do [* (r® — Lr*) dr + 3 Kb 7rd0 Jor =207+ 2% — Zrtydr
= KR (30— dsin20]27 (35 = ]2 §IH (0] [40% — 14 ghart = o]

5a 2 5a3 T
—CL2)

= Kh(nm) (3a* — La*) + 1KR® (27) (3a® —a® + 3a® — 1
=71Kh(%a*) + 2nKh® (50°) = 1Ka’h (55a° + 55h%)
39. In cylindrical coordinates the paraboloid is given by z = 2 and the plane by z = 2r sin # and the projection of the
intersection onto the zy-plane is the circle r = 2sin . Then [[[, zdV = [ [; 2sin 0 ?; Sl dzdrdf = 5z
[using a CAS].
40. (a) The region enclosed by the torus is {(p,0,¢) |0 <0 < 21,0 < ¢ < 7,0 < p < sin ¢}, so its volume is
= f fo Sl“¢p2 sin g dpde df = 27Tf Lsin*¢pdp = % [—¢ — i sin 2¢ + 1—16 sin4¢>](7)r = iwz.
(b) In Maple, we can plot the torus using the command

plot3d(sin (phi), theta=0..2*P1i,

0.5
phi=0..Pi, coords=spherical) ;
. 0
In Mathematica, use
-1
SphericalPlot3D[Sin[phi], {phi,0,Pi}, {theta,0,2Pi}]. 3

#1. The region E of integration is the region above the cone z = /2 + 32 and below the sphere x> + y? 4 2% = 2 in the first

octant. Because E is in the first octant we have 0 < 6 < 7. The cone has equation ¢ = 7 (as in Example 4),500 < ¢ < &
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and0 < p < \/2. Then the integral becomes

foﬁ/4 Oﬁ/Qfoﬁ (psin ¢ cos 0) (psin ¢ sin ) p® sin ¢ dp d do

_ Oﬂ/4sm3¢>d¢ fﬂ/2Sln9CO80d9 foﬁ 4 ‘n‘/4 (]_—COS ¢)51n¢d¢) [ sin 9]7\'/2 [5'0 ]\/5

~ oo o—esely/ 53 (V2)' = [ - F - (-] - 28 - 2F

3 2 12 3 5 15

42. The region of integration is the solid sphere 22 + 4% + 22 < 42,500 < 0 < 21,0 < ¢ < 71, and 0 < p < a. Also

22z +y?2 + 23 = (2® + 9% + 2%)2 = p?z = p® cos ¢, so the integral becomes

ST L2 [ (0 cos @) p*singdpdf dp = [ sindcospdg [ido [ p>dp = [Lsin®¢]7 [0]27 [46°]0 =0

43. The region of integration is the solid sphere 2® + 32 + (z — 2)? < 4 or equivalently

pPsin? ¢+ (pcosp —2)° = p> —4pcosp+4<4 = p<4cosh,00<0<2m,0<¢p< Z,and

0 < p <4cosp. Also (z% 4 y2 + 22)%/2 = (p*)*/? = p?, so the integral becomes

frr/2 27 rdcos ¢ (pg) pz s1n¢dpd9d¢ frr/2 : Sln¢ [% ]p:4cos¢d9d¢

0 o Jo p=0

= 6 O”/Q sin ¢ (4096 cos qi)) de de

= 1(4096) [7/* cos® psin g dg [ df = 242 [~ L cos ¢]7% [6]2"

- 58 () (2r) = e

44. The solid region between the ground and an altitude of 5 km (5000 m) is given by
E={(p,0,9) 6370 x 10° < p < 6.375x 10°,0 < < 27,0 < ¢ < 7}.

Then the mass of the atmosphere in this region is

m=[[[,6dV = [27 [T 6:375x10% (619,00 — 0.000097p) p? sin ¢ dp de df

6.370x106

= [27d0 [Tsingdp [ 375x10° (619.09p% — 0.000097p%) dp

6.370x106

2 6.375x10°
_ [e]ow [~ cos ¢}g [61%09p3 _ 04002097 4]64370§106

= (2m)(2) [#222 ((6.375 x 10°)® — (6.370 x 10°)*) — L0009 ((6.375 x 10°)* — (6.370 x 10°)*)]

~ 47(1.944 x 10'7) ~ 2.44 x 10"® kg

45. In cylindrical coordinates, the equation of the cylinderisr = 3,0 < z < 10.

The hemisphere is the upper part of the sphere radius 3, center (0, 0, 10), equation

I
THH
T
JNRNNAAN

4+ (2 — 10)2 = 32, z > 10. In Maple, we can use the coords=cylindrical option

in a regular plot3d command. In Mathematica, we can use ParametricPlot3D.

T
THAHH
INRRNRANI
[LRANAAN

[nai
[1nl
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46. We begin by finding the positions of Los Angeles and Montréal in spherical coordinates, using the method described in the

exercise:

Montréal Los Angeles
p = 3960 mi p = 3960 mi
0 =360° — 73.60° =286.40° | # = 360° — 118.25° = 241.75°
¢ =90° — 45.50° = 44.50° ¢ =90° — 34.06° = 55.94°

Now we change the above to Cartesian coordinates using z = pcos € sin ¢, y = psinfsin ¢ and z = p cos ¢ to get two

position vectors of length 3960 mi (since both cities must lie on the surface of the earth). In particular:
Montréal: (783.67, —2662.67, 2824.47) Los Angeles: (—1552.80, —2889.91, 2217.84)

To find the angle v between these two vectors we use the dot product:
(783.67, —2662.67, 2824.47) - (—1552.80, —2889.91, 2217.84) = (3960)° cosy = cosy ~ 0.8126 =
v & 0.6223 rad. The great circle distance between the cities is s = py ~ 3960(0.6223) ~ 2464 mi.

47. If E is the solid enclosed by the surface p = 1 + % sin 66 sin 5¢, it can be described in spherical coordinates as
E={(p,0,6) | 0<p<1+ £sin60sin5¢,0<60 < 27,0 < ¢ < }. Its volume is given by

V(E) = [[f, dV = [ [27 [ TEm60sm3D/5 24in ¢ dpdf dp = 1355 [using a CAS].

. . . . 27 pm fR _p2 o . 1 27 T . R 3 —p2
48. The given integral is equal to F}gnoo o Jo s e p smgzbdpdd)deRh_I};o o do [singdp [T p’e”" dp. Now use

integration by parts with v = p?, dv = pe”J2 dp to get

: 2 _21® R —_p? . o _R2 _ 2R
Jim 27(2) (A ()] = (P20 dp) = fim am (e - [-4e 7] )

= 4r lim [~3R% R — 1% + 1] =an(d) =2n

(Note that R% " L 0asR— oo by I’Hospital’s Rule.)

49. (a) From the diagram, z = r cot ¢, to z = v/a?2 — 12,71 =0 .

tor = asin ¢, (or use a> — r*> = r? cot? ¢,). Thus P24t =a2
h
i a2 —r2 [
Vo= [27 [asindo oo, Tdzdrdo
r cot ¢q z=rcotdyi| b, /a

=27 foasm 0 (rv/aZ =12 — 12 cot ¢y dr

a sin ¢

=2 [—(a2 —r2)3/2 _ 3 cot (;50}0

=Z [7 (a® — a?sin® ¢>0)3/2 — a®sin® ¢ cot ¢ + a3}

271a®[1 — (cos® ¢, + sin® ¢, cos ¢y) | = 2ma®(1 — cos ¢;)
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(b) The wedge in question is the shaded area rotated from 6 = 61 to 0 = 6. z

Letting

Vi; = volume of the region bounded by the sphere of radius p, 013
2 1

and the cone with angle ¢, (6 = 01 to 02) )
and letting V' be the volume of the wedge, we have o p y

V= (Vaz = Va1) — (Viz — V1)
= 3(02 — 01)[p3(1 — cos ¢,) — p3(1 — cos &) — pi(1 — cos hy) + pi (1 — cos ¢y )]

= 5(02 = 01)[(p3 — p) (1 — cos ¢y) — (p5 — p7) (1 — cos 1)) = 5(B2 — 1) [(p5 — pi) (cos @1 — cos b,)]

62 rpgsingy  prcot gy
Or: Show that V' = / / / rdzdrdf.
01 P r

1sing, Jreotg,
(c) By the Mean Value Theorem with f(p) = p* there exists some p with p, < p < p, such that
£(ps) = f(p1) = £/ (B)(ps — p1) or p} — p3 = 3p*Ap. Similarly there exists ¢ with ¢, < ¢ < ¢,
such that cos ¢, — cos p; = (— sin <}§) Ad¢. Substituting into the result from (b) gives

AV = (52 Ap)(B2 — 01)(sin @) Ap = p*sind Ap Ag A6.

APPLIED PROJECT Roller Derby

1. mgh = imv® + 11w? = L(m + I/r*)v?, sov? =

m+ I/r? - 1+ 1+

2. The vertical component of the speed is v sin «, so

v sin @
% =,/ 12_531_* sina = 4/ 1 —?—gl* sina /Y.

o
D cos &
3. Solving the separable differential equation, we get Ay _ 29 sinadt = 2./y= 29 (sina)t+C
' g thesep Ao We et g TV 1+ 10 VTR '
2 . .
Buty = 0 whent = 0, so C' = 0 and we have 2 ,/y = 1+—g]* (sin a)¢. Solving for ¢t when y = h gives
T 2vVh [T+1°  [2h(141I7)
- sina 29 gsin®a
4. Assume that the length of each cylinder is /. Then the density of the solid cylinder is %, and from Formulas 15.6.16, its
o

moment of inertia (using cylindrical coordinates) is

£ r27 pr
. m 2 2 _ m 2 _ m 1 47‘:m7’
[Z—///—mn%(x +y°)dV /0/0 ; 7r712£R RdRdf dz —m.2g27r£[4R]0 —~
1

andso I* = n{;z =3 [continued]

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.



