MOCK FINAL SOLUTIONS

Wednesday, December 4, 2019 8:02 PM

STEP 1: Separation of variables

Suppose:

u(x,t) = X(x) T(t)

T'(H) = X'(x)
c? T(1) X(x)

> X0 =_T(1)

Plug (*) into us = €2 uxx
(X(x) T(t)) = €2 (X(x) T(t))xx

X(x) T (1) = ¢2 X" (x) T(1)

= A

X(x) c® T(1)

=>X”f ) = A => X'
X(x)

c®T(1)

"(x) = A X(x)

And T'(1) =x=>T"(t)= A T(Y)

STEP 2: X(x) equation



So far: X''(x) = & X(x)

Now use the boundary conditions:

ux(0,1t) = 0 => X'(0) I{‘F{z 0=>X'(0)=0

(Again, can cancel out because otherwise get O solution)
Similarly ux(m,1) =0 => X'(n)/Te{: 0=>X'(m)=0

Hence we get the ODE

X'(0)=0
X'(m)=0

{X"(x):xX(x)
CASE 1: 12> 0
Then L = »?> for some ® >0
Then: X' =AX=> X" =@ X=> X" -0* X=0
Aux:rl-o? =0=>ré=w? =>r=+o
H>X(X)=Ae*+Be®=>X'(x)= An e” - Bo e
But X'(0) = Ao - Bo = (A - B)w = O (since X'(0) = 0)

=>A-B=0(sinceco>0)=>A=B



So X(x)=Ae- A e
But X'(M)=0=>An e - Aw e =0
=> Ao(e®™ - e ™) =0
=> e®M - g0T™=(
=> e())Tf = e'O)TT
=> OT = -OT

=>mw=0

But then & = w? = 0 =><= (since we assumed X > 0)

CASE 2: 1 =0

Then X''=0X=>X"(x)=0
=> X(x) = Ax+ B

X'(0)=A=0=>X(x)=0x+B=B
But then automatically X'(m) = O

So A = 0 is a valid eigenvalue with X(x) = B
CASE 3: A <0

Then A = -®® for some w >0

X"z X=>X"=-0°X=>X" +02X=0
So X(x) = A cos(wx) + B sin(wx)

X'(x) = -Aw sin(ox) + Bo cos(mx)

X'(0) = -Aw sin(0) + Bw cos(0) =Bw =0



=>B =0 and
X(x) = A cos(wX)
X'(m) = -Ao sin(om) = 0 => sin(om) = 0

>om=mm (Mm=1,.)
=2>o0o=m

Answer: For every m = 1, .., we have a solution,
X(x) = cos(wx) = cos(mx) (m=1,2,.)

STEP 4: Now we get the equation

T'(t)=c®r T(t)

But A =-m? withm=0,1,2, .. (from STEP 3)
Ifm=0,thenget T"'(t)=0=>T(t) = Ao+ Bo T

u(x,t) = X(x) T(t) = (Ao + Bo 1) cos(0Ox) = Ap+Bo ¢t

Ifm=1,2,.., thenget T''(t) = ¢ (-m?) T(t) = -(mc)® T(t)
=> T(t) = A cos(mct) + By, sin(mct)
u(x,t) = X(x) T(t) = [Am cos(mct) + B, sin(mct)] cos(mx)

(m=1,2,.)



STEP 5: Linear combos:

()
u(x,t) = (Ao+Bo 1) + ﬁ [Am cos(mct) + By, sin(mct)] cos(mx)
M=
STEP 6: u(x,0) = x? o
u(x,0) = (Ao +Bo 0) + f_ [Am cos(0) + By, sin(0)] cos(mx)
% M=)
= Ap+ 2 Am cos(mx)
o M=|
= 2 Am cos(mx) = X2
M=0
T
Ao = J x% dx = (m¥/3) =7t
0 T 3
/ mT] 1 dx
(o]
And form=1, 2, ..
"
An= 2 j x? cos(mx) dx
T e
+  x? cos(mx)
- 2 sin(mx)/m
+ 2 -cos(mx)/m?

-0 -sin(mx)/m3



.l
Am = 2 [xz sin(mx)/m + 2x cos(mx)/m? - 2 sin(mx)/m3l

T
= 2 2mcos(mm)/m®  (all the other terms are 0)
T
= 40T
m?

SoAp=m" and An= _4  (-)"
3 m?

