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Most theories in the social sciences are verbal and provide ordinal-level predictions for data.

For example, a theory might predict that performance is better in one condition than another, but
not by how much. One way of gaining additional specificity is to posit many ordinal constraints
that hold simultaneously. For example a theory might predict an effect in one condition, a larger
effect in another, and none in a third. We show how common theoretical positions naturally
lead to multiple ordinal constraints. To assess whether multiple ordinal constraints hold in data,
we adopt a Bayesian model comparison approach. The result is an inferential system that is
custom-tuned for the way social scientists conceptualize theory, and that is more intuitive and
informative than current linear-model approaches.
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At the core of science is the ability to use data to inform theo-
retical positions. In psychological science, these theoretical
positions are mostly stated verbally and often lead to ordinal-
level predictions for data. Consider the proposition that read-
ing is fast, obligatory, and automatic (Kahneman, 1973). One
ordinal implication is the usual Stroop effect (Stroop, 1935)
where color identification is speeded for congruent terms and
slowed for incongruent ones.

Psychologists often assess these ordinal predictions with t-
tests, and indeed, this test is appropriate. For example, a t-test
can be used to state whether there is a Stroop effect or not.
One problem with the ordinal approach, however, is what
we call intellectual inefficiency. By positing coarse verbal
theory that provides for only modest constraints on the data
say whether an effect positive, negative, or null, we are neither
risking nor learning much.

To increase intellectual efficiency, some psychologists turn to
psychological process models. These models describe in more
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detail the processes and representations used in cognition.
Selective examples of process models are sequential sam-
pling models and race models (Lee & Wagenmakers, 2013;
Lewandowsky & Farrell, 2011; Logan, 1988; Smith, 2000;
Townsend & Ashby, 1983). Process models make metric pre-
dictions, and therefore provide for a more efficient analysis
of data. Yet, we find that metric predictions from psycho-
logical process models often reflect atheoretical and rather
arbitrary parametric assumptions rather than deep structural
commitments.

An example of such atheoretical metric predictions can be
seen in Cohen, Dunbar, & McClelland’s (1990) neural net-
work model of the Stroop effect. The metric value of the size
of the effect reflects scaling parameters that convert network
cycles to a time scale. There is no theory of these scale values,
and as a result, the metric predictions do not reflect the core
structure of the model. In fact, we know of no theory that
predicts the size of the Stroop effect be it 4 milliseconds or
4 seconds. In our view, even for complex models, there are
few if any a priori metric predictions about psychological
phenomena.

The question then is how shall psychological scientists gain
more constraint in predictions? We advocate that researchers
honor the verbal theoretical tradition. But instead of focusing
on a single ordinal constraint they focus on many ordinal con-
straints simultaneously. The following two examples illustrate
the concept of multiple ordinal constraints. The first example
comes from a typical factorial design where two factors with
two levels each are crossed to yield four cells. The theoretical
positions correspond to different ordinal constraints on cell
means. The second example is from a one-way design with
six levels. In this example, plausible theories make differ-
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Figure 1. Theoretical positions are captured with order-
constraints on cell means. Cells labeled “t-u” correspond
to the condition with Turkish face prime and unpleasant target
character, cells labeled “t-p” correspond to the condition with
Turkish face prime and pleasant target character, cells labeled
“g-u” correspond to the condition with German face prime and
unpleasant target character, cells labeled “g-p” correspond
to the condition with German face prime and pleasant target
character. A. No-prejudice model were only target pleasant-
ness has an effect on responses. B. Prejudice model were both
target pleasantness and primes have an effect. C. Null model
where there is no effect of target pleasantness and primes. D.
None-of-the-above alternative model where all orderings of
cell means are possible.

ent predictions about the ordinal relations among the cells.
Moreover, in practice, participants provided many, repeated
observations per cell, and we may ask if one set of ordinal
relations is appropriate for all participants, or, alternatively, if
different participants are better described by different ordinal
constraints.

Example 1: Combining multiple factors

Multiple ordinal constraints arise naturally when several vari-
ables are manipulated factorially. These factorial designs
are typically analyzed with an ANOVA. With this example
we illustrate what ordinal constraints are and how the use of
many of them simultaneously better capture relations between
theory and data than does traditional ANOVA. Our example
comes from a relatively new method for studying implicit
attitudes, the affective misattribution procedure (AMP, Payne
& Lundberg, 2014). We highlight the study and results of
Teige-Mocigemba, Becker, Sherman, Reichardt, and Klauer
(2017) who investigated the possibility of using AMP as an
implicit measure of prejudice.

In their task Teige-Mocigemba et al. (2017) briefly presented
participants with prime stimuli that were chosen to elicit prej-

udicial attitudes. These primes were pictures of Turkish and
German faces. The study took place in Germany, and conse-
quently, it is safe to presume that Turkish faces elicit more
negative attitudes than German faces. After the prime was
flashed, a Chinese character was presented, and participants
were instructed to judge whether the character is pleasant or
unpleasant. Unbeknownst to the participants, the particular
Chinese characters were previously selected to be slightly
pleasant or slightly unpleasant as determined by independent
raters. There are two factors: the prime (Turkish vs. Ger-
man face) and the target pre-rated valence (previously rated
pleasant character vs. previously rated unpleasant character).