606 L1 CHAPTER15 MULTIPLE INTEGRALS

For the hollow cylinder, we consider its entire mass to lie a distance r from the axis of rotation, so 22 +yP=rlisa

I . m S
constant. We express the density in terms of mass per unit area as p = vy and then the moment of inertia is calculated as a

mri
double integral: I, = (2® + %) — dA =mr?, soI* = L _ 1
gl L= = Y 2 27r 0 mr?
5. The volume of such a ball is 37(r® — a®) = 37r(1 — b%), and so its density is ﬁ~ Using Formula 15.8.3, we get
gﬂ"r‘ -

:m/}/o /o (pzsin2¢)(pzsin¢)d¢d9dp
_ m _27T{_(2—i—sir12<;5)cosqﬁ]7r |:p_5
0

] [from the Table of Integrals]

Smr3(1—b?) 3 5
_ m . 4 P —a®  2mr®(1-0°)  2(1—b°)mr?
 2ar3(1—b3) 3 5  5r3(1—0b3%)  5(1-03)
. 20-07) . . . .
Therefore I* = m Since a represents the inner radius, a — 0 corresponds to a solid ball, and a — r corresponds to
a hollow ball.

35
6. ForasolidbalLa —0 = b—0, soI*:hn(l)H:%.Forahollowball,a—w = b—1,5s0

2 75b4 2(5 2
= 7 lim =zlz)=% I’Hospital’s Rul
£ lim—5 =5 <3> 3 [by I’'Hospital’s Rule]

_ 2 3 4 .
Note: We could instead have calculated I* = lim 20 —b)(L+b+b"+b° +b7) = ﬁ =
b—1 5(1 —b)(1+ b+ b2)

2
5

w

Thus the objects finish in the following order: solid ball (I* = 2), solid cylinder (I* = 3), hollow ball (I* = 2), hollow
cylinder (I* = 1).

15.9 Change of Variables in Multiple Integrals

1.2 =2u+v, y=4u —v.
2 1
4 -1

Ox/0u Ox/dv
Oy/Ou Oy/dv

The Jacobian is

= @)(-1) ~ (1)(4) = 6.

2.z =u®+uw, y=uv’.

Az, ) Ox/O0u Oz /0v
A(u,v) | dy/ou By/dv

2u+v  u

v? 2uv

= (2u + v)Quv) — u(v?) = 4uv + 2uw® — wv? = 4uPv + uo®

3. r = scost, y = ssint.
(x,y) 0x/0s Ox/0t
A(s,t) | oy/ds Oy/ot

cost —ssint ) ) ) 5
) = scos”t — (—ssin®t) = s(cos® ¢ +sin“t) =
sint scost
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4, x = pel, y = qeP.

A(x,y) _ Ox/0p 0Ox/dq
dy/9p 0y/dq

e! pe?

= e9eP — pe? - geP = Pt — pgePTd = (1 — pq)eP T
9p.q) (1 =pa)

qe?  eP

5.z =wuv, y =vw, 2 =wu.
Ox/O0u Ox/Ov Ox/ow v u 0
=10y/0u Oy/ov Oy/ow|=|0 w v|=wv
0z/0u 0z/0v Oz/0w w 0 u

w v

0 wu

d(z,y, 2)
A(u, v, w)

—Uu

=v(uw — 0) — u(0 — vw) + 0 = vvw + vvw = 2uvw

6. r=u+vw, y=v+wu, z=w+ uv.

1 w v 1 1
o(z,y,2) u wou w 2
— L —=|w 1 u|=1 — +v =11—-v")—w(w—uw) +v(vw —v
A(u, v, w) ) w1 v 1 v u ( ) ( ) ( )
vou

=1—u? —w? +ww+ww —v? =1+ 2uvw — u? — v? — w?

7. The transformation maps the boundary of .S to the boundary of the image R, so we first look at side .S1 in the uv-plane. Sy is
describedby v = 0,0 < u < 3,s0x = 2u+ 3v = 2uand y = u — v = u. Eliminating u, we have x = 2y, 0 < x < 6. Sa is
the line segmentu = 3,0 <v <2,sox=6+3vandy=3—v. Thenv=3—-y = z=6+3(3—y)=15— 3y,

6 <z <12. Sgisthelinesegmentv =2,0<u <3,sox =2u+6andy =u—2,givingu=y+2 = z=2y+ 10,
6 <z < 12. Finally, Sy isthe segmentu = 0,0 <v <2, sox =3vandy =—v = z=-3y,0<z<6.

v y

The image of set S is the region R shown 0,2) 5 3.,2) 6,3)

in the zy-plane, a parallelogram bounded Sy M S, =L = 12,1

by these four segments. 0 s, (3.0 u 0 x
(6.-2)

8. Sy isthe linesegmentv = 0,0 <u<1l,soz=v=0andy = u(l + vz) = wu. Since 0 < u < 1, the image is the line
segmentz = 0,0 <y < 1. Spisthesegmentu = 1,0 <v <1,soz=vandy = u(l+ vz) =1+ 22, Thus the image is
the portion of the parabolay = 1+ 2% for 0 < & < 1. S3 is the segment v = 1,0 < u < 1,50 = 1 and y = 2u. The image
is the segment 2 = 1,0 < y < 2. Sy is described by u = 0,0 <v < 1,500 < 2z = v < land y = u(1 +v?) = 0. The
image is the line segment yy = 0, 0 < z < 1. Thus, the image of S is the region R bounded by the parabola y = 1 + 22, the

x-axis, and the lines x = 0, x = 1.

0.1 5 L1
0,1) L1 T
—_—
S, S S,
0 S, (L0 u 0 (.11()) X
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S1 is the line segmentu = v,0 <u < 1,soy =v=uandx = u? =92 Since 0 < u < 1, the image is the portion of the
parabola z = y2, 0 < y < 1. Sy is the segmentv = 1,0 < u < 1, thusy = v = 1 and z = u?, 50 0 < = < 1. The image is
the line segment y = 1,0 < z < 1. Szisthesegmentu = 0,0 < v < l,s0x =u>=0andy=v = 0<y <1. The
image is the segment z = 0, 0 < y < 1. Thus, the image of S is the region R in the first quadrant bounded by the parabola

x = y?, the y-axis, and the line y = 1.

v y
S,
0.1) (1,1) ©,1) 1,1
R
S
S5 ¥ I,
S
0 u 0 X
Substituting u = %, v = % into u? + v* < 1 gives Ll y
b
mQ y2 /\ - /‘\
—2+—2§1,sotheimageofu2+1)2§1isthe —_
a b 0 1 u Q/a X
. .oz P

elliptical region o + =l <1

R is a parallelogram enclosed by the parallel lines y = 2z — 1, y = 2z + 1 and the parallel linesy = 1 — z,y = 3 — x. The
first pair of equations can be written as y — 2z = —1, y — 2z = 1. If we let u = y — 2z then these lines are mapped to the
vertical lines u = —1, v = 1 in the uv-plane. Similarly, the second pair of equations can be writtenasx +y =1,z +y = 3,
and setting v = = + y maps these lines to the horizontal lines v = 1, v = 3 in the uv-plane. Boundary curves are mapped to
boundary curves under a transformation, so here the equations u = y — 2z, v = = + y define a transformation 7" that
maps R in the zy-plane to the square .S enclosed by the lines u = —1, w = 1, v = 1, v = 3 in the uwv-plane. To find the
transformation 7" that maps S to R we solve u = y — 2z, v = x + y for z, y: Subtracting the first equation from the second

givesv —u =3z = T = %(v — u) and adding twice the second equation to the first gives u + 2v = 3y =

y = % (u + 2v). Thus one possible transformation 7" (there are many) is given by © = % (v — u), y = 5 (u + 2v).

v y
3| v=3
u=-1 N u=1
T
—_—
1| v=1
-1 0 1 u X
The boundaries of the parallelogram R are the lines y = %x ordy —3x =0,y = %m + % ordy —3x =10,y = —%;r or

r+2y=0,y= —%x +5or x4 2y = 10. Setting u = 4y — 3z and v = x + 2y defines a transformation 7~ * that maps R
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in the zy-plane to the square .S enclosed by the lines u = 0, v = 10, v = 0, v = 10 in the wv-plane. Solving u = 4y — 3z,

v=x+2yforzandygives2v —u=5r = z=:2v—-u),u+3v=10y = y= 15(u+ 3v). Thus one possible

transformation 7" is given by x = £(2v — u), y = 15

v

10

10

(u + 3v).

4y —3x=10

(=2,1)
x+2y=0

x+2y=10
(4,3)

4y—3x=0

13. R is a portion of an annular region (see the figure) that is easily described in polar coordinates as

14.

