ATH_L12A — F EXAM 3

1. (5 points, I point each) Circle the correct answer or fill in the blanks.
No justification required, except for (c).

(a) The PDE 2uy; + (z2) ugy, + (€?) w = sin(z) is

E ey
Q LINEAR | NOT LINEAR (LwEar N U)

(b) The PDE 2, + 5, = 3uis: =  2Usx + SUy =3V = ©
( HOMOGENEOUSW NOT HOMOGENEOUS
(c) The type of the second-order PDE 2u,; + 3ugy, + wy, + Gu, +
Buy, —u=0is
HYPER BoLI< because:
39N = 9-&=|

(d) Write out your favorite PDE that is neither first-order nor the
Laplace/heat/wave equation

L
4 LIKE Unx U‘_ﬁ -(\UX‘I) = TD(X/‘/)
( MoNGE ~AHPEnE Eg UAﬂoN)
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4 MATH 112A — FINAL EXAM

2. (25 points) Find a solution to the following PDE. Here 0 < z < 1
and0<y<mw

u(m?o) =0 'U-(m,ﬂ') =3
lim, u(z,y) =0 u(l,y)=y

Hint: At some point, you'll have to solve a strange ODE. For this
ODE, guess that your solution is of the form z* for some a (or y*
if you're dealing with Y)Anmy TienN TAKE LINEAN coMios

@ SEPAr2ATION oF VAIABLES

o) = X 70)
s o 1 x (X W) +x (XD + (X W= 0
¢ XY en XY XYy’ =0
o X XY ==X
Vo exeX ) <o

7 5 = XONETO = 7=

olx, )= = M\/('ﬁ)=o - Y(T)=°
)



@ 1 CaJbs

)l'-" UJ) Fen >0

C4E| ) >o , THEY
i} i LS
JC \7 '—‘-A\{ =) 7 = W \r
AUX F‘:. U)l:J r::'_'UJ
wY ~-ul
= Y= Ae e
\/(o):,de °4Re we _ A+B =0
wY -
= b=-A =5 T4)= Ae " ~AT
7B ~wh
v(T) = Ae-pe =0
-
——-a/ﬁ/e"‘" =/(€ -
it W

= C =€

o uff =
por TREY -Q:w =0 ==
CAJE 2 J=o
TREW \7'1--:0 =y y(7)=/4\f+'3
V()= Ao+t =B=0

= vy =AY (AT Lruo )

\/(_lT)=A7T=o = A=O0

= Y(y)=o0y=0 S
CAJEN J<o Then .\:—w‘ (w)o)

Sc \7"': /\\{ =) \-/“.::...w(\f
gux Fi=mw o= rEdw)
= Y(y) = Ace(wy) + 8 SIN(WY)

V(o) = A cc.:ro) 3 ISIH\HO) = A=o

) =/6/I1N(w‘ﬂ)=
SINCWT )=
U&)ﬂ/:]}/l‘? (M:])z,.n)

~ w=M
'___--’"‘

=

=)

¢ cNewsieN
d=-M
Yoy= W) = SnC

Jia X — (A TioN

/ XX—H<

(M=1,2,- )

_/-T"

X‘X"-%-xxl——-f"\ X

)
XJ. X"+XX’_H4X:O
uess X0) = X

o¢=2

—_—

&Y TPE—M'}

T
—_

Q A
= X X)X b XX =X

B m“‘?/w%(/— M =0

) o A AR-MSO

=—_’0(4=M1 =) O(::__"[*:]_-

[l ~M
| s X x)= X A X sewE

TrHe X - ECuATter) AN SC
-

X< An X" +BrX

o



@ LNEAn Cormbes

U(xn) = 2 (An x™T 3+ Bn X“H) JlN(NY)

M=

@ L U(X27)= 0]
A= ot

=M
'5Ur cn X = Og ) JO UNLEJJ’ /“L
X—» OV

TIE scluT|oN blews UF )

CeNearoN Bq=0 Fon AlL M

= Ulx,y)= ﬂ Ar x " S!N(HW)

@ o)=Y

& An 4 Jw(rﬁ) S AH (N(HY) =

FHAsy =
7 =T
Ty e INC™) = Ces (M) 4 s N{IHY
~ _ 2 Ndy [7 j
4 \—ch(M‘;)/M An= -’_’_— j YJ’N(H)
0 =SIN(MY)/M* } -
g corm) = )L 200
—F M 1 M

M

- X JN(W)




MATH 112A = FINAL EXAM 5
3. (20 points) Solve the following PDE:
. qUu—S‘Uxt+Uxx=0
u(z,0) = ¢(z)
ug(z,0) = P(x)

Note: Derive everything from scratch. The only thing you're al-
lowed to assume is how to solve first-order PDEs.

j o fant -5+ R)yoo  aptmsxiax
Mt ot Xt/ =(4t-x)(t-x)
- ChRE )
RANGE X7
vV
) ‘IL- _3__ V=o
it )X
= 4Ve—- W =0