This target pleasantness manipulation is helpful from a prag-
matic view for eliciting implicit attitudes. Because the targets
tend to have pre-established valences, the pleasantness task
does not feel contrived. Importantly, participants believe they
can focus on the characters pleasantness irrespective of the
prime.

Though the target manipulation is helpful from a pragmatic
view, it does not have a theoretical role. The key manipulation
with a theoretical link to prejudice is the face prime manipula-
tion, and the main question is whether there is an effect of this
manipulation based on underlying prejudices towards Turkish
people in the German population. The theoretical prediction
is therefore as follows: If prejudice affects the pleasantness
ratings then pleasant targets are evaluated as pleasant more
often when presented after a German face prime than when
presented after a Turkish face prime. Likewise, unpleasant
targets are evaluated as unpleasant more often when presented
after a Turkish face prime than when presented after a German
face prime.

There are two theoretical positions for this example:

• No-prejudice model: Only target pleasantness affects
the pleasantness decision in the AMP. There is no effect
of the primes, i.e. either the participants do not have
prejudicial attitudes, or prejudicial attitudes do not af-
fect the AMP. This position is shown graphically in
Figure 1A. The four nodes represent the cell means in
the design. The vertical and diagonal lines represent the
relation of “more pleasant ratings than”, the horizontal
lines represent the relation of “equally pleasant as”. The
no-prejudice model predicts an equality of pleasantness
ratings across prime conditions. Unpleasant targets re-
main equally unpleasant when preceded by Turkish and
German faces; pleasant targets remain equally pleasant
when preceded by Turkish and German faces.

• Prejudice model: In addition to target pleasantness
there is an effect of prime ethnicity on the ratings. The
position is shown in Figure 1B. Again, connections be-
tween nodes at different vertical levels represent “more
pleasant ratings than” relations. Unconnected nodes
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have no relation regardless of their vertical position.
The prediction from the prejudice model is that Turk-
ish face primes followed by unpleasant targets have
the lowest proportion of pleasant ratings. Accordingly,
there are two paths to increase the target pleasantness
ratings. One is to use more pleasant targets; the other
is to precede the targets by German face primes. Note
that there is no statement about which path is more
effective—the prejudice model is agnostic to whether a
German face prime of unpleasant targets leads to higher
or lower ratings than a Turkish face prime of pleasant
targets. The highest ratings are produced by pleasant
targets preceded by German face primes.

One feature of psychological science is that there is not a
one-to-one mapping from theories to potential data patterns.
Some data patterns are simply not predicted by any theory
under consideration. And yet such a pattern may occur. In
our case, we know of no theoretical prediction for higher
ratings of unpleasant targets than pleasant targets. Likewise,
neither the original authors nor us predicted that there would
be no effect at all of the target manipulation. We think it is
wise to include a more constrained set of null models than the
theoretically motivated models. Figure 1C shows a null model
that predicts equal endorsements of pleasant responses in all
conditions. The model captures the case that the pleasantness
ratings are just not sensitive which is useful in interpreting
a null prejudice effect. Indeed, if this model is preferred we
would be more likely to worry about the overall sensitivity of
the design than to conclude that there is not prejudice. Like-
wise it is also wise to include models that are more general
than the theoretically motivated models. Figure 1D shows
an unconstrained model where there are no relations. All
orderings of cells are possible. This model is preferred to any
of the more constrained ones if none of the theories are doing
a particularly good job at predicting the data.

Multiple Ordinal Constraints

Now we ready to give more formal meaning to multiple or-
dinal constraints. They are known, formally speaking, as
partial weak orders. They are weak in that they may include
equalities and they are partial in that not all nodes have to
be connected. Figure 2 further illustrates partial weak orders.
Here there are six cells, and there is an ordering where Cell
1 is greater than Cells 2, 3, 4, 5, which in turn are greater
than Cell 6. There are equalities, Cells 2 and 3 are equal as
are Cells 4 and 5. And there is partiality—no relations are
defined between select cells such as Cells 2 and 4. Partial
weak orders even include a lack of ordinal constraints, as
shown in Figure 2B. As can be seen these partial weak orders
can capture a large variety of relations among cells. We use
the phrase multiple ordinal constraints as a less technical
stand-in that emphasizes that there may be many equality and
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Figure 2. Hypothetical systems of orders. A. Example of a
partial weak order for six cells. B. A partial order may be
unconstrained.

inequality statements that hold simultaneously.