R = {(r, 0)|1<r<+v2,0<6<7/ 2}. If we converted a double integral over R to polar coordinates the resulting region

of integration is a rectangle (in the rf-plane), so we can create a transformation 7" here by letting u play the role of r and

v the role of 8. Thus 7' is defined by © = wcosv, y = usinv and T' maps the rectangle

S={(u,v) |1 <u<+2 0<v<r/2} inthe uv-plane to R in the zy-plane.

v

3]

y

J2

The boundaries of the region R are the curvesy = 1/zorzy =1,y =4/zorzy =4,y =xory/x = 1,y = 4x or

y/x = 4. Setting u = xy and v = y/x defines a transformation T~ * that maps R in the xy-plane to the square S enclosed by

the lines w = 1, w = 4, v = 1, v = 4 in the uv-plane. Solving u = xy, v = y/x for x and y gives 2° = u/v =

x = /u/v [since z, y, u, v are all positive], y> = uwv = y = /uv. Thus one possible transformation T is given by

T = \/u/v, y = uv.

g Y_y
X

44' V'
Y
X

24,

xy=4
xy=1
0 2 4
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Oay) _ (21 g
3w, v) =1; =3andz — 3y = (2u +v) — 3(u + 2v) = —u — 5v. To find the region S in the uv-plane that
u,v

corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0) and (2, 1) is
y = & which is the image of u + 2v = 3 (2u+v) = v = 0; the line through (2,1) and (1,2) is © + y = 3 which is the
image of (2u +v) + (u+2v) =3 = w+ v = 1; the line through (0, 0) and (1, 2) is y = 22 which is the image of
u+2v=22u+v) = wu=0.ThusS isthetriangle 0 < v <1 —wu,0 < u < 1 in the uv-plane and
ffR (z —3y)dA = fol Olfu (—u —5v)|3| dvdu = -3 fol [uv + gyz}zz(l)—u du
= 83 (4 50 0) du =3[ b - 00Ty = -8(3 - £+ 8) =3

1/4 1/4
—3/4 1/4

O.y) _ = i, 4z + 8y =4-1(u+v)+ 8- 3(v—3u) = 3v — 5u. Ris a parallelogram bounded by the

A(u,v)

linesz —y=—-42r—y=4,3x+y=0,3xr+y =8. Since u = x — y and v = 3z + y, R is the image of the rectangle
enclosed by the lines u = —4, uw = 4, v = 0, and v = 8. Thus

v=8

[/ (4x +8y) dA :ff4f08(3uf5u)|%| dvdu = if:[ 2 _bu v] vp du

=1 [*,(96 — 40u) du = 1 [96u — 20u?]* | =192

% = z 2 = 6, 22 = 4u? and the planar ellipse 92> + 4y> < 36 is the image of the disk u? + v < 1. Thus
J[pa?dA= I (@) (©) dudv = 2T (12472 cos? 0) rdr d = 24 [ cos? 0d0 [} v dr
u?402<1
=24[3z+ 3 51n2m] [%rﬂé =24(r)(%) =67
(=, y) - 4

—, 22 — zy + 3* = 2u® + 2v? and the planar ellipse > — zy + 3> < 2

=7

is the image of the disk u? 4+ v? < 1. Thus

[[p(@® —ay +y*)dA = 2+f£<1(2u2+2112)(% dudv) = fo =T drd@-
1/v —u/v?
ggz: zi = é 1/ = %, zy = u, y = x is the image of the parabola v? = u, y = 3z is the image of the parabola

v? = 3u, and the hyperbolas zy = 1, zy = 3 are the images of the lines u = 1 and u = 3 respectively. Thus
V3u 3
// zydA = // ( )dvdu—/ u(ln\/?)u—ln\/ﬂ)du:f13uln\/§du:4ln\/§:21n3.
1

2u/v —u?/v?

—v/u? 1/u

2
v u Ox,y)

Herey = -,z = =
Y= v °° A(u,v)

= % and R is the 25

image of the square with vertices (1, 1), (2,1), (2,2), and (1, 2). So

[ v aa= // u2< )dudv—/j%dq;:%
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a 00
21. (a) % =10 b 0| = abcandsince u = %, v = %, w = % the solid enclosed by the ellipsoid is the image of the
Y 00 ¢
ball u? 4+ v? +w? < 1. So
[ffzdV =" [f[  abcdudvdw = (abc)(volume of the ball) = 3mabc
u24v24w? <1
2 2 2
b) If we approximate the surface of the earth by the ellipsoid —— + Y + A 1, then we can estimate
pp y p

63782 = 63782 63562
the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is

[[f, dV = 3m(6378)(6378)(6356) ~ 1.083 x 10" km®.
(c) The moment of intertia about the z-axis is I. = [, (2* 4+ ) p(z,y, z) dV, where E is the solid enclosed by

I(z,y,2)
O(u,v,w)

2 P 22
— + == + — = 1. Asin part (a), we use the transformation x = au, y = bv, z = cw, so

= abc and
a? b2 c2

L= [[[(@®+y)kdV = [[[  k(a®u?+b*?)(abc) dudvdw

u24v24w?2 <1

abck [T [27 [ (a?p? sin? ¢ cos? 0 + b2 p? sin? ¢ sin® 0) p? sin ¢ dp dO d¢p

— abck [(f T 27 [1(p? sin® ¢ cos? 0) p* sin g dp d6 de + b* [T [2™ [1(p? sin® ¢ sin? 0) p* sin ¢ dp 6 dqs]

= a’bek [ sin® ¢ dop fo% cos? 6 df fol p*dp + ab’ck ] sin® pdo fozﬁ sin? 6 df fol ptdp

= a3bck [% cos® ¢ — cos qﬁ]g [%9 + % sin 20] iﬁ [%pﬂé + ab3ck [% cos® ¢ — cos qb]g [%9 — i sin 29] (2)# [%p‘r’]é
= a’bek(3)(m) (%) + ab’ck(3)(m)(2) = £7(a® + b*)abck

22. R is the region enclosed by the curves xy = a, zy = b, zy*** = ¢, and 2y'* = d, so if we let u = zy and v = xy'* then R

is the image of the rectangle enclosed by the lines u = a, u = b (a < b)and v = ¢, v = d (c < d). Now

1

T = u/y = v = (u/y)y144 — uy0.4 = y0.4 =u v = Y= (uflv)l/OA — u72.5 2.5

v=? and

r = uyt = u(u P25l = ¢35y25 5o
8(J,‘ y) 3.511/2'5?)72'5 _2'5u3,5,073,5

2L = =8.750"1 —6.25v"! = 2.50 L. Thus the area of R, and the work done by
9(u,v) —2.5u7 35025 2.5y %5pt8

the engine, is
[[r dA= f; fcd |2.507"| dvdu = 2.5 f: du fcd(l/v) dv = 2.5[u]b [In [v] ]d =25(—a)(Ind—Inc) =2.5(b—a)ln C—i
a (& C

1

5

—-1/5 2/5
23. Lettingu = — 2y and v = 3z — y, we have z = £ (2v — u) and y = £ (v — 3u). Then O@,y) _ ‘ /52

Au,v) | =3/5 1/5

and R is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus
_ 4 8

==l ]S

r3T—Y o J1 v
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12 1/2
1/2 —1/2

24, Lettingu =z +yandv =z —y, we have x = 3 (u+v) andy = 1 (u — v). Then gEx7y§ =
U, v

= f% and R is

the image of the rectangle enclosed by the lines u = 0, u = 3, v = 0, and v = 2. Thus

Jfr(@+y) eV dA = f03 f02 uet” 7%{ dvdu = 3 fog [61“’]22?) du = 3 f03(62u —1)du

=3 -3 ) =1 -

_1[lp2u _
*2[26 “]0

~1/2 1/2
1/2 1/2

oz, y)

1 .
3w, v) = —— and R is the

2

25. Lettingu =y — @, v =y +a, we have y = 3 (u +v), = 3 (v — u). Then

image of the trapezoidal region with vertices (—1, 1), (—2,2), (2,2), and (1, 1). Thus

_ 2 v
// cos y—z dA:// cos2 1
R y+$ 1 —v v 2

2 w=v 2
dudv = l/ [vsin E] dv = l/ 2vusin(1) dv = 2 sin1
1 1

2 Vdu=—wv 2
. 1 . .
26. Letting u = 3z, v = 2y, we have 9z° + 4y® = u? + 0%, z = %u, andy = %v, Then ggz’ z; =3 and R is the image of the
i

quarter-disk D given by u? +v? < 1, u > 0, v > 0. Thus
[frsin(92® + 4y?) dA = [[,, & sin(u® 4+ v*) dudv = OW/Q 01 isin(r?)rdrdf = 5[ COS’/‘Z]; = 2Z(1 —cosl)

2. Letu=z+yandv=—x+y Thenu+v=2y = y=1i(u+tv)andu—v=22 = z=3i(u—0v).

Ax,y) |1/2 —1/2] 1 y
= =—.Now |u| = |z +y| < |z|+ <1 = —-1<u<l,
Sm =1 1ya| = NVl =letul <l b |
y—x=1 xt+y=1
and [v| = |-z +y| <|z|+]y| <1 = —1<w <1 Ristheimage of the square R
0 I x
region with vertices (1,1), (1, —1), (—1,—1),and (-1, 1).

—1

So [[pe"VdA = %f_llf_lle“dudv: %[e“]l [v]l =e—e L.