= Vi t)= F4x +|:) ( F Amslrmn‘r)

=~ Ut- Ucs Frex+t)

NewW (r-Ux =0 = Oxit)= G(x+t) (G ansiramn>)

Foni TRE Penncuien ssconton OF Up =Uy = f(4x+t)
GUEss  Ulxt) = mF(Qxﬂl)
(aF(4x+t)>t- (= Flaxtt)), < faxtt)
a F/lxrut) ~ 4o Fllaxst) = flax rt)
e FLr) = FOrT) = —das ) = a=l
_Sewled . UOnt)= —3—' Flaxtt) + Gx+t) "
Vi) = F(‘Hﬁ-t) + GCX+t) (F A G Aau;Trzm‘z)



.2_) U(,X,o) = F(4x i-°> +G(X+5> = Cfb(")
Flan+ Gy = $6)

Ut tub)= (Fax ’rtDt i (C(X“))L
= F'laxtt) ¥ 6 (xrt)

Dtix, o) = Fllax)+G/tx) = Yex) Umt\—

[q q “L) <P(x+t]

~ X X
- (l Flad +60) [ - [ W) e /
X
= L Fax) + 60 s F(o) = GLo) ._/ W () dlos
\_,q/\_/ . |
A |

HE”(El % Flax) +G0) = $x)
) FF) +60) = (“¥) ds +A /

X
JUBTuC] qi_ Flux) = $&) -) Yls)ds — 4 |

< d ’ § - 4
Flax) L o) L e _;.LA = Ffx) _J_¢>(g_)
r . X P
- 1 .r)&'l! —i
ADD %ch) = Té_"_)_ ‘ijib(i)‘li + A 1 j?"\ 374

X/y

= Glx)= —?'- 4>(x>—+_‘§ij\l)(;) obs +T<4_:/|

) AMWER Ulnt)s F(‘th) +G vt

X+t
=& c#(qx*f) + L j W)a?/x\ >l Mxﬂ)v“' j V<) ds +79/
L (qx-)t)/q




6 MATH 112A — FINAL EXAM

4. (5 points) Find a solution of the following heat equation on the half-

line (here z > 0)
Uy = kux:
'U.,._(O, t)=10

'”'(m’ 0) = Qb(x)

Write your solution in terms of one integral. No need to write out
the explicit formula for S{z,t} and no need to check that your solu-
tion works.

IF X Do
LET  Fevew (x) = $(x)
P(-x) I X<©
Uk = KDax ~og X < O

Jely E

UCX,O)-'— (FE\}EA/CK)
U(x,l;)“; ‘YCKrh) * cP[VW(K)

=jm _S'(x-y/‘:) ‘PE\/EN’(‘r) dy

—

F= =J s(x=y,t) (=) dy + j -fo-Vrf) FovLdy
GLF':_D\Y\(/ —_) [+] y
(011'0- [v] _g()f‘\ff t) (FKY) cty
;x-«a%a -(f srepot) $C) E4p) *of

I:.M w

= | f‘o S(xt,t) $(7) Ay +f sCx =) GOyl
c

=j [S(H‘r,t) + 35 (x-v t)] Yl by

1
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6 MATH 112A — FINAL EXAM

5. (10 points) Find the Fourier sine series of f(z} = cos(z) on (0,7}, M PUFY As MU B
Is there a contradiction when you plug in z = 07 Ex PLaiN » PY Ry

Hint:
cos(A)sin(B) = %[sin(B + A) + sin(B — A)]

Cos() = f_ B ;tN(Hx)

KL
BM = _%_ / CGSU‘) _slN'(HX) d X
W %
- 2 %) + L om(Mx—x) X
TT //?’ S'IN'(MX ) "> ( | )

=]

= -.%— J-rr _Sir\)((M'H)X) + JIN((M—i)X) dx

[+

[f\ Fen M=) TNt BECemEs

T’ / _§u\J(2x) dx = ]:"__ [- CCS(-??‘) [‘ cc!(Zf!)+CCI ] ?/

—
——

! [ — ces ((Ma)x)  — ces (M- ')X)J
i.'i__ ——

M+ A
| -—cc;(rr(rm)) — ccs(‘rr(r':-:)) 4+ ces(o) ¢ ccg(c))
- —~ 1
M~ (=~ o ! l
= —(~1) ) - —
T M+ M= M+ M~




By = 4 M F Mo oEveY
T ey
C JF Iis by
T AR =
INCLUDEs TNE C4JE Mtr)

( NCTE Thar TRt

HENCE cerlx) =
M=

Nef A

I WE NaiVew puge N A=,
£ TRE ArcVE FcunlEfl LENIELs

conyenGes (o THE

€ cos

CoNTrbICTIoN
___CboIFLearte OF Cc_r(x) ov (-1 W)
s ( CQS(K)