To implement multiple order constraints in this example,
we start with a cornerstone parameterization (Rouder et al.,
2016a). Let Yi jk denote the proportion of pleasant responses
for the ith participant in the jth prime condition ( j = 1, 2, for
Turkish face and German face primes, respectively), and in
the kth target condition (k = 1, 2 for unpleasant and pleasant
targets, respectively). We define the anticipated least pleas-
ant condition—unpleasant targets preceded by Turkish face
primes—as the cornerstone condition. With this definition we
model1 responses as

Yi jk = µi + x1α + x2β + x3γ + εi jk,

where µi is each individuals’ proportion of pleasant endorse-
ments in the cornerstone condition. Parameter α is the effect
of the prime manipulation, parameter β is the effect of the
target manipulation, and parameter γ is the over-additivity
effect of the condition pleasant targets preceded by German
face primes. Consequently, γ represents an interaction term.
The indicator variables are x1 (0 for Turkish face primes and
1 for German face primes), x2 (0 for unpleasant targets and 1
for pleasant targets), and x3 (1 for pleasant targets preceded
by German primes and 0 for all other combinations). Noise
terms εi jk are zero-centered and normally distributed.

The next step is to implement the four theory-driven models.
In all the models µi is unconstrained.

For the no-prejudice model, the parameters are constrained as
follows:

1Here, we demonstrate how cell means could be modeled with a
linear model on proportions of binary outcomes. This approach is
problematic because the proportions can only take on values between
zero and one, but additivity in the linear model does not respect this
range constraint. The simplification is used to ease the reader’s bur-
den. Alternatives are discussed in the Conclusions and Limitations
section.
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β > 0,
α = γ = 0.

Here, β, the effect of target pleasantness manipulation, is
predicted to be positive so that target characters that were
pre-rated as slightly positive elicit higher pleasantness ratings
as target characters that were pre-rated as slightly negative.
This effect is a key prediction from the affective misattribution
procedure and does not correspond to any effects of prejudice.
Parameter α, on the other hand, represents the effect of the
face prime manipulation. For the no-prejudice model this case
is instantiated by an equality constraint of α = 0. Likewise,
in the absence of a prejudice effect there should not be an
over-additive effect of target manipulation and face prime
manipulation, resulting in the equality constraint that γ = 0.

The prejudice model constrains the parameters as follows:

α > 0,
β > 0,
γ > −α,

γ > −β.

The prejudice model is instantiated by four ordinal constraints.
1. The cell mean of the Turkish face prime and pleasant target
condition has to be greater than the cell mean of the Turkish
face prime and unpleasant target condition. This condition
corresponds to the inequality constraint that α > 0. This
constraint is the same as for the no-prejudice model. 2. The
cell mean of the German face prime and unpleasant target
condition has to be greater than the cell mean of the Turkish
face prime and unpleasant target condition. This condition
corresponds to the inequality constraint that β > 0. 3. The cell
mean of the German face prime and pleasant target condition
(= µ + α + β + γ) has to be greater than the cell mean of the
German face prime and unpleasant target condition (= µ + β).
To meet this condition, the inequality constraint α + γ > 0
has to hold, which is equivalent to γ > −α. 4. The cell
mean of the German face prime and pleasant target condition
(= µ + α + β + γ) has to be greater than the cell mean of the
Turkish face prime and pleasant target condition (= µ + α).
To meet this condition, the inequality constraint β+ γ > 0 has
to hold, which is equivalent to γ > −β.

The null model and the unconstrained model can also be
expressed as constraints on α, β, and γ. The unconstrained
model does not set any ordinal or equality constraints on these
parameters; the null model has the following constraints:

α = β = γ = 0,

indicating that the cell means for all four conditions have to
be equal.
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Figure 3. Model and predictions for one effect. A. The
black arrow shows the prior for no effect, the blue curve
shows the prior distribution for a positive effect, and the red
curve shows the prior distribution for an unconstrained effect
(i.e. can be negative or positive). Higher values represent
higher plausibility of the true effect before the data have been
observed. B. The curves show predictions for observed effects
for each prior. Predictions take into account sample noise and
are smeared versions of the models themselves. The green
vertical line represents a hypothetical observed effect. The
data are best predicted by the positive-effect model compared
to no-effect and unconstrained-effect.

The models introduced here allows for better correspondence
between theoretical claims and statistical models than does
conventional ANOVA analysis. If these data were analyzed
with ANOVA, the key tests would be whether the main effects
of target pleasantness and face prime manipulations and their
interaction are equal to zero or not. Note that this type of
analysis cannot distinguish between the four above models.
For example, both the prejudice model and the unconstrained
model can predict an interaction between prime and target
conditions (γ , 0).

Evaluating Multiple Ordinal Constraints

Encoding theories as multiple ordinal constraints raises a set
of statistical considerations—how to assess evidence from
data for competing sets of constraints. This assessment not
only requires stating positive evidence for equality and in-
equality constraints, but doing so across many constraints
simultaneously. Fortunately, Bayesian inference with Bayes
factors is conceptually straightforward for assessing many
equality and inequality constraints simultaneously (Gelfand,
Smith, & Lee, 1992; Jeffreys, 1961).