28. Letu=xz+yandv =y,thenx =u—v,y =,
vertices (0, 0), (1,0) and (1, 1). Thus
[fn f@+y)dA= [} [*(1) f(u)dvdu= [y f(u)[v |0y du= Jiuf(u)du  as desired.

15 Review
TRUE-FALSE QUIZ

1. This is true by Fubini’s Theorem.

2. False. fol fox v/ & + y? dy dx describes the region of integration as a Type I region. To reverse the order of integration, we

must consider the region as a Type II region: fol fyl v+ y?dxdy.

3. True by Equation 15.1.11.
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>

fil fol e+ gin ydxdy = (f dm) (f L ¥’ sin y dy) (fol e dr) (0) = 0, since e sin y is an odd function.

Therefore the statement is true.
5. True. By Equation 15.1.11 we can write fol fol f(2) f(y)dydx = fol x) dz fo y) dy. But fo y)dy = fo x) dz so

this becomes fo f(z)dx fo x)dr = [fo dm] .

6. This statement is true because in the given region, (z° + /7 ) sin(z?y?) < (14 2)(1) = 3,0
f14f01 («® + /7 ) sin(z?y?) de dy < f14f01 3dA =3A(D)=3(3)=09.
7. True: [, /4 — 2 — y2 dA = the volume under the surface z° + > + 2> = 4 and above the zy-plane
= 1 (the volume of the sphere 2° + y*> + 2°> = 4) = 1 - 47(2)® = L&r

3

8. True. The moment of inertia about the z-axis of a solid £ with constant density & is

L= [[[, (@ +y)p(x,y,2)dV = [[[, (kr*)rdzdrdf = [[[, kr®dzdrd6.

9. The volume enclosed by the cone z = /22 4 y2 and the plane z = 2 is, in cylindrical coordinates,

= f fo f rdzdrdd # f f02fT2 dz dr d6, so the assertion is false.

EXERCISES

1. As shown in the contour map, we divide R into 9 equally sized subsquares, each with area AA = 1. Then we approximate
Il f » f(z,y) dA by a Riemann sum with m = n = 3 and the sample points the upper right corners of each square, so

[fn f(x,y)dA~ Z Z flzi,y;) AA

i=1j5=1
=AA[f(1L, 1)+ f(1,2) + f(L,3) + f(2,1) + f(2,2) + f(2,3) + f(3,1) + f(3,2) + [(3,3)]
Using the contour lines to estimate the function values, we have

[fs f(z,y) dA = 1[2.7 + 4.7 + 8.0 + 4.7 + 6.7+ 10.0 + 6.7 + 8.6 + 11.9] ~ 64.0

2. Asin Exercise 1, we have m = n = 3 and AA = 1. Using the contour map to estimate the value of f at the center of each

subsquare, we have

[fp flz,y) dA 233 233 f(@.7,) AA

i=1j=1
= AA[f(0.5,0.5) + (0.5,1.5) + (0.5,2.5) + (1.5,0.5) + f(1.5,1.5)

+ f(1.5,2.5) 4 (2.5,0.5) + £(2.5,1.5) + f(2.5,2.5)]
~1124+25450+32+45+71+5246.5+9.0] = 44.2

3. [7 f02 (y+2ze’) dedy = [P [zy + xzeij dy = [2(2y +4e¥) dy = [y* + 4eyﬁ

=4+4+4e> —1—4e=4e*> —4e+3
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. fol fol ye™ dr dy = fol [emy]zié dy = fol (Y —1)dy = [ey — y]; =e—2

. fol Iy cos(z?) dy dw = fol [Cos(x2)y]ZiZ dz = fol x cos(z?) dr = %Sin(mZ)]l = 1Isinl

fol f;t 3wy dy do = fol [myg}yzez dx = fol (mesx - 5’34) dz = %xe&c]é - fol %6330 dx — [lxﬂ . [integrate byparts]

y=x in the first term

3 _ [16%]1,1 — 2.3 _ 4
9 0 5 9

Jo fol I 1-y? ysinzdzdyde = [ fol [(y sin:r:)z]zio” 1-v? dyde = [ fol y+/1—y?sinzdydr

y=1 -
= Iy [—%(1 —y?)3/? sinx] de = [ 3sinzde = —3 cosz]; = 3

. fol I le 6ryzdzdrdy = fol I [Sxyzz]z;lc drdy = fol JJ By — 32%y) dx dy

= [y [Baty — 22y "0 dy = [} (3° - 3°) dy = [2y* — Lo°], = %

. The region R is more easily described by polar coordinates: R = {(r,6) | 2 <r < 4,0 < 6 < 7}. Thus

[ f(x,y)dA = foﬂf; f(rcos@,rsind)rdrdf.

The region R is a type II region that can be described as the region enclosed by the linesy =4 — x, y = 4 + «,

and the z-axis. So using rectangular coordinates, we can say R = {(z,y) | 0 <y <4, y—4 <z <4 —y}

and [, f(z,y)dA = f04f;:f f(z,y) dz dy.

m:rcos@:Q\/gcosg :2\/3-%:\/§,y:rsin9:2\/§sin§ :2\/§~§ = 3, z = 2, so in rectangular

coordinates the point is (v/3,3,2). p=+vr2+22=12+4=4,0=Z,andcos¢ = z/p = %, 50 ¢ = Z and spherical

coordinates are (4, 5 %)

r=vA+4=222=—1;tanf = % = 1 and the point (2, 2) is in the first quadrant of the zy-plane, so 6 = Z. Thus in
cylindrical coordinates the point is (2 V2, T 71). p=+vV4+4+1=3,cosp=2/p= f%, so the spherical coordinates

are (3, %, cos” ' (—1)).

x = psingcosf = 8sin g cos§ = 8- % - g =22, y = psingsing = 8sin g sin § = 2+/2, and

z = pcos¢ = 8cos % =8- @ =4 \/§ Thus rectangular coordinates for the point are (2 \/5, 2 \/57 4 \/§)

=24y =8+8=16 = r=4,0=Z% andz=4+/3,so cylindrical coordinates are (4,%, 4\/5)

(@) 0 = 7. Incylindrical coordinates (assuming that 7 can be negative), this is a vertical plane that includes the z-axis and
intersects the xy-plane in the line y = x. In spherical coordinates, because p > 0 and 0 < ¢ < 7, we get a vertical

half-plane that includes the z-axis and intersects the zy-plane in the half-line y = x, « > 0.

(b) ¢ = 7. Inspherical coordinates, this is one frustum of a circular cone with vertex the origin and axis the positive z-axis.
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15. (a) 2° + y* + 2% = 4. In cylindrical coordinates, this becomes 72 4 2% = 4. In spherical coordinates, it becomes p* = 4
or p=2.
(b) 2 4+ 3* = 4. In cylindrical coordinates: > = 4 or r = 2. In spherical coordinates: p? — 2% = 4 or p? — p* cos® ¢ = 4 or
p?sin® ¢ =4 or psing = 2.
16. p=2cos¢p = p>=2pcos¢p = z*+y*+22=22 =
2% +y? 4 (z — 1)® = 1. This is the equation of a sphere with radius 1,

centered at (0,0, 1). Therefore, 0 < p < 2cos ¢ is the solid ball whose

boundary is this sphere. 0 < 0 < 7 and 0 < ¢ < § restrict the solid to the

section of this ball that lies above the cone ¢ = & and is in the first octant.

17. The region whose area is given by [ /2 sze rdrdf is
=sin26 {(r,6) |0 <6< %,0<r <sin260}, which is the region contained in the

loop in the first quadrant of the four-leaved rose r = sin 26.

18. The solid is {(p, 0,0)|1<p<2,0<60<%2,0<¢< g} which is the region in the first octant on or between the two
spheres p = 1 and p = 2.
19. J fo f cos(y?) dy dx = fo fo cos(y?) dx dy

= [} cos(y®)[2] 20 dy = [ ycos(y®)dy

y=x
=1 sin(yQ)];:%sinl
0 X
20. y 11, 22 1 opa? a? 1 a2? 2
ye ye € 21y=w
w1 /.5/:/77 = dxdy:/o/o — dydac:/0 F[%y]yzo dx
1 a1
v=/y —/ twe” dv = %ez} =1(e—1)
0 0
0 —
A [[pye™ dA = foS foz ye™ dx dy = foS [e* Lc 0 fo dy = [ _y]?) =3 —3—3=3¢"—3
2. [f, wydA = [} [P aydvdy = [} y[32?]700% dy =1 [} y[(y+2)? —y"] dy

1 1
=10 P+ +ay—")dy =33y + 30 + 27 - 50, =
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3. v D
B 1, 219=VZ
T-v d // 322" // x*/o T ] @
yY=vX
r=1 =%/0 1fxzd v =[{In(l +2%)]; = 2
0 1 X

1+ 22 14 22 1422

1 1 1
. 1 y=1 . 1—2 . 1 =z
w e [ [ e [ ambites [ [ (G ww)e

= [tan"'z — LIn(1 +2? )] =tan '1—1In2— (tan"'0—$1In1)

™ 1
Z—§1n2

2 r8—y?
25, x:yzy (4.2) [[pydA =[5 [ ydedy

Y

5 > = J3yl=]l" Py = 2y -y — ) dy
N , .

