MOCK FINAL

Instructions: This is a mock final, designed to give you some practice for
the actual midterm. Beware that the final will be harder than this one, so
please also look at the study guide and the homework for a more complete
study experience.
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MOCK FINAL

1. (25 points) Solve the following wave equation, where 0 < x < 7:

(U =CUgy
u.(0,t) =0
Uz (m, t) =0
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2. (15 =10 + 5 points)
(a) Show that Laplace’s equation u,, + u,, = 0 is invariant under
rotations

(b) Laplace’s equation in polar coordinates becomes (you do not
have to show this)

1
Upp + —Up + _QUGG =0
r r
Use this to find a nonzero solution of w,, + u,, = 0



MOCK FINAL

3. (10 points) Derive the solution of the following wave equation on
the half-line (here x > 0)

u(0,t) =0 b
u(x,0) = ¢(x)
ut(xa 0) = ’QD([E)
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4. (10 points) Suppose u solves (here 0 < x < 1)

U = Klgy
u(0,t) =0
u(1,t) =0
u(z,0) = ¢(x)

Show

mazx |u| < max |¢|



MOCK FINAL

5. (5 points) Find the general solution of

g(z)uy + h(y)u, =0
Note: Your solution might involve integrals
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6. (10 points) Consider the following dissipative wave equation on the
whole line, where r > 0

Ut — C2Uxx +ru; = 0
Use energy method to show that a certain energy (which you’ll have
to find) decreases. Assume that any terms at £oo are (
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7. (15 =10 + 5 points)
(a) Find the Fourier sine series of f(z) = 2 4+ 1 on (0, 2)
(b) Sketch the graph of the function to which the above sine series
converges to on [—4, 4]
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8. (10 = 5 + 5 points) Suppose u = u(x,y) and v = v(zx,y) are (real)
functions and set f = w + ¢v. It is a standard fact in complex
analysis that if f is (complex) differentiable, then u and v satisfy
the following Cauchy-Riemann equations (don’t prove it, but see
Cauchy-Riemann for a proof if you’re interested):

Uy =y
Uy = — Uy

(a) Show that in this case, u and v both solve Laplace’s equation.
(b) Let f(z) = €*, where z = x + iy. Use (a) to find two nonzero
solutions of Laplace’s equation.

Sidenote: This is another way of finding solutions of Laplace’s
equation: Just take any differentiable f and find » and v.


https://www.youtube.com/watch?v=x8vr3cTTUGM