How does Bayes factors model comparison work in prac-
tice for assessing evidence for ordinal constraints? We start
with a very simple example first and then expand it to more
complicated cases next. For the simple example, suppose
we have data from a normal model as Yi ∼ Normal(µ, σ2).
We have three positions: (i) a null constraint that µ = 0; (ii)
a positive constraint that µ > 0; and (iii) an unconstrained
position that mu can be any value (−∞ < µ < ∞). Figure 3A
shows models embedding these constraints. The spike at
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zero denotes the null constraint, that is all the mass for µ is
concentrated at zero. The positive curve shows a model that
captures the positive constraint, and the curve on both positive
and negative values shows the unconstrained position. It is
important to note that these constraints are on true effects
without any sample noise. In practice, however, we observe
effects with sample noise, and for these observed effects, the
constraint only has to hold approximately. Panel B of Figure 3
shows the predictions from the models on observed effects
after accounting for sample noise. Once the predictions are
known, model comparison is simple. All we need to do is note
where the data fall (Rouder, Haaf, & Aust, 2018; Rouder et
al., 2016b). The green line in Panel B denotes a hypothetical
observed sample mean, µ̂. As can be seen, this sample mean
is best predicted by the positive-constraint model because
it predicts positive effects (unlike the null model) and only
positive effects (unlike the unconstrained model).

What happens if inequality and equality constraints are placed
on several parameters simultaneously? Here, we may return
to the priming example as the difference between the models
is defined by the combination of three parameters. Three
parameters is a lot to visualize, so for demonstration purposes
here we focus on the effects of prime and target conditions,
α and β. The left panel in Figure 4 shows four potential
models on the two parameters. The first panel corresponds to
our null model where both effects are zero; the second panel
corresponds to the no-prejudice model where the prime effect
is zero while the target effect is positive; the third panel cor-
responds to the prejudice model where both prime and target
effects are greater than zero; and the last panel corresponds to
the unconstrained model where both effects may be positive
or negative. The right column of Figure 4 again shows the
predictions on observed effects from the models. The red
point is based on hypothetical data, and it shows a case where
both effects are positive with the target condition effect being
larger than the prime condition effect. This data point is best
predicted by the no-prejudice model (second row) followed
by the prejudice model (third row), the unconstrained model
(last row) and finally the null model (first row).

The above examples show that Bayes factors are a measure
of which models best predict the observed data. Though
conceptually simple, gathering these predictions is often com-
putationally difficult because they come from marginalizing
or integrating the parameters. To address these computational
difficulties, we take separate computational paths for equal-
ity and inequality constraints. For equality constraints, we
follow a conventional g-prior approach introduced by Zell-
ner and Siow (1980) and developed for factorial designs by
Rouder, Morey, Speckman, and Province (2012). For in-
equality constraints, we follow the encompassing approach
by Klugkist and Hoijtink and colleagues who instantiate order
constraints on linear model parameters (Klugkist & Hoijtink,
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Figure 4. Model (left) and predictions (right) for the com-
bination of two parameters, here the effect of the priming
condition and target condition. Darker areas represent higher
plausibility of target and prime effects before the data are
collected. Predictions take into account sampling noise. The
hypothetical data point is best predicted by the Model B with
a positive target effect and no prime effect.
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2007; Klugkist, Laudy, & Hoijtink, 2005; Mulder, Klugkist,
Schoot, Meeus, & Hoijtink, 2009). The combination of both
approaches was introduced by Haaf and Rouder (2017), and
we have used this combination in our recent research (Haaf &
Rouder, 2019; Rouder et al., 2019a). Computational details
are provided in the above referenced papers.

Results

We are now ready to apply the four models to Teige-
Mocigemba et al.’s data set. Their set is of unusually high qual-
ity: First, task parameters were based on seven pilot studies.
Second, the experiment itself was preregistered. Third, the
data set is well powered. It is comprised of 216 participants
providing a total of 31,104 observations. Further information
on the design and materials are found in Teige-Mocigemba et
al. (2017).

Cell means and conventional confidence intervals are shown
in Figure 5. Pleasant targets are clearly rated as pleasant
more often than unpleasant targets across both face prime
levels. There seems to be a small observed effect of face
prime where targets preceded by German faces are rated as
pleasant more often than targets preceded by Turkish faces.
The lowest proportion of pleasantness responses is observed
in the condition with unpleasant targets preceded by Turkish
face primes, followed by the condition with unpleasant targets
preceded by German face primes, followed by the condition
with pleasant targets preceded by Turkish face primes, and the
highest proportion of pleasantness responses is observed in
the condition with pleasant targets preceded by German face
primes. This observed ordering of cells is most concordant
with the prejudice model.

Not surprisingly, in the model-based analysis the prejudice
model is preferred over the other models with a Bayes factor
of 4.23-to-one over the no-prejudice model, a Bayes factor of
5.47-to-one over the unconstrained model, and a Bayes factor
of 2.3 × 1019-to-one over the null model.

These results are somewhat in line with Teige-Mocigemba
et al. (2017) who used a frequentist ANOVA and a subse-
quent posthoc test of the main effect of prime condition to
analyse the prejudice effect. In a second analysis, the authors
computed a directional Bayesian t-test on the main effect per
person and found a Bayes factor of 2.8-to-one in favor of the
prejudice effect. Here, we propose a more direct test of the
target question by placing constraints on cell means and com-
paring different constraints in the Bayesian framework. With
this direct approach we find more evidence for the position
that there is an effect of prejudice in AMP than the original
analysis. We do note that the degree of prejudice is small,
which in itself is heartening.
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Figure 5. Prejudice data from Teige-Mocigemba et al.’s (2017)
preregistered study. There is a clear effect of target condition
in the expected direction and a small observed effect of prime
condition in the expected direction.