= [ (8y — 2 dy = [4y® — 1y"]2 =38

26. Y

— _ 2 y 2
NN Mo e [
D D 1 J1/y 1 )

=[P =) dy = [30° — ]

27. Y

L) Jh, @ wiraa= |
y=\/§x X2+y*=9 /

/3
/ 3/2rdr do

o [t = (0] (1),

8l
5

¥
5

wly

28. [[, xdA = fﬁ/zfl (rcos®)rdrdd = 7r/2c0596l0 flﬂrzdr* [sme]ﬂ/z [17"3]\/5

3 1

=1-32(2*?-1)=4@2%-1)

2. [[[ xydV = fo Iy l+y1’yd2dydm—f0 INETRE ]z oty dydx—fo Is zy(x +y) dy dz
= [y [y @y +ey?)dyde = [§ [32%y° + Jay®]'2) do = [J (32" + §a*) da

= %fog' 2t de = [%xs}z =8l —405

5 =
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30. fffT acde fl/s 1—3x 1 3z— yxydzdyda:— 1/3 Olisxmy(l—?)x—y)dydm

= 01/3 017390 (zy — 322y — 2y dy dx

= 1" [3ow® = 3% = gay’], =, d

= 01/3 [32(1— 3z)? — 32%(1 - 32)* — sx(l— 3x)3] dx
= 01/3 (%x—%xz—l—gx?’— 9134) dx

= fpa? — 52° + §at — 1%"”5](1)/3 = 108

1. [ff, Y222 dV = f fmflfygfz y2z2dmdzdy—f f\/—y 221 —y? — 2% dzdy

Zﬂfo (r% cos® 0)(r? sin® 0)(1 — r?) rdrdf = [>" o (3sin 29) do fol(T5 —7r7)dr

= [2L[L(1 —cos40)] db [} (r® —rT)dr = [e—-sm4ﬂ [Lr® — L8]]
—tenG D=5 k=%
32. ffszdefol Vi-y? 2 yzdmdzdy—fofo 2—y)zdzdy—f (2—y)(1—y2)dy

=[iie-—y-22+yP)dy =121

\ 2 x2 z= A/4—x2
33. ffnyde :f f 4= fo yzdz dy dx —f fo 4= [—yz } ydydm 5 f_22 fo 4 y3dyda7
=1 foﬂfo (rsin@)®rdrdf = sy sin® 0 df fo rtdr =1 Joa— cos? 0) sin 0 df foZ  dr

=1 [cos0+Feos0]7 [4r]s =4 (3 +3) (2) = %

4. [[[y 2V TP F AV = [T [T [ (6 cos® 6)p(p? sin ¢) dp g dB

= OZWdQ f’r/zcosg‘(bsingbd(bf p° dp = 2m[—1 cos qﬁ]ﬂ/z 1) ==%

3B.V= fOfl x +4y)dydac—f0 [#%y + 3y S]y 4dac—f0 32% +84) dx = +84x} =176

— 12

36. y @.1) Vo= [ Y dededy = [} [1 2 2Py dady

x=yN2}’ — 01%[(4—21/)31/— (y+1)3y} dy

0‘ i ' ' 4'1 X :f013(7y4+5ys*11y2+7y)dy:3(7é+%,%Jr%)723
37. z
V= fofo (2-y)/2 dzdmdy—fofo ( y) dz dy
0.0, )4 y+2z=2
2 2
0 (0,2,0) =Jo y—3v")dy=3 2—%?/3]():%

2,2,0)
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38V = f fo Bl e dr df = 027rf02 (3r — r?sin @) drdf = OZW [6 — 3 sinf] df = 60 + § Cosé’]i7r =127

39. Using the wedge above the plane z = 0 and below the plane z = max and noting that we have the same volume for m < 0 as
for m > 0 (so use m > 0), we have

fa/3f\/a2 9y2 mxdxdy* 2‘[‘”'/3 1

]a/S

W=

a® = 9y*) dy = m[a®y — 3y
40. The paraboloid and the half-cone intersect when 2* + y? = /22 + y2, that is when 2® + ¢ = 1 or 0. So

V= [f fvzﬂ’ dzdA = [27 [ [Lrdzdrdd = [27 [} (r* —r®)drdf = [Z7 (3~ 1)do = L(2n) =

2+ 2 g’
12+y2<1

no@m= [} [} ydrdy= [ (y -y )dy=14 -1 =1
() My = [ [ ¥ aydudy = [} dy(1 - y*)?dy = —5(1— ")) = &,
M, = folfolﬂﬁ y? dx dy = fol (y* — y*)dy = &. Hence (Z,7) = (3, ).
©L = [LfF" ydudy = [F(° — vP)dy = %,
L= [ e dedy = [ 1yl —y?) P dy = —=(1— )] = &
1/12 1 1/24

=2 = =2
Y :Lc/m:m:§ = y:%,andm :[y/mzm_

=_ 1
=> T=

D=

42. (a) In polar coordinates, the lamina occupies the region D = {(r,6) | 0 < r < a,0 < 6 < 7/2}. Assuming constant density

K,thenm = K A(D) = K - 37a® = 37Kad®,

My:ffDKmdA:Kfﬂ/Qfo rcosf rdrdO—KfTr/ZCOSGd@ Jortdr=K smﬁ}ﬁ/z [ér:”] = 1Kd®, and

M, = [[, KyclA:KfOTr/2 sinfd [ r®dr = K[— (:036’]77/2 [57“3]8 = 1Ka® [by symmetry M, = M,].

Thus the centroid is (Z,7) = (M /m, M./m) = (3=a, ==a).
by m = [f, p(z,y)dA = [[, zy*dA = fﬁ/zfo (rcos 0)(rsin 0) r dr df

= Oﬁ/zsinQQ cos6do [} rtdr = [$ sin Q]W/Z [érs}g = 1—15(15,

M, = 77 & 0% cos? Osin 0 dr df = 1[0 — L sind6]7/* [1r°] = L7a, and

My = [7% [ 15 cos §sin® 6 dr df = [4sin 9]"/2 [§7°], = 370°. Hence (T,7) = (357a, 3a).

43. (a) A right circular cone with axis the z-axis and vertex at the origin has equation 2> = ¢*(x? 4 y?). Here we have the bottom
frustum, shifted upward A units, and with ¢ = h?/a? so that the cone includes the point (a, 0, 0). Thus an equation of the
cone in rectangular coordinates is z = h — %\/aﬂ + 42,0 < z < h. In cylindrical coordinates, the cone is described by

E={(r60,2)]0<r<a,0<6<2m, 0<z<h(1-2r)} andits volumeis V = ima’h. By symmetry
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27 pra ph(l—r/a) 27 ra 1 z=h(l—r/a)
/ // z-rdzdrd@z/ / {irzg] dr df
o Jo Jo o Jo —0
27 ’I" 1
/ /mQ - - dd9——h2/ d9/ <f—r+—r3)dr
a a?

= 397 (0127 [49% — 0% + ']l = 142 (2m) (30 — 30 + o)

My, = M,. =0, and

M,

_o32(1.,2\_ 1_ 2;2
=7h (12a)f127rah

Hence the centroid is (Z,%,%) = (0,0, [ra®h®/12]/[ra’h/3]) = (0,0, h).
(b) The density function is p = \/W = /2 = r, so the moment of inertia about the cone’s axis (the z-axis) is
L= [[[,(® +y?) plz,y,2)dV = [Z7 [& [FO77/D (:2)(r) 1 dz dr df
= [2T L [T drde = (LS rth (1 L) drdd
= hfo27r df foa (r4 — %rs) dr =h [0]? [%r‘r’ - irﬁ]a

6a 0
=h(2r) ($a® — 1a®) = £md’h

619

4.1<2°<4 = 1/a® <2®+y* <4/d® LetD = {(z,y) | 1/a® <2*+y* <4/a*}. 2 = f(z,y) = a/2*> + y2, 50

fo(,y) = az(a® +y*) V2, fy(2,y) = ay(a® +y°) /%, and
a2m2 +a2y2 5 >
W+ldz4: Va2 +1dA=+/a?>+1A(D
D

2 2
o) )]
a a a

a?+1

45. Let D represent the given triangle; then D can be described as the area enclosed by the x- and y-axes and the line y = 2 — 2z,

or equivalently D = {(z,y) | 0 <2 < 1,0 < y <2 — 2z}. We want to find the surface area of the part of the graph of

z =z + y that lies over D, so using Equation 15.5.3 we have

2 2—2z
S):// \/1+(%) +(%) dA = // VIt 222 1 (1)2dA = // V2 + 422 dy dx
D
= o VEZF A [y]V 0 de = [} (2 22) V2 2P da = [j2V2+ daP dx — [) 22V/2+ 427 d
Using Formula 21 in the Table of Integrals with a = V2, u = 2z, and du = 2 dz, we have

J2V2+422de =22+ 422 + ln(2w + V2 + 4x2 ) If we substitute u = 2 + 422 in the second integral, then

du=8zdrand [22v2+422dx =1 [udu =1 2u¥? = (2 + 42%)/?. Thus

=

A(S) = [$\/2+4m2+1n(2x+\/2+4x2)_% (2 + 42?) 3/}
B (24 VE) 07 VB = 2T 1 2

=
In(v2+v3) + 4 ~ 16176

S
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46. Using Formula 15.5.3 with 9z/0x = siny,

0z/0y = x cosy, we get

S=[" ffs V1 +sin?y + 22 cos? y da dy ~ 62.9714.

