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MATH 3A — FINAL EXAM
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1. (5 points, I point each) Label each statement as TRUE or FALSE.

In this question, you do NOT have to justify your answer. Each cor-
rect answer will get | point and each incorrect or illegible answer

will get O points.
W

(a) The function T : R® — R given by T{u) = ||u| is a linear
transformation.

F (b) If {u, v, w} is linearly dependent, then so is {u, v}

(c) Any orthonormal set is linearly independent

T (d) If A is square and A? is invertible, then A is invertible

(e) If  and © are (nonzero) eigenvectors of A, then « + v is an
eigenvector of A
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MATH 3A - FINAL EXAM 3

2. (20 points) Find a diagonal matrix D and an invertible matrix P
such that A = PDP~1, where

7 4 16
A=12 5 8
=) =2 s

) EIGENVAES
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= (~\~:I-) -5 ;js + 4 \ . 34s 2
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_ (4“—1) [(,\—-S)(J+5 4_’(] 34 [~2(.\+5‘)+f€] —l¢ [——q_z(,\—sl

- ) ( Nlasalc) +q (-2 ~lo16) —lc (= 4= +10)
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4 MATH 3A — FINAL EXAM

3. (5 points, 1 point each) For the matrix A below, find the following.
Justify your answer.

(a) dim(Nul(A))
(b} Rank(A)
(c) A basis for Col{A)

(d) State the Rank Theorem . L
(e) A basis for (Nul(AT))* ! )
v

1 —4 9 -7 1 -1 5
A=1|-1 2 -4 1|~B= -2/ 5 -6
5 —6 10 7 0 ¢ 0

(~) b (NUL(/’D = # Fneg VAnjesltd =®
(b) DANK(A): % phjols = 2
(c) PiveTs IN calLrvg L Amy 2

BAsly Fen <ot (A)= s [-;}’[:2]}

() = N =9
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4. (10 points) Find the equation of the line y = ax + b that best fits the
points (—1,0),(0,1),(1,2), (2, §) in a least-squares sense.
S
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6 MATH 3A - FINAL EXAM

3. (3 points,\I point each) Write ALWAYS if A is always diagonal-
izable, if A might or might not be diagonalizable, and
NEVER if A is never diagonalizable. Here A is a 3 x 3 matrix, and
you do not have to justify your answer.

SOHETINES (1) Ais invertible

210
190 | T oz’]'f“"T
JONETan‘I {b) A only has eigenvalue A = 2 ( [é’gf Qa?

A LWATS (c) A has eigenvalues X = 2,0, —4 ( 3 bleTWCT El GENVALUD)

ALW/"VJ (d) A has eigenvalues A = 1,2 and dim(£) = 2, dim(FE,) = 1
(3 LT EcEivecrony)
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MATH 3A — FINAL EXAM 7
6. (20 points, 5 points each)} Label each stalement as TRUE or FALSE
In this question, you HAVE to justify your answer.

@ (a) If Q is orthogonal, then ||Qz|| = ||z|| for all z

) oxy’ = (px) - (px) fo n?;‘u = Ixl
=(/®X)T(p’<> =) ”/@X),zl]xll
I
= XTX

= Ixnt

@ (b) If A is invertible and v is a nonzero eigenvector of A, then v is

also an eigenvector of A4~ ( Fon WhicH Bl GENVALLE .))
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MATH 3A — FINAL EXAM

/ Tn OE ) (c) Definition: A is positive-definite if z7 Az > 0 for any z # 0

If A is positive definite, then any eigenvalue of A (if it exists)
must be positive.

o
SUPPt AV =V wITH V¥

QY DEFWMeN WiTH X = v 0 oLt

(yTav)>0 S Vv >e

O
<
< T >
~. SO (sNCEVES)
G;U\E J (d) For any vectors u and v in R", we have

- o] < [l o] 9 oF V on rpan (U}

Hint: Calculate the orthogonal projection 4-efw-en-Span{e}
and compare @ and 5. A picture helps.
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7. (J0 points) The awesome thing is that everything that we've been
doing works not only for vectors in R", but also for functions!

Definition: If f and g are functions, then

1

[r9= | J@g(z)de
Use the Gram-Schmidtpkdcess to find an orthogonal basis of Span
{Y; 2, 2%) .

Hint: Just use the usual Gram-Schmidt process withu; = 1,up =
and ug3 = 72 and the dot product above!
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10 MATH 3A — FINAL EXAM

8. (10 points} Calculate

s 1 2
b (a—l 2])

Hint: This is the same thing that we’ve been doing in lecture for

A" and /A, except here you apply tan~! to all the diagonal entries
of D. See footnote below

D blacovauizt A= [::j]
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Here are some useful (and useless) values of arctan: mn"(O) = 0,tan"! (1) =
+Z, tan~ ! (koo) = £3, tan~!( 7-)= z tau"'(\/_)

= } [TAN ’(O)T/JS ())) [ _ ,
1/2
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9. (15 =8 + 7 points)
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(a) Calculate the determinant of the following Vandermonde ma-
trix. Write your answer in factored form. Here z,y,z,t are

numbers.
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12 MATH 3A — FINAL EXAM
(b} Let x,, zp, T3, T, be distinct numbers aXd/y],yg, Y3, y4 be any

numbers. Use your result in (a) to shpw that there exists ex-
actly one cubic polynomia ¥ (for
some a, b, c, d) that goes through the points {zy,%), (%2, ¥2),

(x3,y3)s (Ta. 94)-
)

-P }\_/(X% 7‘1‘)
/\ O, ‘1")

= ‘1|)

BY A UnNTioy POO)= Y ?(XJ =Ty Pots)= s, Pil= vy

2 1
oo+ b Xy + CX) +dxi =1

2 3
at brtox +dxa =Yy
)]
2
a+ bxytcXs ydxs =73

3
a + P Xy +CXH‘! ydxa = \fq

3 Al
o 8
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\ X .

U DET(A) = L ox g xe) ) y= X1
R X3 X3 L) (o y= A, z=/X1)
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