Example 2: Symbolic Distance

In the above analysis we show how considering multiple
ordinal constraints may provide for a more direct mapping
between theory and inference than classical tests. Yet, in the
previous example, the differences between conventional anal-
ysis and analysis by multiple ordinal constraints are relatively
modest. In the following example we provide cases where
the inference cannot be done in another way, and there is no
analogous conventional analysis available.

The second example is based on a lexical effect from a task
developed by Moyer and Landauer (1967). In this task the
observer is presented with a digit, either 2, 3, 4, 6, 7, or 8,
and has to decide whether the digit is greater than five or less
than five. Participants are highly accurate, and the dependent
variable of interest is the time to make the decision. The main
question of interest is how does the time vary as a function of
the digit, and in particular, does this time increase or decrease
for digits further from five. Consider the following three
theories:

Analog-Representation Theory posits that numbers are stored
in an analog system as a uni-dimensional quantity much like
length (Gallistel & Gelman, 1992). Just as comparing similar
lengths is slower than disparate ones, this theory predicts that
µ4 > µ3 > µ2 and µ6 > µ7 > µ8, where µi is the true mean
response time for the ith digit. This ordering is shown in
Figure 6A.

Propositional Representation Theory posits that numbers are
represented as semantic propositions, much like in a com-
puter. Accordingly, there should be no effect for distance-
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Figure 6. Depictions of orders for Examples 2 and 3. A.
Analog representation in the symbolic distance task implies
response times decrease with distance from five. B. Propo-
sitional representation implies no response time effects of
distance. C. The priming account implies response times
increase with distance from five.

from-five. This theory leads to the equalities µ2 = µ3 = µ4
and µ6 = µ7 = µ8. We avoid specifying all six condition
means are equal in case there is a speed difference across the
“less than” and “greater than” responses. These equalities
are represented in Figure 6B. Unconnected nodes have no
relation; so even though the node “3” is above node “6”, there
is no implied ordering because there is no line connecting the
nodes.

Priming + Spreading Activation Theory posits that familiar or
anticipated items are responded to more quickly, that is, they
are primed. Because participants need to keep the value of
five in mind as part of the task demands, similar numbers are
primed and responded to more quickly. Hence the semantic
spreading activation network theory (Collins & Loftus, 1975)
predicts µ2 > µ3 > µ4 and µ8 > µ7 > µ6. This ordering is
shown in Figure 6C; it is the reverse of that in Figure 6A.

In Moyer and Landauer (1967), response times tended to
increase for digits close to 5. Consequently, Moyer & Lan-
dauer concluded that number representation was analog. This
finding remains influential in number cognition today.

Does Everybody?

In the preceding example, the focus is on the ordering of
true population means, say whether the true mean response
time for one condition is faster, slower, or the same as for
another. For example, we might ask whether the orderings
of population averages are more concordant with the analog-
representation theory, the propositional-reasoning theory, or
the spreading-activation theory. Yet, population averages
are a fairly removed abstraction especially for the study of
psychology.

A more insightful approach is to ask about individuals.
Klaassen, Zedelius, Veling, Aarts, and Hoijtink (2017), fo-
cuses on assessing the correct set of ordinal constraints for
each individual. Haaf and Rouder (2017) phrase the question
a bit differently. Rather than focus on each individual’s ordinal
constraints, they ask whether all people obey the same ordinal
constraints or whether there are individuals that obey different

ordinal constraints. Haaf and Rouder (2017) call this the
does everybody question. In the context of the example, we
may ask, does everybody follow the same theory, say analog
representation, or are there differences. Perhaps it may be that
while most people use analog representation, a minority uses
propositional reasoning.

It is important to note that the focus is on true effects rather
than sample scores. Even when the true effects of everybody
in a population are in the same direction, we may observe
some people who have scores that reverse the phenomenon-
of-interest due to sample noise. The question then is, after
accounting for sample noise, is it plausible that all individu-
als have true effects in the same direction, or, alternatively,
is there evidence that some have true effects in the reverse
direction.

If all people show the same ordinal relations, we may consider
this pattern to be lawful, automatic, perhaps biological, and
perhaps largely outside of qualitative human variation. If
not, say if some people have orders consistent with analog
representation while others have orders consistent with propo-
sitional reasoning, we would examine theories with multiple
representation systems.