47 y 5 /022 3 py/9—a2
3 / / («® + zy®) dy da = / / z(2® +y°) dy da
0 —4/9—a2 0 —7/9—2z2
0 3 X = fﬂﬁQ f03 (rcos 0)(r?) r dr df
S = ij/rZ cos @ df f03 r*dr

= [sin]"? [£r°]5 =2 1(243) = £& = 97.2

48. The region of integration is the solid hemisphere 2 + y2 +22<4,2>0.

4—y2 4— zzfy
/ / > Va2 + 2 + 22dzdz dy
—/4—x2—y2

_fﬂngo fo (psin ¢ sin §)? (\/ )pzsinqbclpclgzbde:fﬁ/2 sin®0do [ sin® ¢ dop fo p°dp

= [30— §sin260]"7, [cosd+ Feos’ )7 [30°)5 = (5) (G +3) (%) = §m

49. From the graph, it appears that 1 — z? = e® at z =~ —0.71 and at 1.25

x =0, with 1 — 2% > e” on (—0.71,0). So the desired integral is
7x2
[, y?dA~ f—00<71 felz y? dy dx
= % fi)()jl[(l - 1’2)3 - 631‘} dx

_ (. _.3,3,5 1.7 13270 ~
—3[36 4+ sz 2T 3€ ]70.71,\,0.0512

50. Let the tetrahedron be called 7. The front face of 7" is given by the plane # + 3y + 32 = 1, or 2 = 3 — 3z — 2y,

which intersects the xy-plane in the line y = 2 — 2z. So the total mass is

m= [[[,p(x,y,2)dV = fo o 03_3m_3y/2 (2® + 9 + 2*) dzdy dz = I. The center of mass is

@9,2) = (m 7 [[[ pap(z,y,2) dV,m™ [[f pyp(w,y, 2) dVom ™ [[[ 1 zp(@,y,2) V) = (55, 575 F)-
51. (a) f(x,y) is a joint density function, so we know that [[.. f(x,y) dA = 1. Since f(x,y) = 0 outside the rectangle

[0, 3] x [0, 2], we can say
Sl P y)dA = [ %, fa.y)dyde = [ [§ Clx +y) dy de
= Cf03 [y + %yQ]zzi dz = Cf03(2x +2)de = C[z* + 2$]2 =15C

Then15C =1 = C = 4.
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2 =2
(b) P(X <2,Y >1) f fl T,y dydx—fofl i ,y)dyd;vzl—lsfo [Iy-l-%yZ]Z:l dx
2 2
:%fo (x_"%)dx:l_ls[%;ﬁ_"%x]o:%
() P(X+Y <1)=P((X,Y) € D) where D is the triangular region shown in y
the figure. Thus 1

P(X+Y <1)= [[, fla,y)dA= [ [[7" &(z+y)dyde

:15f0 [my+l 2]y o " dw

= 15[0 [ (1-x) —I—%(l—x)z]dm

= A atde = b 3l =

52. Each lamp has exponential density function
0 ift<0
ft) =

sge /50 if >0

If X, Y, and Z are the lifetimes of the individual bulbs, then X, Y, and Z are independent, so the joint density function is the

product of the individual density functions:

—(z+y+z)/800
——c ifx>0,y>0,2>0
f(z,y,2) = B - T

0 otherwise
The probability that all three bulbs fail within a total of 1000 hours is P(X + Y + Z < 1000), or equivalently
P((X,Y,Z) € E) where E is the solid region in the first octant bounded by the coordinate planes and the plane

z 4+ y + z = 1000. The plane z + y + z = 1000 meets the zy-plane in the line x + y = 1000, so we have
P(X +Y +Z <1000) = [[[, f(z,y,2)dV = flOOO 1000—= 0100071-—3; ﬁef(m+y+z)/800 dz dy dz
2z=1000—x—y

dy dx

L 1000 [1000—z 7800[67(z+y+z)/800i|
3003 Jo 0

z2=0

_ —1_ plooo 10007x[€,5/4 _ ef(ery)/soo} dy dz

8002 Jo 0
_ _—1 1000 [ -5/, 4 80067(“”*9)/800] y=1000—z iz
8002 Jo y y=0

= ﬁolf 01000[6—5/4(1800 —x)— 8006—36/800] da

1000
= =1 [—ge*5/4(1800 —x)’ + 80026*1/800] .

8002
= o [~ 3 7/4(800)2 + 800%¢ /4 + Je~*/4(1800)? - 800?]

=1-—2e /" ~0.1315

5

53. fflf; folfy flz,y,2)dzdyde = fol f f z,y,2z)drdydz

x x=vy
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54. y z
4
D, =2
21—
x=y°
0 é X y 0 g X

f02foy3foy2 f(@,y,2)dzdxdy = [[[, f(z,y,2)dV where E = {(z,y,2) |0 <y <2,0<2 <3 0<z<y?}
If D1, D2, and D3 are the projections of E onto the xy-, yz-, and zz-planes, then
Di={(zy) | 0<y<20<2<y’} = {(zy) |0< <8 yF<y<2),
Dy ={(y,2) |0<2<4,/z2<y<2} ={(y,2) | 0<y<2,0<2<y’}, Ds ={(2,2) | 0< 2 <8,0< z< 4}
Therefore we have
2 ry3 ry? 8 12 42 e 3
Iolo Jo @y, 2)dzdudy = [o [o [ f @y 2) dedyda = [ [z [y f(2,y, 2) dedyd=
= f02f0y2f0y3 f(z,y,2)dedzdy
22/3
= fosfo f\z?yz flz,y,2)dydzde + fosfﬁ2/3 f?/; f(z,y,2) dy dz de
,3/2
= Jo o f\2/z fx,y, 2)dydedz + [ %) fg/; [z, y,2)dyde dz

1/2 1/2
~1/2 1/2

1

%

55. Sinceu =2 —yandv=x+y, v =3(u+v)andy = (v — u). Thus gél’,y; =
U, v

R is the image under this transformation of the square with vertices (u,v) = (—2,2), (0, 2), (0,4), and (—2,4). So

_ 4 r0 4 27 u=0 4
//udA:// ull dudvzl/ Z dvzl/ 2\
RT+Y 9 J_ov\2 2 )y [20],_ o 2 /sy v

= —Inv];=-In4+In2=-2In2+mn2=—In2.

2. 0 O
56. M =10 2v 0 |=8uvw,so
A(u, v, w)
0 0 2w

V=JllpdV = folfoliu oliuiv Suvw dw dv du = fol 017u 4uv(l —u —v)* du
= fol 017u [4u(1 —u)?v — 8u(l —u)v? + 4u113] dv du
= fol [Qu(l - “)4 - %U(l — U)4 + u(l — U)ﬂ du = fol %u(l — u)4du

=Jo 5[0 -w)* = (1 —w]du=3[-30 -’ + 51 -w)]y = 5(-3 +3) = 5%

57. Letu=y—zandv=y+zsoz=y—u=@v—-2)—u = z=1i(v—uwandy=v—3(v—u)=3(v+u).

‘3(30,?/)
a(u,v)

Ox dy Oz dy

oudv Ovou

=|-3(3) — 3(3)| =|—3| = 3. Ris the image under this transformation of the square
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with vertices (u,v) = (0, 0), (—2,0), (0,2), and (—2,2). So

20— (1 1(270,2 1,37u=0 1 (2092 8 172,3 _ 8,72
RwydAz el b dudv =% [0 [v u—gu}u:_2dv:§fo (20° — &) dv = g [3v —511]020

This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric about

the x-axis.

By the Extreme Value Theorem (14.7.8), f has an absolute minimum value m and an absolute maximum value M in D. Then

by Property 15.2.11, mA(D) < [[,, f(x,y) dA < M A(D). Dividing through by the positive number A(D), we get
< A / f(x,y) dA < M. This says that the average value of f over D lies between m and M. But f is continuous
on D and takes on the values m and M, and so by the Intermediate Value Theorem must take on all values between m and M.

Specifically, there exists a point (xo, yo) in D such that f(zo, yo) / f(x,y) dA or equivalently

[ f(x,y)dA = f(xo,y0) A(D).
For each r such that D, lies within the domain, A(D,.) = 72, and by the Mean Value Theorem for Double Integrals there

. . 1 .
exists (z,,yr) in D, such that f (z,,y,) = p— / f(z,y) dA. But hrn+ (zr,yr) = (a,b),
D, r—0

r—ot T2

1 27 rR 1 R -

2 R 2w
2—n __an 2—n _ ,2-n .
2—nt ]T—2_n(R ) if n#£2

so lim —/ f(z,y)dA = hm f(xr,yr) = f(a,b) by the continuity of f.

2w In(R/T) if n=2

(b) The integral in part (a) has a limit as » — 0T for all values of n.suchthat2 —n >0 < n <2.

