LECTURE 12: FTC FOR LINE INTEGRALS (I)

Welcome to the first of four Fundamental Theorems of Calculus (FTC)
in this course: The Fundamental Theorem of Line Integrals!

1. FTC FOR LINE INTEGRALS
Recall: (FTC, Math 2B)

/ f'()dz = f(b) — f(a) = f(end) — f(start)

The multivariable analog of f'(z) is V f(z), so we would like to say:

/ Vf = f(b) - f(a)

But that doesn’t really make sense, since Vf is a vector! If only we
could integrate a vector... but wait!

Theorem: FTC for Line Integrals For any curve C":

/C Vf-dr = f(end) — f(start) = f(r(b)) — f(r(a))

Date: Monday, February 3, 2020.
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r(b)

r(t)

r(a)

(This says: Integral of a derivative is f(b) — f(a))

Example: f(z,y) = 2%y + zy3, C be any curve from (0,0) to (1,1)

(1,1)

r(t)

(0,0)

Let

F=Vf=(fuf) =@y +y° 2>+ 3zy*)
Then FTC says:
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‘/Fdw:/iﬁdw:ﬂLD—ﬂQm:{ﬂfL+MDﬂ—WWO+Mmﬂ:2
C C
So it’s easy to integrate V f! In practice though, you do it in reverse:

Example: Let F(z,y) = <xy2,x2y>, C' be any curve from (1,2) to
(3,4). Find [, F - dr

Can show: F' = V[, where f(z,y) = s2?y? (sort of like an antideriv-
ative)

Then:

‘AFM:LVﬁM

=f(end) — f(start)
:f(37 4) - f<17 2)

1 2 2 1 2 2
25(3) (4)° — 5(1) (2)
=70

Take-away: If F' is nice/conservative (F = Vf), then [, F - dr is easy
to evaluate!

(And this precisely answers the question from 16.1 as to why conser-
vative vector fields are so nicel!)

2. CONSERVATIVE VECTOR FIELDS

Problem: How to determine if F' is conservative?
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It turns out that there is a really nice criterion for that!

WARNING: This trick only works in 2 dimensions! (will find a 3D
analog of this in 16.5)

2 dimensions: Suppose

F=Vf
(P,Q) = (fe, [y)
P = fx Q = fy
Recall: (Clairaut/Schwarz)
fxy :fyx
Py :Qx

Fact: If ' = (P, () is conservative, then P, = @,
Mnemonic: Peyam = Quixotic

Example: F' = (—y,z) (rotation field), is F' conservative?

P:—y,sz
P, = -1, Q=1
Py #Qx
No

So I conservative = P, = Q).

Question: P, = (), = I conservative? “Yes”
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(Yes if the domain of F' has no holes, no otherwise)

Important Fact: (if no holes)

F' conservative < P, = (),

YoIb

Y

Example: Is F' = <3 + 2y, 2 — 3y2> conservative?
P, = (34 2zy), =2z, Q, = (z* — 3y?), = 2z, P, = Q,, S0 yes.

Note: Intuitively: Conservative means: it doesn’t rotate, Not conser-
vative means: it rotates.
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Conservative Not Conservative
/ VY
3. FINDING ANTIDERIVATIVES

Suppose F' is conservative, how to find an antiderivative of F'?
Example: ' = <3 + 22y, 22 — 3y2>, find f such that FF =V f.
1) Check P, = Q, v

2) F=Vf= <3+2xy,$2 —3y2> = (fu, f)

Hence

fu(z,y) :3+2xy:>f(x,y):/3+2xyda::3:z:+x2y+ JUNK

This is saying that f has the terms 3z and 2y in it, with possibly
other terms

Fe,) =" = 39° = flay) = [ 4 =3y =’y ~ s+ JUNK
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Now collect all the terms (notice z%y appears twice here, so don’t count
it twice)

3)

flz,y) =2’y + 32—y
(There might be other possibilities, but we just need one antideriva-
tive)

Example: Find f such that

F(z,y,2) = (y*, 2xy + €, 3ye®) =V f = (f, fy, f2)
1) Check F' conservative. See 16.5 v

2)
Foa g 2) = o = floy, 2) = / 2z — oy + JUNK

fy(@,y,2) = 2zy+e® = f(z,y,2) = /2:Uy+e3zdy = 2y +ye¥*+ JUNK

3z
fo(@,y,2) = 3ye® = f(x,y,2) = /3y637‘dz = 3y% = ye** + JUNK

3) Hence f(x,y,z) = zy* + ye’*

4. PUTTING IT ALL TOGETHER
Video: FTC for Line Integrals


https://youtu.be/PDkUqPuJeTI
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(Will do many more examples next time)
Example: [, F-dr, F(z,y) = (2%, 2°y*)

C' : is the curve:

x(t) = cos(t)
y(t) =2sin(t)
Ogtgg

Note: Could do it directly, but it becomes way harder (sometimes
even impossible) to integrate

(1) Picture:

(0,2)

(1,0)

(2) Check:
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Py — (x2y3)x — 3x2y2
Q:c — (x3y2)y — 3x2y2

F=Vf= (" 2y) = (fo. fy)
felz,y) = 2y = f(z,y) = / wylde = %x‘o’y?’ + JUNK

1
fo(x,y) = 2%y = f(z,y) = /1’ y*dy = 33; y* + JUNK

1

flz,y) = 590393

/CF-dr:/Vf-dr

=f(end) — f(start)

=/(0,2) = f(1,0)

= (07%2)" — 5 (10

=0
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5. APPENDIX: PROOF OoF FTC

Consider
d
()t

On the one hand, this equals

b d

On the other hand, by the Chen Lu (Chain Rule):

() = fa0) (1)
_0jor ooy
Ox Ot Oy Ot
— () (1) + (f,) (4 (1))
—fe ) (), 9 (0)
Y (a(t), y(1) (1)
V(1) - (1)

b
— rt))dt:/ Vf(r(t))-r’(t):/CVf-dr

Combining the two, we get:

b
[ 9#dr= [ L0 = £0) - Fra)
C a

Therefore:
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