STEP 7: ui(x,0) = 2 cos(x) + 3 cos(2x)

u(x,t) = (Ao+Bo 1) + ﬁ [Am cos(mct) + By, sin(mct)] cos(mx)

00 M=)
ur(x,t) = Bo + £ [-mc An sin(mct) + mc B cos(mcet)] cos(mx)
M=)
ur(x,0) = Bo + Z [-C A Sin(0) + mc By cos(0)] cos(mx)
M=)
=Bo+ “ﬁ mc Bm cos(mx)
M=)

= 2 cos(x) + 3 cos(2x)

Comparing coefficients, we find

Bo=0,cB1=2,2cB>=3, mcBn=0form=3, ..



=>Bp=0,B1=2/c, B2=3/(2¢), all other B, =0

ey

STEP 8: Conclusion

| <
u(x,t) = (Ao+Bo 1) + £ [Am cos(mct) + By, sin(mct)] cos(mx) |

~ M=)
= (m?/3) + £[4/m2 (-1)™ cos(mct) + By, sin(mct)] cos(mx)
M=)

With B1 = 2/c, B2 = 3/(2c) and all other B, =0

e o

PROBLEM 2:

(a)
Let 6 be fixed and define:

x'|= (cos(e) -sin(e)][x (Rotation
NE sin(6)  cos(0)JLy matrix)

"= cos(0) x - sin(0) y
ﬂ y' = sin(0) x + cos(0) y

X
"

Then Ux'x' + Uy'y' = Uxxt Uyy = O

Why? Use the Chen Lul



Ux

Vo ax) 4 U gy

ox'’ ax 671 ax

ux' cos(6) + uy sin(0) (*)

U = 0 Ux

0 X
dUx  Ix' 4+ JdUx dyf
dx’ 9X Iy’ dX

(ux cos(0) + uy sin(8))x' cos(6) +

(ux cos(0) + uy sin(6)), sin(6) /
VA

= Ux'x' €0S%(0) + 2 uxy' cos(0)sin(0) + uy'y' sin®(0)

Similarly:

Uyy = Ux'x' SIHZ(O) - 2Ux'y' COS(O)S"\(G) + Uy'y' COSZ(O)

Therefore:

Uxx + Uy = Ux'x (€0SZ(0) + sin?(0)) + 2 uxy' cos(0)sin(0)

-2ux'y' cos(0)sin(0) + uyy' (sin3(0) + cos?(0))

= uxlxl + uylyl

Hence Ux'x' + UY'y' = Uxx + uYy = O



(b)

Laplace's equation in polar coordinates is

If uis radial, then ug=0, so ug = O, and (*) becomes:

Ur+ U =0
r
Urr = -Upr
r
re= -1
Ur r
(Inlu)' = -1/r
= Inju] =-In(r)+C

=> |ur‘I = e'lh(f‘)"‘C - eC
e|n(r‘)

=>u.=+/-e¢ =C
r r
=>u=Cln(r)+C

u(x,y) = C In( ‘ x2+y2 )+ C' solves uxx+ Uy =0




PROBLEM 3:

Oddify both ¢ and v

o (x)={ b(x) if x>0
-p(-x) if x<O

Vodd(X) = [ w(x) ifx>0
~y(-x) ifx<0

Solve

Ut = c? Uxx
u(x,0) = doad(x)
u(x,0) = Wodd(X)

=> D'Alembert: X+ ct

u(x,t) = 1/2 (dodd(x-ct) + dodd(x+ct)) + 1/(2¢) f Wodd(S) ds

X-ct
Write in terms of ¢ and vy

CASE 1: x-ct>0

Then dodd(x-ct) = d(x-ct) (and Podd(X+ct) = dp(x+ct)) and
Wodd(S) = w(s) on [x-ct x+ct] (since x-ct > 0), so



X+¢t

u(x,t) = 1/2 (¢(x-ct) + ¢(x+ct)) + 1/(2¢) / y(s) ds
X-ck

CASE 2: x-ct<0

Then ¢odd(x-ct) = -¢(-(x-ct)) = -¢(ct-x)
(and dodd(x+ct) = d(x+ct) = ¢(ct+x))

And
X +ct o X+ct
J\Ifodd(s) ds = / Wodd(S) ds + j Wodd(s) ds
x-ct X-ct 0
o X+¢t
- [ wsrds+ | ws)ds
p = -§ X-ct 0
dp=-dsV o xact
- vy dp + Juis)ds
.—x.;ct o
ct ¥
= / y(s) ds
ct-x

ct ¥

u(x,t) = 1/2 (¢(ct+x) - ¢(ct-x)) + 1/(2¢) / y(s) ds

ct-x




PROBLEM 4:

Note: This is similar to the proof of stability from Lecture
12

Let M = Max |d]
1) By the maximum principle,

Max u = The larger one of max u(0,1), max u(1,1), max u(x,0)
= The larger one of 0, 0, max ¢

But 0 <M, 0 <M, and max ¢ < max || = M
So in any case max u< M

In particular, u(x,t) < M for all (x,1)

2) Similarly, by the minimum principle

Min u = The smaller one of min u(0,t), min u(1,t), min u(x,0)
= The smaller one of 0, O, min ¢

But 02-M, 02 -M, minf2min-|¢| = - max |$] = -M
(Here we used z > -|z| for every z, and min -z = - max z)
Hence minu 2 -M

And so in particular, u(x,t) > -M for all (x,T)



3) Combining 1) and 2), we get

=>

-M < u(x,t) < M for all (x,1)

lu(x,t)] « M

And taking the max over all (x,t), we get

So

max |u| < M

max |u| < max |¢]

PROBLEM b5:

g(x) ux + h(y) uy =0

dy =

dx

Slope = h(y)
9(x)

=> g(x) dy = h(y) dx

:>AL :%

=>

h(y) g(x)

dy

= / dx
h(y) g(x)

- Hy) = B0 + €

A

(since M = max |¢])

whereﬂ is an antiderivative of 1/h
G is an antiderivative of 1/g



~ -~
= = Hly) - 6(x)

~
Solution: | u(x,y) = f(H(y) - 5(x)) where f is arbitrary

PROBLEM 6:
Multiply ust - €2 uxx + r us = O by uy
Utt Ut - C2 Uxx Ut + P Ut Uy = O

Integrate with respect to x
o4 od o

jUTTUT dx - }czuxxufdx +/rufufdx: 0
- e _v
A B C
o o
A = } 1/2 d/dt (u1)? dx = d/dt (1/2j(uf)2 dx)
- o0 ~og

For B, integrate by parts with respect to x (assuming no terms
at infinity, because they go to O by assumption)

o

B:+c2/ux Ut dx = c? fl/Z d/dt (ux)? dx
~o9

00
= d/dt 1/2 ¢? j(ux)2 dx

—od

Finally,
od
C=r l(UT)ZdX >0
- o

Combining everything, we get



-

Combining everything, we get
o

od
d/dt 1/2 /(UT)Z dx + d/dt 1/2 CZ/ (ux)?dx =-C¢0
-~

= Q¢
o
d/dt 1/2 /(uf)2 +c?(u)?fdx <O
d/dt E(t) <O
E't) <O

Hence the energy E(t) is decreasing, where

Et) = 1/2 /%(u,»)2 ¢ 2 (W) dx

Note: The answer without 1/2 is also acceptable

PROBLEM 7:
(a) 00
x2+1= MZ:-, Bnm sin(mtmx/2)

2
An= 2 / (x2 + 1) sin(mmx/2) dx
2

Z
= / (x? + 1) sin(mmx/2) dx




+ x%+1 sin(mtmx/2)

- 2X s -cos(mmx/2) (2/mm)

+ 2 -sin(mmx/2)(2/mm)?

- 0 cos(mmx/2)(2/mm)3

2

l:-(x2+1) cos(mtmx/2) (2/mtm) + 2x sin(tmx/2)(2/7m)? ]

+2 cos(mmx/2)(2/mm)3 ’

-(22+1) cos(mm) (2/mm) + 2 cos(mm) (2/mm)3
+ cos(0) (2/mm) - 2 cos(0) (2/mm)3

= (10(-1)™! + 2)/(mtm) + 16 ((-1)™ - 1)/(mm)3

(b) Basically oddify and periodify f, and apply the rules from
lecture




PROBLEM 8:
(a)
Uxx *+ Uy = (Ux)x + (Uy)y = (Vydx + (-Vx)y = Vyx = Vxy = O
Vix + Vyy = (Vidx *+ (Wyly = (=Uy)x + (Ux)y = -Uyx + Uxy = O
So u and v are harmonic
(b)
f(z) = e? = eV = eX eV = eX (cos(y) + i sin(y))
= e* cos(y) + i e* sin(y)
= u +i v

So by (a), we get

u(x,y) = e* cos(y) and v(x,y) = e* sin(y)

both solve Laplace's equation!