Statistical Models for Symbolic Distance

Rouder, Lu, Speckman, Sun, and Jiang (2005) ran a standard
symbolic distance experiment to assess how response times
change with symbolic distance. Here, we consider the three
systems of orders in Figure 6A-C: The Analog-Representation
theory, the Propositional-Representation theory, and the Prim-
ing + Spreading-Activation theory. Moreover, we consider
whether all participants have the same ordering. Let Yi jk

denote the response time for the ith participant in the jth digit
condition ( j = 2, 3, 4, 6, 7, 8), and for the kth replicate:

Yi jk |νi j, σ
2 ind
∼ Normal(νi j, σ

2),

where νi j is the ith person’s true mean response time for the jth
condition, and σ2 is the trial-by-trial variation. To represent
the theories it is useful to reparameterize the above model
into relative differences between condition means for each
individual. The following appears complicated, but it is just a
matter of defining the relevant contrasts within a linear model
using dummy variables. Let δim be the mth relative difference
for the ith person. There are four of these relative differences
implied by the theories defined as follows: δi1 = νi3 − νi2,
δi2 = νi4 − νi3, δi3 = νi6 − νi7, and δi4 = νi7 − νi8. With these
differences, the cell means νi j are given as

νi j = s j

(
νi3 − x2 jδi1 + x4 jδi2

)
+(1− s j)

(
νi7 − x8 jδi4 + x6 jδi3

)
,

(1)
where s j = 1 for the digit conditions j < 5, and s j = 0 for
digit conditions j > 5; and x j′ j = 1 if the index j′ indicates
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the current digit condition, j. For example, for digit condition
j = 2 and participant i = 1, s j = 1, x2 j = 1, and x4 j = 0.
Therefore, ν12 = ν13 + δ11.

With this reparameterization models may be placed on the
relative differences, δim. These differences are defined so that
they are a subtraction of a digit further from 5 from a digit
that is closer to 5. Hence, positive values of δim are consistent
with the Analog-Representation theory where response times
are larger for digits closer to 5.

The theories then correspond to the following constraints: 1.
The Analog-Representation theory holds for the ith individual
if δim > 0 for each m. 2. The Priming + Spreading-Activation
theory holds for the ith individual if δim < 0 for each m.
3. The propositional-representation model holds for the ith
individual if δim = 0 for each m.

In the next step, we write these constraints as formalized
models on the collection of individuals’ relative differences.
Model M0 instantiates the statement that everybody uses
propositional representation. It is given by

M0 : δim = 0.

Figure 7A shows a graphical depiction of the propositional-
representation model for two participants. The x-axis shows
the true effect for one participant for the mth difference, δ1m;
the y-axis shows the true effect for a second participant, δ2m.
The only point with mass is (0, 0) showing that each partici-
pants’ relative differences between digit conditions must be
identically zero.

Model M+ instantiates the statement that everybody uses
analog representation, and it is given by:

M+ : δim|µm, η
2 ∼ Normal+(µm, η

2),

where Normal+ is a normal distribution truncated from below
at zero, µm is the population mean of the mth digit condition
difference, and η2 is the variability of individuals around this
mean. Figure 7C depicts this model for two participants (for
set values of µm and η2). For both participants, only positive
values have mass.

Model M− instantiates the statement that everybody uses
priming + spreading activation, and it is given by:

M− : δim|µm, η
2 ∼ Normal−(µm, η

2),

where Normal− is a normal truncated from above at zero.
Figure 7E depicts this model for two participants. For both
participants only negative values have mass.

Of course, it may be that not everyone uses the same number
representation system. We therefore implement a “none-of-
the-above” model by placing no ordinal constraints on the
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Figure 7. Models (left) and predictions (right) for the sym-
bolic distance effect. Darker areas represent higher plausibil-
ity of δim before the data are collected. Models are conditional
on set values of µm = 0ms and η = 90ms. Predictions take into
account sampling noise and the correlation reflects the priors
placed on µm and η2. The red point represents a hypothetical
observed data point for two individuals. The hypothetical data
point is best predicted by the Analog-Representaion model.

relative differences. This model is termed the unconstrained
model and is denotedMu:

Mu : δim|µm, η
2 ∼ Normal(µm, η

2).

If this model is strongly preferred, the interpretation is that
none of the everybody-does models are appropriate. Con-
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sequently, we may conclude different people use different
representations. Figure 7G illustrates this model for two par-
ticipants. Here, the participants’ effects are not constrained to
any of the quadrants.

Prior specifications are needed for σ2, µm, η2, ν3 and ν7. We
take a g-prior approach as discussed in Haaf and Rouder
(2017), and the prior specifications for this application are
provided in the Appendix.

In Figure 7, we show the model specification for any two
participants on any one difference contrast (for any one value
of m). For the symbolic-distance experiment by Rouder et
al. (2005), however, four difference contrasts are specified,
and 52 individuals participated in the experiment. The figure
therefore understates the dramatic differences in constraint
between the models. The constraints provided by the models
must hold across all people and across all difference contrasts
simultaneously.

