LECTURE 18: PARAMETRIC SURFACES (II)

Today we’ll do something unbelievable: We'll calculate the area of any
surface!

1. QUICK FACTS

Fact 1: Area of a parallelogram with sides a and b:

la > bl

Fact 2: If ¢,d > 0, then

[(ca) x (db)|| = ||a x bf| cd

Date: Wednesday, February 19, 2020.
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2. SURFACE AREAS
Goal: Find the Area of a surface S:

dS

W WTF

/7 L7/ L/« Area

[/
T

Strategy:

(1) Cover/Tile S with mini parallelograms determined by tangent
planes

(2) Calculate the area dS of each mini-parallelogram

(3) Sum up/Integrate the mini areas

Area(S)z// Jds

S~ Mini-areas

Sum

The result will be:
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What is dS?

Recall: Given r(u,v) (parametrization), r, and r, (partial derivatives)

are on the tangent plane:

Tangent Plane

STEP 1: Consider the parallelogram with sides (du) 7, and (dv) r,:
—

—
I'v
(dv)ry /

Small Small

ds

T'u

A\ %

(du)ry
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STEP 2:

dS = Area(Parallelogram)
= ||(du)ry % (dv)r,|| (By Fact 1)
= ||ry X 7y|| dudv (By Fact 2)

STEP 3 (Integrate)

Surface Area (memorize)

Area (S)://dS://DHrumedudv

The rest of today is just examples of this formula

3. EXAMPLES

Example 1:

Find Area(S), where S : Helicoid with equations
r(u,v) = (ucos(v),usin(v), v)

0<u<l,0<v<

(1) Picture: (Taken from Wikipedia)


https://commons.wikimedia.org/wiki/File:Helicoid.svg
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1 X
ry = (cos(v), sin(v), 0)
ry = (—usin(v), ucos(v), 1)
i j ok
ry X T, =| cos(v)  sin(v) 0

—usin(v) wcos(v) 1
— <sin(v), — cos(v),ucos®(v) +u Sinz(v)>

= (sin(v), — cos(v), u)
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(4)
dS = ||ry x 1y = \/sinz(v) +co2(v) + 12 = V1 + 12

Area (5) ://dS

™ 1
:/ / vV u? + ldudv
0o Jo
1
:7r/ vVu? 4+ 1du
0

=---( Use the substitution u = tan(6))

:g (\/5 + In(1 + \/5))

(5)

Note: Know how to evaluate the following Math 2B integrals (click
on the links for solutions)

(a) [ Va?+ ldx
(b) [ V1 — z2dx

(¢) [ Va? — 1dx


https://www.youtube.com/watch?v=CppF_buHaTg
https://www.youtube.com/watch?v=yp_o5cVXrz4
https://www.youtube.com/watch?v=1XlE2ubSXL0
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OMG Example 2:

Find the surface area of a sphere of radius 1

Video: Surface Area of a Sphere

All those years you've been told that it’s 4772, but now I can finally
show you why it’s true!

(1) Picture:

r(6,0)

~_—"+— 76
(2) Parametrize: Basically spherical coordinates with p = 1

(0, ¢) = (sin(¢) cos(0), sin(¢) sin(f), cos(¢))
0<O0<2r,0<p <
(3)
ro = (—sin(¢) sin(#), sin(¢) cos(d), 0)
4 = (cos(¢) cos(#), cos(¢) sin(f), — sin(¢))


https://www.youtube.com/watch?v=DYGgC5EK1Gw&list=PLJb1qAQIrmmAU22cfpgxqSR5iB7jxh933&index=7
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(4)
1 J k
rg X 1y = |—sin(¢) sin(f) sin(¢) cos(6) 0
cos(¢) cos(6 ) cos(¢) sin(f) —sin(¢)
= (—sin®(¢) cos(6), — sin*(¢) sin(6),
— sin(¢) cos(¢)sin®(0) — sin(¢) cos(¢)cos*(6))
= (—sin®(¢) cos(6), — sin*(¢) sin(f), — sin(¢) cos(¢))

()
dS = |lrg x 4
= (sin*(¢)cos*(0 ) + sin®(¢)sin?(6) + sin’(¢) COS2(¢))%
sin®(¢) + sin®(¢) cos (gb))%
(¢)

( 1
= (sin® (sm ) + cos*(6)))?

()

Area (5) ://dS
- /0 ' /0 - sin(¢)dfde
—on ( /O ' sin(¢>d¢>

=(2m) (2)
=47

—47(1)*
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Note: In general, using the same method, you get that the surface
area of a sphere of radius r is 47r? | WOW

4. THE CASE OF FUNCTIONS

What if S is the graph of a function? In that case, the surface area
formula becomes much simpler!

Find Area(S), where S is the portion of the paraboloid z = 1 +
22 + y? over the disk 22 + y? = 4

(1) Picture:

Z = 1+X>+y?

S I'(XaY)

(x,y)

(2) r(z,y) = (z,y, 1 + 2> + 1*)
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(3)
r, =(1,0,2z)
= (0,1, 2y)
(4)
t 7k
ey Xry =10 2w
0 1 2y
= (—2x,—2y, 1)
R
ox’ Oy’
(5)

S=|r ><7°H—\/4a:2—l—42+1— 1+ % 2—|— % 2
e Y B ox oy

Area (5) ://dS

://\/4a:2+4y2+1dxdy

21
/ / 4r +1 Td?“d@

—or Kg) <§> (4 + 1)3]O (Oruse u=4r2 +1)
S
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More Generally

If 2= z(z,y), then

wea )= [ [ (2) (2t

Note: I personally think that it’s easier to do the problem the way I
did it above instead of just memorizing the above formula, but in the
end it’s up to youl!

Example 4: (if time permits)

Area(S), where S : part of the surface z = xy inside the cylinder
2+yt=1

(1) Picture:

© X*+y*=1

:
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(2) Note: Could use r(x,y) = (x,y,xy), but using the formula
above instead, we get:

9z _ 9z _
ar 7 oy ©

ea )= [ [ () (2 asa
— [ [ Vv iy
:/O% /O1 (m) rdrdf
_on /01 (2 4+ 1)} rar
— (27) [G) (%) (r* + 1)31 ; (Or useu = r% 4 1)

(o)
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