Q

Feunitn 2
e \_

¢ Feunign rENIfs CoNVEnGEr 7o O

T

N perncupn AT X=0,
)

Iy NeT A CoNTNeDICTIor

YEAN MATH /]

o WE AcrusdY GEr O =0 , WRici




8 MATH 112A — FINAL EXAM

6. (10 points) Derive Parseval’s identity for the following expansion

on (0, )
S

and use it 1o calculate the sum

Sl __ialila
e (Qm+1p T3 5

Note: This is a series we haven’t seen before. The only thing you're
allowed to assume is that the above cosine functions are orthogonal

‘) JNCE ; CM((&_P_’\S_'_) X) }H‘:o | s cnMHcGoNAL

57 TNE PYTHAaGonEAN TEoNENT

ha) = ” Hé Au  Ces (( 2M‘H) )/}

- h_ﬁ [An] ﬂ Ccs((l%“_))j})
Naw —pa)’ - fwiedx =TT
v

AMD CCS((Z”%I)X/ ; / ces ((errﬂ)) dx
=/§_’l;+ Cc.f(/f—/(eMﬂ))

= + J'I

2(2/"}-})

s WE e e 2 [An] /Tf/ = 2 /\'n/ :

.-Ho




Now Jr= /W_/L ccx((z%ﬂ)x) Ax
/“w-‘(@*—)}*) L
Cer ((21*’1-!-!))() i

i 21‘14!)

0

-
']T(.gm+9 ! CCI(?T'"l) :W(}T)
= CcJ(Tﬂ")
M
= 4(0)

T 2rt+)

HEWCE BY PAnsBVALS [DENTITT -

H

W 2
Fo -Te (T
Feo  (27H)° ¢ p



MATH 112A — FINAL EXAM 9
7. (10 points) Show that the only solution of the following PDE for

0 < 2 < 1 is the zero-solution.

Uy = —Ugper — '
u(0,t) = 0,u,.{0,2) =0
u{1,t) = 0,uz{1,t) =0

w(x,0) =0

ENENGY METHep  MULTIPLY The PDE bY () Amp INTEGnaTe
WITw REPEcF To X Fact O To 4 .

jutu dx = / Uvxxx U dx “/U U dx
K_/‘\/\./
@ ‘@N o
@:- / LU= 4 L /i()ldx = €'t)

Wutnt  E(L) -

[ ox V[ b [ o Uxodx
= ~Unx (4 1) U/@-/)) + Urxx (o;t)Mjg "-o/ LUXxx Ux elx
TP AGAN’ [Uxx Ux] “J.th s
= Uxx (40h) UA/M) = Un {;,t) W{’e)o - /i(ux,g *dx
= -ji(()xx)&cb( <o °



©= Ve <

TRENEFonE WE GET :

GNCEe
Elt) = -/"‘(oxx)‘dx —/iu‘dx < o

= E’(t) <0
= G s DEcneawe

1, 2
- E(t) < €9 = 2{—/(()(&-,0)) dx =0
o v
=
HEVCE C l i x <o
A = / U\_/(\i;‘t)c <
° o

(4
= ]iwol)(‘-‘-o
c _7/.0

= U(’wt)E Q Fen al X AMD E

—
—



10 MATH 112A - FINAL EXAM

8. (15 =7 + 8 points) The grand finale!!!

(a) Definition: If F = (F,,--- , F,) is a vector field in B" and f is a
function, then f F = (fF},.--, fF,) (you multiply each compo-
nent by f). Show that

div (f F) = f (div(F)) + (Vf)-F

SW(CE FF'—“ (]CFJ/"'/FFN)
bw(FF) = (FF )+ (FF)x vt (FRw

B R PE s R R P e s R Ak

= PFE) + FEM 7 F(RYx
bR+ PuRovet Pl

i} g(&(f,)x‘ b (i ) 1o (P ,.J)

b (P, Por) (R R Fr)
- P ov(F) FVRF S
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MATH 112A — FINAL EXAM il

{(b) Let D be a (connected) region in [R™. Use (a) to solve the following
Laplace equation with Neumann boundary conditions:

{Au =0inD

du

—_— D
an 0 on bdy

ENENGT METHOD

MULTIPLY A) =o By U Aw INTEG rwlt oW D :

/Auu dx= fodx =0

D b

/ biv (VU) Vdx = 0 ('4()
D

Now APPLY (o) wiTH f=u, F=YU .

T e U

-~ ODV(W) U = DV(UYU) - 7o)’

foe  O= jonl(vu)() dx = /b:\/(uvu)dx—//vu/*m
/

b b
(¥ b
= f U VU -Nds —j | VU d
— e~
bV oY b QU b

TH IN



L

) b 7o

= Q= -’/ (TUl dx = [vUl'dx = ©

|7V) = 0 evEnyWhEnt

=  YU=o0  EvenTwNEnt

(s U s COUJT/W’)