Evaluating Multiple Constraints in Hierarchical Models

For the symbolic data we again use Bayes factors to evaluate
the relative predictive accuracy of the models. The right
column of Figure 7 shows the predictions on observed relative
differences for the four models applied here. One aspect of
these predictions that is not obvious is the correlation across
participants. This correlation comes from the hierarchical
structure in these models, and is a direct result of variability
of the population mean, µm, as compared to the between-
person variability, η2. This correlation across participants
reduces the dimensionality of the model space, and this re-
duction eases the Bayes factor computations. Conceptually,
once the correlations from the hierarchical structure are taken
into account, model comparison again is simply a matter of
observing where the data fall (i.e. the red point in the fig-
ure) and to compare how well each model predicted the data.
In Figure 7 the analog-representation model, M+, predicts
the data best. A formal discussion of both the Bayes factor
computations and the hierarchical structure of the models is
provided in Haaf and Rouder (2017).

Results

The results of the analysis of Rouder et al.’s (2005) data are
shown in Figure 8. Panel A depicts sample means across
people as a function of digit condition, and it is obvious that,
at an aggregated level, the analog-representation explanation
is preferred. The next question is whether all participants
use this analog representation. Panel B shows the reparame-
terized participant-specific sample effects, δ̂im for all people
and differences. Recall that positive effects correspond to the
analog-representation theory, negative effects correspond to
the Priming + Spreading-Activation theory, and effects around
zero correspond to the Propositional-Representation theory.
As can be seen, there is a lot of variability. Even though the

majority of individual effects are above zero, there is a large
degree of variability. The variability in this example shows
how difficult it is to answer the question of whether everybody
uses an analog representation by inspecting sample effects. A
model-based analysis is needed.

Panel C shows model-based estimates from the unconstrained
model. Here, the hierarchical structure in the prior results
in the regularization of effects. This degree of regularization
implies that much of the variability in the sample means in
Panel B reflects trial-to-trial noise. This type of regularization
shows a key practical value of hierarchical models in analysis
(Efron & Morris, 1977; Gelman & Carlin, 2017; Rouder et
al., 2005). By inspection, all but one of the estimates are
above zero. As a consequence, it may be tempting to use
these estimates as evidence for the everybody-has-analog-
representation constraint. Yet, more caution is needed. The
individual estimates provided by the unconstrained model
are not independent across persons, and as a consequence,
observing which are above and below zero may be deceiving.
For these data, estimation is useful for visualization, but it
does not address the question of interest.

This question may be answered by computing Bayes factors
for the four models. First, we compare the three everybody
does models. The clear winner is the analog-representation
model, and it beats the propositional-representation model by
over 1055-to-1. The priming + spreading-activation model
performs so poorly that its decrement is outside of our nu-
merical precision, and it is at least 100 orders worse than
the analog-representation model. Second, we may also com-
pare the analog-representation model to the unconstrained
model, and the Bayes factor is 9.78-to-1 in favor of the former.
The data provides therefore provides support for everybody-
has-analog-representation as compared to the unconstrained
model.

Conclusions and Limitations

Given the coarse state of theory in the social sciences, finding
paths to improve testable constraint is timely and topical.
One profitable avenue for increasing constraint is to propose
multiple ordinal constraints simultaneously. Here, we de-
velop principled and straightforward Bayesian inference that
is broadly applicable to questions such as, is A greater than
B, is A less than B, or is A equal to B, and scales up well to
questions such as does everyone, do some, or **do none.*
It is our hope that these tools will motivate researchers to
explicitly specify theory as multiple ordinal constraints.

There are perhaps three limitations of the current approach: 1.
the use of parametric models, 2. the need for prior specifica-
tions, and 3. the lack of implementation of these methods in
popular software platforms. We take these limitations in turn.

The current modeling approach is to place ordinal con-
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Figure 8. Symbolic Distance effects: A. Condition means show a pattern indicative of analog representation. B. Observed
successive differences for all individuals. Positive values are indicative of analog representation. C. Model estimates of
successive differences from the unconstrained model. There is much shrinkage indicating that much of the noise in the observed
values is due to trial-by-trial noise.

straints on mean parameters in linear models with normally-
distributed noise (Klugkist et al., 2005). One may wonder
about the sensitivity of inference to the normal specification.
In linear models, effects are assumed to shift the noise distri-
bution without changing its scale or shape. The general con-
sensus is that these specifications are not too problematic in
classical inference (Hays, 1994). In our experience, both from
simulation and in practice, Bayesian inference is robust to
these parametric specifications (Haaf & Rouder, 2019; Rouder
et al., 2019a; Thiele, Haaf, & Rouder, 2017). The reason is
straight-forward—the effects we explore are so small relative
to trial noise that the shifted normal is a fine approximation.
Even for the mean proportions in the prejudice example we
are comfortable that not too much damage is done by applying
normal-noise models. For other types of data, alternatives to
the parametric models are available (Heck & Davis-Stober,
2019; Klaassen et al., 2017).