@)/X/ I2+y Tirra e = (/./1/% 0’ singdidpdp = 2m [ [T >~ sin ¢ d dp

R
ir 3*"} 4ﬂn(ff*”«—73*") if n#3

3-n’ “ 3=

r

drIn(R/T) ifn=3

(d) Asr — 07, the above integral has a limit, provided that3 —n >0 < n <3.
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1. 7 Let R = (J_, Ri, where
3T R
N NN Ri={(z,y) |z +y>i+20+y<i+3,1<2<3,2<y<5}
Ry
3 R 5 5 )
1 RN ffR[[gc—i—y]]dA:izzjlffRi[[x—l—y]]dA:i;[[x—l—y}] [, dA, since
x+y=5
7 [z + y] = constant = i + 2 for (z,y) € R;. Therefore
oz s JIplz +yldA= 320, (i +2) [A(R:)]
= 3A(R1) +4A(R2) + 5A(R3) + 6A(R4) + TA(R5)
=3(3) +4(3) +5(2) +6(3) +7(3) =30
2. y Let R = {(z,y) | 0 < z,y < 1}. Forz,y € R, max {2°,y*} = 2% ifz > y,
R and max {m2, y2} = y? if & < y. Therefore we divide R into two regions:
2
R, R=Ri1URy,where R = {(z,9) | 0<2<1,0<y <z}and
o > Ry ={(#,9)|0<y <1,0<z <y} Nowmax {z? 3>} = 2 for
(z,y) € Ry, and max {2*,y°} =y for (z,y) € R2 =
1 prl max 12, 2 _ max :02, 2 _ max z2, 2 max :02, 2
Jo fy et ayde = [, em =t ga = ff, eme et aa 4 pp emed=t o’} ga
1z 22 1 ry 42 1 22 1 2 z2 !
= dyd v da dy = d v dy = —e—1
fooe yx+f0foe T dy foa:e x—‘,—foye Y e}o e
3 7 cos(e2) dt] d '
-fave* 1_0 |:/T COS(t)t:| i

= fol fxl COS(t2) dtdr = fol fot COS(tz) dx dt [changing the order of integration |

= fol t cos(t?) dt = %sin(tz)]; = 3sinl 0|

4 Letu=a-r,v=b-r,w=c-r,where a = (a1, a2, as), b = (b1, ba, bs), c = {c1, c2, c3). Under this change of variables,

E corresponds to the rectangular box 0 < u < «, 0 < v < 3,0 < w < 7. So, by Formula 15.9.13,

/// uvwdudvdw—/// a-r)(b-r)(c-r) a(uvw) dV . But
oz, y, z)
aiy a2 as
Ow,v,w)| _ b1 b2 b3||=l]a-(bxc) =
oy | || 7
C1 C2 C3

///E(a-r)(b-r)(c-r)dV:m%}v/oﬁ/oauvwdudvdw

N |a-<b1xc>| <%) (6?) <%) N 8|a((-l<ﬁg):c>|
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(o=}
5. Since |zy| < 1, except at (1, 1), the formula for the sum of a geometric series gives T2y X_:O(my)”, so
Il s dwdy = J f) S @) dedy = 35 [ o ey dedy = 3 [f 2" de] [} v do]
o 1 1 1 e} 1
uU—v u+ v . . Lo o .
6. Letx = 7 andy = W We know the region of integration in the zy-plane, so to find its image in the uv-plane we get

u and v in terms of x and y, and then use the methods of Section 15.9. z 4+ y = uﬁ + u\—/’—; =+v2u,sou= a:\—/l—iy, and

similarly v = y\;;, Sy is given by y = 0, 0 < z < 1, so from the equations derived above, the image of S is S1: u = %m,

v=— fx 0<x<1,thatis,v = —u,0 <u < \/_ Similarly, the image of Sz is S5: v—u—\/ﬁ,%gugﬁ,the

image of S3 is S4: v = V2 — u, - 7 < u < /2, and the image of Sy is S4: v — u, O<u§%

y v
y=1
©, 1) a1 S
S3 (G V*‘2>
S, S hx=1 _ v=u v=\2—-u
Si S5
Si ) ’ (v2.0)
0 1.0 X 0 u
1,0 , s
S
v="u v=u— \/2
4 1
(ﬁ’ \E)
1 1
. 8 Ox/Ou Ox/Ov - —5
The Jacobian of the transformation is M = = \f \f = 1. From the diagram,
9(u,v) dy/Ou 0Oy/Ov %
we see that we must evaluate two integrals: one over the region {(u, v)|0<u< % —u<v< u} and the other

over{(u,v)|%§u§\/_, —\/§+u§v§\/§—u}.80

Lol dxdy v2/2 dvdu dvdu
/0/0 1—ay / /7u1_ u+u)H (u—v) /f/z/f+u1— %(u-ﬁ-v)”%(u—v)]
/f/2/ 2dv du / / v 2dvdu
2 —u? 402 V3)2 \/—+u27u2+v2
22{ \/_/2— {arctan;}u du—l—/ﬂ —_— {arctanL} v du]
0 2 —u? 2—u?]_, V3/2 V2 —u? V2 —uz Vtu

V2/2 1 u V2 1 \/i—u
=4 ——— arctan ——du + / —— arctan ——du
0 V2 — u? V2 — u? V3/2 V2 —u? V2 — u?

Now let u = v/2sin 8, so du = /2 cos 6 df and the limits change to 0 and % (in the first integral) and § and 7 (in the
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second integral). Continuing:

dx dy //6 1 V2sin 6
=4 ——— arctan| ————— | (V2 cos0db
/o/o 1—zy [0 V2 —2sin? ¢ V2 —2sin?6 ( )
w) (ﬁcos@d@)}

1
+ / —————— arctan
/6 /2 —2sin?0 V2 —2sin% 6

/6 . /2 o
4 —\/5 cos 6 arctan (—\/5 sin 0 ) do + —\/5 cos 0 arctan (—\/5 (1 —sin0) ) do
0 V2 cosf V2 cos 6 x/6 V2 cos 6 V2 cosb

/6 x/2 L
4 [/ arctan(tan ¢) df + / arctan (lism@> d@]
0 x/6 cos

But (following the hint)

1 —sinf _ 1- COS(% — 9) — 1- [1 _ 2Sin2(%(% —0 )] [half-angle formulas]
cos 0 sin(Z—60)  2sin(2(Z —6)) cos(3(Z —6))

2sin* (5 (5 — 0)) .
= — - — =tan(z(Z -0
(3G )G (3 )  eE0)
Continuing:
/6 /2
/ / dedy _ [/ arctan(tan 6) d@—l—/ arctan(tan(3 (3 —0))) d@}
1—=zy 0 /6
/6 /271 ,n 62 /6 0 02 /2 32 2
—{A 9M+LM[JE‘QV4—4Q7h *PZ‘ZLM'4(5>—F

7. (a) Since |xyz| < 1 except at (1,1, 1), the formula for the sum of a geometric series gives

#—i(aﬁ z)", so
1—zyz = vz

11 g1
/// 1 ! da:dydz—// Zzyz da:dydz—Z/// zyz)" dedydz
0oJo Jo 1=

> [fo o da] [ v ay] [ =" 2] = 3 11

nzon—i—l ‘n+l n+1

) 1 1 1 1 > 1
TRty BTE TR 4w
(b) Since |—zyz| < 1, except at (1,1, 1), the formula for the sum of a geometric series gives = —zyz)", so
14 2yz
n=0

L LI A
drdydz = ryz)" dedydz = R I
/0/0/0 1+ zyz Y . nzo( yz)" dz dy Z y2)" dz dy

Z l)n[fox dx”foy dy”fzdz} ngo( " 1 t 1

n—=0 n+l n+l n+1
_a (y 1 s o
BN CES AT 23*3 =X
I hi q . p o 1 1 1 1 h
To evaluate this sum, we first write out a few terms: s = 1 — > + e + = =E ~ 0.8998. Notice that

ar = = < 0.003. By the Alternating Series Estimation Theorem from Section 11.5, we have |s — sg| < a7 < 0.003.

This error of 0.003 will not affect the second decimal place, so we have s ~ 0.90.
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°° arctan Tx — arctanx *° [arctan yx
8. dr = N dx = de = dxd
/0 z xfo{ z ] x//lerzzyx//lerwzxy
T arctanyx|” T T x T
/1 tggo{ y :|z:0 Y /1 2y Y Q[Hy]l 2 nr

9. @ x=rcosf, y=rsinf, z==2. Then @ _Qudx  Ouldy  Oudz Ou

— cosf + @ sin # and
or oz or 8y or ' 9zor ox dy

Ay | Pu dx Pu 9z
0y2 Or  Oxdy Or  0z0y Or

Pu_ o [Fuds w0y oz [y
orz 0x2 Or  Oyodx Or 0z0x Or
2

2 2
*a—gcos 9+3751n 0+2

0“u .
or cos ) sin 6

. Ou Ou ou
Similarly %= 2" sin 6 + 3_y rcos 6 and
@ 82u 2 .. 92 azu 2 2

r?sin@ cosf — %TCOSQ— @rsin& So
T ox 0

Ou | 10u i&+@—az—ucos 9+a—sm 0+2 Fu cosHsmG’Jr@mseJr%sme
o2 " ror " 2902 T 922 0x2 oy? Oy Ox or r oy r

