LECTURE 8: CHANGE OF VARIABLES (II)

Today we’ll still do u—sub, but in reverse! Just like last time, let me

motivate this again with a 2B example:

1. MOTIVATION

Video: The Jacobian Part 2

Example: fol V1 —22dx

(1) Let = sin(u) (Notice here w is implicitly defined)

(2) Endpoints:

0 =sin(u) = u =

1 =sin(u) = u =

o

™

So u turns D = [0, 1] into D' = [O, 5}

Date: Friday, January 24, 2020.


https://www.youtube.com/watch?v=SFLMNvJ7R5E&list=PLJb1qAQIrmmBeOJZq9ZWODzbFxN0uazA2&index=15
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(3) This time you have dz, not du
dx

dr =
v du

du = |cos(u)|du = cos(u)du

(Here we used cos(u) > 0 since u is in [0, 5])

(4) Integrate

/[0’1] de :/[0, ] mcos(u)du

_ /[O cos(u) cos(u)du
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2. MULTIVARIABLE EXAMPLE

Disclaimer: This is a very stupid example, it’s not something you
would see in real life.

Example:

// 4x + 8y dxdy
D

Where D is the square with vertices (—1,0), (0,—1),(1,0),(0,1).

(1) Suppose someone tells you (WILL be given)

1]
x—QU 2'U

-1
=U —U
y=>5 4Ty

(2) Find D/

Trick: Look at the values of v and v at the vertices:
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(1,0) »x=1,y=0
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ot

(0,-1) (-1,-1) (1,-1)

—1 ! +1
= —u+ —=v
2 2
O_—l +1
-y Y
v
S Add: 1==-+-=-=
5t =V
U U
— Subtract: 1 = — 4+ — =
ubtrac 2+2 U
—u=1v=1
—(1,1)
Similarly

(—1,0) —»(—1,-1)
(0,—1) —=(1,-1)

So D’ is a square with vertices (1,—1), (—1,—1),(—1,1),(1,1)
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(3) Jacobian

dxd 1 1
dxdy = YY) dudv = | = | dudv = ~dudv
udv 2 2
Jr Oz 1 1
dady _ Ju | = |2, ?:14_1:1
dudv 83 33 -5 3 4 4 2
(Here we used = = 1u+ v,y = —1u + Jv)

(4) Integrate:

1 1 1
//4:c+8yd:cdy=// [ ( U+ v>+8<——u+—v>} —dudv
D : 2 2 2
:/ / —u + 3v dudv
~-1J-1
=0

3. POLAR AND SPHERICAL COORDINATES

I know this was silly, but let me now tell you the real reason why this
is so useful. Namely, it explains why we have r in rdrd0:

Video: rdrdf

Example:

/ /D tan~! (%) dzdy


https://www.youtube.com/watch?v=Ilb-moEtJcY&list=PLJb1qAQIrmmBeOJZq9ZWODzbFxN0uazA2&index=16
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D = Disk of Radius 1.

(1)

x =1 cos(0)
y =rsin(0)

Note: Here r and 6 play the role of v and v.

(2) Find D'

So r and 6 turn the disk D into a rectangle D’

27

(3) Jacobian

Dl
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dxdy
drdy = |\—— drdf = |r|drdd = rdrdd
drdy a—f 8_:5 _ |cos(@) —rsin(f)| ) o
drdf % s4) - |sin(0) rceos(d) | rcos™(0) + rsin®(f) = r

(4) Integrate

// tan ™! (g) da:dy:// Or drdf
D X /
27 1
= / / Ordrdf
o Jo
:7‘(’2

Note: Similarly, for cylindrical coordinates, we get dxdydz = rdrdfdz

Example:

1
///E\/xQ—FyQ—I—szxdde

FE : Ball of radius 1.

(1)
x =psin(¢) cos(0)
y =psin(¢) sin(0)
z =pcos(9)
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(2) Find E'

So here E' is a box

(3) Jacobian

dxdydz
dpdfdg¢

drdydz = dpdfdp = ‘—,02 sin(qb)’ dpdfde = p? sin(¢)dpdfde
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drvdydz 25 25 99
dpdodd |5 50 52

sin(¢) cos(f) —psin(¢)sin(f) pcos(¢) cos()
= |sin(¢) sin(d) psin(¢) cos(6) pcos(¢)sin(h)
cos(¢) 0 —psin(¢)

= — p’sin(¢)

(Here we used x = psin(¢) cos(0),y = psin(¢) sin(0), z = p cos(¢).
Here it’s best to expand the determinant along the third row.
It’s an annoying calculation, but know how to do this. See the
AP1 Solutions in HW 3 for details)

(4) Integrate

[ C—— gy F—
- /0 ' /0 ) /0 1PSiﬂ(¢)dpd9dgb
—2(27) (%)

=27

Note: At this point, I recommend checking out the last prob-
lem on the Fall 2018 midterm, which can also be found here:


https://sites.uci.edu/ptabrizi/files/2020/01/HW-3-AP-Solutions.pdf
https://sites.uci.edu/ptabrizi/files/2018/11/Midterm-Version-A.pdf

10
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Hyperbolic Coordinates.

If you want to see a sick application of Jacobians, check out this
completely optional video: Jacobian 3


https://www.youtube.com/watch?v=-utZL34hfJA&list=PLJb1qAQIrmmBeOJZq9ZWODzbFxN0uazA2&index=17
https://www.youtube.com/watch?v=fubZSMOR1fI
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