The more concerning limitation is the need to specify prior
distributions with tuning settings. The main parameters of
concern are those that differentiate the models. In the AMP
example, these are the priors on α, β, and γ as described in
the Appendix. In the symbolic distance example, these are the
priors on µm and η2, also described in the Appendix. These
priors define a priori expectations about the overall effect and
about between-person variability. The choice of these tuning
parameters is a substantive choice rather than a statistical one,
and researchers who are substantive experts in their domain
should be unafraid to add value here. In the AMP example, we
opted for weakly-informative priors based on the expectation
that effects on implicit measures such as the AMP are usually
small, and the interactions between them (i.e. the γ parameter)
tend to be even smaller. The prior settings in the symbolic dis-
tance example are also motivated from substantive knowledge:

We reasoned that any distance-from-five effect is roughly on
the order of 50 ms and between-person variability is roughly
on the order of 30 ms. This is not to say that µm and η2 are
these values, but they come from distributions that reflect
these settings. Our advise is that researchers should use a
range of scale settings they find reasonable and track how
inference changes across these settings. Detailed discussion
and examples of this approach may be found in Rouder et al.
(2016b) and Haaf and Rouder (2017).

The final limitation is that the current analyses are not yet
available in popular packages. Perhaps the easiest software
package for computing Bayes factors is JASP (Love et al.,
2015). This package was reverse engineered to look and feel
like SPSS, and users familiar with with SPSS can use JASP
easily. JASP has some options to evaluate inequality con-
straints implemented, but is not yet set up to analyze systems
of order constraints more generally. Alternatively, there are
several R packages that allow for model comparison with
ordinal constraints using Bayes factors. Examples are BAIN
(Gu, Mulder, & Hoijtink, n.d.) and BayesFactor (Morey &
Rouder, 2015) that both allow for the evaluation of equality
and inequality constraints. Yet, using these packages for the
implementation of constraints on individuals’ effects in hier-
archical settings is more involved. The source code for this
paper is an example of this adaptation using BayesFactor
(see here). While the current software situation is fluid and
there are turn-key solutions for only a handful of models, we
suspect that easy-to-use packages addressing a full range of
order constraints will be available soon.

Open Practices Statement

The authors advocate for and adhere to a fully transparent
research pipeline (Rouder et al., 2019b). This transparency

https://github.com/PerceptionAndCognitionLab/bf-order/tree/public/papers/submission
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includes making data and analysis code openly accessible.

• The data analyzed here were previously collected by
Teige-Mocigemba et al. (2017) (Example 1) and
Rouder et al. (2005) (Example 2). Both datasets are
publicly available on github.com (Example 1 and Ex-
ample 2).

• The document for this paper, with all text
and code, can be found at https://github.com/

PerceptionAndCognitionLab/bf-order/tree/public/

papers/submission.

Please contact the first author in case there are any questions
about the data or analysis.
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Appendix

Prior specifications for the prejudice example

Here, we detail prior specifications for the unconstrained
model. For the other models, parameters with no further con-
straints have the same prior distributions. Prior specifications
are needed for the noise term εi jk, the collection of individuals’
mean parameters, µi, the effect parameters α and β, and the
over-additivity parameter γ.

Parameters εi jk and µi are common across all models, and the
priors do not substantially affect Bayes factor model compar-
ison. For these reasons, broad, zero-centered normal distri-
butions are used for these parameters. More important are
priors on α, β, and γ. We place mildly informative priors
on these parameters following Zellner’s g-prior specification
(Zellner, 1986). Let σ2 be the variance of εi jk representing
within-condition-and-participant variability. Then:

α ∼ Normal(0, gασ2),

gα ∼ inverse-χ2(1, r2
α),

β ∼ Normal(0, gβσ2),

gβ ∼ inverse-χ2(1, r2
β),

γ ∼ Normal(0, gγσ2),

gγ ∼ inverse-χ2(1, r2
γ),

where inverse-χ2(a,b) is a scaled inverse chi-squared distribu-
tion with a degrees-of-freedom and a scale of b (see Gelman,
Carlin, Stern, & Rubin, 2004). The scales rα, rβ, and rγ can
be considered scales on effect size units. Here, researchers
may add knowledge about their experimental paradigm for
reasonable settings. From the seven pilot studies conducted
by Teige-Mocigemba et al. (2017) we know that effects are
relatively small, particularly the effect of face primes, and the
anticipated interaction may be even smaller. Therefore, we
set rα = 1/4, rβ = 1/4, and rγ = 1/5.

Prior specifications for the symbolic distance example

Prior specifications are needed for the parameters σ2, the trial-
by-trial variation, νi3 and νi7, the mean response times for
the two contrasting conditions, µm, the means of difference
contrasts, and η2, the variance of difference contrasts.

The full Bayesian specification of the model comes from
Haaf and Rouder (2017). Priors on σ2, νi3 and νi7 are fairly
broad and do not affect model comparison. The crucial prior
specifications are on µm and η2, and we again place mildly
informative priors on these parameters following Zellner’s
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g-prior specification (Zellner, 1986). Let gδ = η2/σ2. Then:

µm ∼ Normal(0, gµσ2),

gδ ∼ inverse-χ2(1, r2
δ),

gµ ∼ inverse-χ2(1, r2
µ),

where inverse-χ2(a,b) is a scaled inverse chi-squared distribu-

tion with a degrees-of-freedom and a scale of b (see Gelman
et al., 2004). The following settings are used: rδ = .1, and
rµ = .16.

It is important to know how these substantive choices for
setting rδ and rµ affect model comparison results. We address
this issue in Conclusions and Limitations.
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