LECTURE 28: FINAL EXAM REVIEW SESSION (III) -
MMMMMH, DONUTS!

Welcome to a special encore episode of That’s so Peyam! Today we’ll
talk about all the non-vector field topics (like surface integrals of func-
tions, or Jacobians), but this time in the context of... donuts!

1. PARAMETRIZATION

Here is the main example that we’ll talk about today:

Let S be the donut obtained by rotating the circle centered at
(0,5,0) and radius 3 about the z—axis.

Picture:

Date: Friday, March 13, 2020.
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Parametric Equations: (you don’t need to know how to derive this)

x =(5+ 3cos(a)) cos(h)
y =(5+ 3cos(a)) sin(h)

z =3sin(«)
0<0<2m,0< <2
N
g
(%.y,2)
0 a
(x.y)
0 = angle between x-axis and (x,y)a = angle between (z,y) and (z,y, 2)

2. SURFACE AREA

Video: Surface Area of a Donut

Find the surface area of S



https://www.youtube.com/watch?v=vU_TWhkaBe8&list=PLJb1qAQIrmmAU22cfpgxqSR5iB7jxh933&index=14
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Surface Area:

Area (S)://dS:// 7o X 74| dfdo
s D

(It’s basically dS = ||, x ry|| dudv but with 6 and « instead)

(1)

(6, ) = ((5 + 3cos(a)) cos(f), (5 + 3 cos(a)) sin(f), 3sin(a))

(2)

rg = (—(5 + 3cos(a))sin(f), (5 + 3 cos(a)) cos(f), 0)
ro = (—3sin(a) cos(d), —3 sin(«) sin(#), 3 cos(a))

Tg X Tq = T

= A Nightmare
:?(5 + ?fos(oz))J (cos(a) cos(B), cos(a) sin(f), — sin(v))

>0
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dS =||rg x 74|
=3(5 + 3 cos(a) H(cos ) cos(6 cos(a) sin(f), — sin(a)) ||

=3(5 + 3 cos(a) cos ) cos?(#) + cos®(a) sin2(0)1—|— sin?()
cos}r(a)

=3(5 + 3 cos(a \/cos + sin® (a)

=3(5+ 3 cos(a

=15+ 9 cos(a )

2m 2m
Area = / / 15 + 9 cos(av)dfdo
o Jo

=(15)(2m)(2m)
—607>

Remark: 15(27)(27) = (3)(5)(27)(27) = (273)(275). This makes
sense, because, in order to get the donut, you're revolving a circle of
radius 3 (with perimeter 273) around a circle of radius 5 (with perime-
ter 275)
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Perimeter: 2n(3)

/
/
5 \\ 3
‘ /
\
A,,)<// /
~—

Perimeter: 2n(5)

(So in a sense, a donut is a circle times a circle)

3. SURFACE INTEGRALS OF FUNCTIONS

Calculate [ fS 2dS

[ [zas=[ [ st@.c) vl dode

2T 2
= 3sin(a) (15 + 9 cos(a))dOdo
|| asintey (a))dBdx

-~

z
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4. CHANGE OF VARIABLES
Last but not least, for our Math 2E grand finale, let’s:

Example 4:
Calculate the volume of the donut!

(Actually a hidden Jacobian problem!)

(1)
v [ [ [ 1aedya:

(2) Donut Coordinates (will be given)
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x =(b + rcos(a)) cos(0)
y =(5 + rsin(«a)) cos(0)
z =rsin(a)

Here 6 and « are as before, and r is the radius:

A\

(3) Find E'

0<r<3
0<0<2r
0<a<2r

(This change of variables takes a donut and turns it into a box,
wow!)
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(4) Jacobian:

dxdydz

Trdide drdfdo

dadydz =

Jx Oz
drdydz

drdfdo

<=
&2
<0

SIS

W=

9 %
90

= Some Nightmare
=r(5 + rcos(a))

v://A;M@@
:////1r(3+rcos(oz))drd9doz

= /027r /OQW /03 3r 4+ 12 cos(a)drdfda
—=(2m)(27) Brzr

5
:{2n)(2n)§32
=907

0

Note: Same as (275)(73?)
(So in a sense, the full donut is a disk times a circle)
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Area: n(3)2

N
5 y 3

Perimeter: 2n(5)

And with this, I would like to officially thank you for flying Peyam
Airlines; it’s been a pleasure having you on board, and I wish you a
safe onward journey!

e “End
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