2 2

0“u &*u o“u .
+Wsm 9+8—cos 0—2 $sm6’cos9

_@cosQ_@sinQ @

or r oy r 0z2
S o
T ox2  Oy? 022

(b) x = psingcosb, y = psingsiné, z = pcos¢. Then
Ou Ouldr  Oudy Oudz 0

(T ou . ou
8p 72 8p 8_y8_p aa—pf%smqﬁ c039+6—ysm¢sm9+$cos¢,and

&u
a 2

= sin ¢ cos @% Ou @ Oy %
N 0x20p Oyodxdp 0z0x dp

+ sin ¢sinf az_u@ Fu Oz Fu 9z
0y20p Oxdydp 0z0yop

+ s [P0z, Pu e | 0 0y
0220p 0x0z0p Oydzdp

&u 2

By Oz sin? ¢ sin 6 cos@—i—Q%sinqﬁ cos ¢ cosf + 2

2

0w . .
By 02 sin ¢ cos ¢ sin 6

2

0“u D*u D?u
+8—sm ¢ cos? 9+8 2sm ¢ sin? 9—1—6 2cos 26

- ou Ou ou . ou
Similarly 9% or pcospcosf + 8_y pcos¢sinf —

3, Psin ¢, and
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0%u 0%u 0%u
W 28y8 p* cos q2551n0(:0s9—2a 5 p?sin¢ cos ¢ cosf
- Ou sin ¢ cos ¢ sm@—i—a— cos? ¢ cos? 0+8 cos? ¢ sin® 0
oyo:" 022’ i
Pu 5 . ou . ou . . ou
—&—@p sin ¢—%psm¢ cos&—a—ypsmqﬁ sm@—apcomb
Ad%* %psingbsin@—&—Z—Zpsindwos@,while
2 2 2,
%: 26(?/8 p s1n2¢cos<9$1n9—|—g a5 P 2 sin% ¢ sin® @
0%u ou ou
—l—ﬁp sin® ¢ cos? § — — s psin¢ cos — — 8 psin ¢ sin @
Therefore
Fu 20u corvou 1o 1 o
op*  pdp  p? 9P p?0¢>  p*sin® ¢ 06>
BQU ) 2 2 2 2
= o [(sin® ¢ cos® 0) + (cos? ¢ cos? §) + sin” §]
+£[(2 -29)+( 2 20)+ 29]+8_[ 2¢+~2]
07 sin® ¢ sin cos” ¢ sin cos 9.2 cos sin® ¢
@ 2sin? ¢ cos @ + cos® ¢ cos§ — sin® ¢ cosf — cosé
Ox psin ¢
+@ 25sin? ¢ sin @ + cos® ¢ sin @ — sin® ¢ sinf — sin §
dy psin ¢

But 2 sin? ¢ cos @ + cos? ¢ cos § — sin? ¢ cos § — cos @ = (sin® ¢ + cos® ¢ — 1) cos @ = 0 and similarly the coefficient of
du/dy is 0. Also sin® ¢ cos® @ + cos® ¢ cos® @ + sin® = cos 0 (sin? ¢ 4 cos® ¢) + sin® § = 1, and similarly the

coefficient of 9?u,/0y? is 1. So Laplace’s Equation in spherical coordinates is as stated.

10. (a) Consider a polar division of the disk, similar to that in Figure 15.3.4, where 0 = 6y < 61 < 62 < --- < 0, = 2,

0=7r1 <rz <--- <1y = R, and where the polar subrectangle R;;, as well as 7, 7, Ar and Af are the same as in that

figure. Thus AA; = r} Ar Af. The mass of R;; is p AA;, and its distance from m is s;; ~ 1/ ()2 + d°. According to

Newton’s Law of Gravitation, the force of attraction experienced by m due to this polar subrectangle is in the direction

. The symmetry of the lamina with respect to the z- and y-axes and the

from m towards R;; and has magnitude GmpzAAi

i
position of m are such that all horizontal components of the gravitational force cancel, so that the total force is simply in
Gmp AA;

the z-direction. Thus, we need only be concerned with the components of this vertical force; that is, ——=——sinq,
ij

. L . d .
where « is the angle between the origin, ; and the mass m. Thus sin « = — and the previous result becomes
Sij
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630 [ CHAPTER15 PROBLEMS PLUS

Gmpd AA;

Z] i=1j=1

27
which becomes / / ZGmpd
(r

3

R 1 R
F= ZWGmpd/ " R —
Vr2 4 d? o

ﬁdTZQWGmpd —
0 (2 )

(b) This is just the result of part (a) in the limit as R — oo. In this case

F = 277Gmpd<é — O) = 27Gmp.

" [ fS S f@t)dtdzdy = [[[, f(t) dV, where
E={(tzy)]0<t<20<2<y, 0y <z}

If we let D be the projection of E on the yt-plane then

D ={(y,t) |0 <t <uzt<y<z} Andwe see from the diagram

that E = {(t,2z,y) |t <2<y, t<y<z,0<t<az} So
Jo Jo Js f@)dtdzdy =[5 [ [ f Jo Uty
=l [Gy* - ) @], =7 dt =
=I5 [32°

t)dzdydt =

—to+ 3] f(t)dt =

202 Y e =

Riemann sum of the function f(z,y) =

Vi+tzr+y

dAA; d(r
. The total attractive force is just the Riemann sum Z Z Gmp Z Z Gmypd(

= 2nGmpd (l

1
R2 +d2

fo[l’ —tx —

Jo (32°

1

)ar 29
e +d]

T2 rdf dr asm — oo and n — oo. Therefore,

1
d \/R2+d2>

— 0, and we are left with

dy] dt

2 4+ 2] f(t) dt

—2tx + %) f(t)dt

i can be considered a double

where the square region R = {(z,y) |0 <z <1,0<y <1}is

divided into subrectangles by dividing the interval [0, 1] on the z-axis into n subintervals, each of width <, and [0, 1] on the

y-axis is divided into n? subintervals, each of width -

upper right corners of the subrectangles as sample points, we have (z};,y;;) =

n — 00, SO
n n? 1 n n? 1 1
limnfzzzi‘— lim 227—3
n—oo i=1j=1 \/n?24+ni+j nn?oocoi=1;= /141 i g n
n

. Then the area of each subrectangle is AA =

n?’

3 , and if we take the

(%, -%). Finally, note that n® — oo as

lim ZZf(m”,y”) AA

n,n2—o00 =1 j=
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But by Definition 15.1.5 this is equal to // f(z,y)dA, so
R

n 7L2

tin 02 5 8 e = [ Sepa = [ [ sy e

=1
= fol [2(1 +m—|—y)1/2}y dz = 2f01 (V2+z—V1+z)de
y=0
1
—9 [§(2 + )3 o 2(1 4 JE):&/z}o _ %(33/2 _ 9%/ _93/2 )
=36Bv3-4v2+1)=4/3-£V2+4
13. The volume is V = [f[ g dV where R is the solid region given. From Exercise 15.9.21(a), the transformation x = au,

y = b, z = cw maps the unit ball u? + v? + w? < 1 to the solid ellipsoid

1:_2 y2 2 . 8(1’.7 y7 Z)

z .
5 + 75 + = < 1with = abc. The same transformation maps the

IS}

plane u +v +w =1to g + % + Z = 1. Thus the region R in zyz-space

corresponds to the region S in uvw-space consisting of the smaller piece of the

unit ball cut off by the plane u + v + w = 1, a “cap of a sphere” (see the figure).

We will need to compute the volume of S, but first consider the general case

z
where a horizontal plane slices the upper portion of a sphere of radius r to produce ﬁw\

a cap of height h. We use spherical coordinates. From the figure, a line through the / r—h ia \
origin at angle ¢ from the z-axis intersects the plane when cos ¢ = (r — h)/a = /

a = (r — h)/ cos ¢, and the line passes through the outer rim of the cap when /

a=7r = cos¢=(r—h)/r = ¢=cos *((r—h)/r). Thus the cap

is described by {(p,0,¢) | (r —h)/cos¢ < p < 7,0 <0 <2m,0< ¢ <cos " ((r—h)/r)} and its volume is

-1
V= f027r fOCOS ((r—=h)/r) f(’;ih)/cos(ﬁ p2 Slﬂ(bdpd(ﬁd@

27 pcos”L((r—h)/T)
Jo (3

0 P S1H¢]p (r—h)/ cos ¢ d¢d0

27 “H(r=h)/7) ( Bk
/ / {r sing — o squ] do db

=1 0277 [—r®cos ¢ — 2(r — h)® cos™? (;5] g=cos™H(r=m)/") 4

:%/02" [_Tg (T;h) _%(T_h)g (T;h)2+r3+%(r—h)3] do

=1 [Z7(&rh® — Lh%)dO = 1(2rh® — L1h®%)(27) = wh®(r — 1h)
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(This volume can also be computed by treating the cap as a solid of revolution and using the single variable disk method;

see Exercise 5.2.49 [ET 6.2.49].)

To determine the height / of the cap cut from the unit ball by the plane line u=v=w
u + v + w = 1, note that the line v = v = w passes through the origin with P o
direction vector (1,1, 1) which is perpendicular to the plane. Therefore this line \\ <\_3 IEL §>
coincides with a radius of the sphere that passes through the center of the cap and \ )Q% % %)
h is measured along this line. The line intersects the plane at (3, 3, +) and the plane u+ v+ w =1

sphere at (%, %, %) (See the figure.)

2
The distance between these points is b = /3 (% — %) =3 ( 7

V:///RdV:///S dV:abc///st:ach(S)

= abc - wh*(r — %h) :abc~7r(1 - %)2 [17 z (1 - %)}

= aberr (% — %) (% + 3—\1/5) = aber (% — 9;\‘/5) =~ 0.482abc

) =1 — -L.. Thus the volume of R is

1
3

S

A(z,y, 2)

A(u, v, w)
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